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Abstract. Let X be a smooth complex projective curve, S” X the h-symmetric pro-
duct of X. Assume that X has an automorphism /. Our aim is to compute the
characteristic classes of the fixed point set of /2 in S”X.
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1. Introduction. Let / be a finite order automorphism of a smooth complex
projective variety W. The components of the fixed point set of / are smooth subvarieties
of W. Let N be the normal bundle of a component of the fixed point set of /4. Then
N has a decomposition N = @f;ll N(®') where N(v') is a vector bundle on which 4
acts as v/, v/ =e?™/? and p is the order of 4. Each N(v’) has Chern classes and these

Chern classes can be used to compute the so called stable characteristic classes of N(v')
defined as

Ly 1
. J -
UNey =1 ( T ) : (1)
J V!

where {x;} are the Chern roots of N(v'). These characteristic classes are required if one
wants to apply the Holomorphic Lefschetz Theorem (see [2, Theorem 4.6]). In this work
we study the situation where W is the symmetric product S°X of a complex curve X
and % is an automorphism of X. The fixed point set turns out to be a disjoint union
of varieties which are isomorphic to symmetric products S Y, where Y is the quotient
curve X/(h). We can compute these characteristic classes if (&) \ {1} is contained
in a conjugacy class of the automorphism group of X and our main result is the
Theorem 3.8.

2. Fixed points in S’X. Suppose that X is a curve with an automorphism 4. Let
p be the order of A. If we consider the map

Jro: SFX — SPkx

p—1
D Zh’D,
i=0
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then f;.0(S¥X) is a subset of fixed points of / in SP*X. Let D be an effective divisor of
degree d invariant under the action of 4. Consider the embedding

Ap : SPkX s Spk+dy
u— u+D.

The image of S¥X under the map f;.p =.Ap o fi.0 is a subset of fixed points of 4 in
SPk+d ¥ Notice that when k =0 the image of f; p is the divisor D.

We shall now describe the fixed point set fix(h) of 4 in S?X. Take integers m, [
such that

b=pm+1

and m > 0 and p > [ > 0. For each integer k such that m >k >0, let d, =b — kp.
Let (S%X)" denote the fixed point set of / in S%X. Define 4, as the set of divisors
D € (8% X)" satisfying the following property: if x € X is a point in the support of D
then D — Zf;z) hix is not an effective divisor nor the zero divisor.

Now consider the set

Fe= | fin(s"X).

DGAk

Notice that F; N F; =@ and fp,(S'X) N fp,(S'X) =¥ for Dy, D, € A;. Itis easy to verify
the following result.

LEMMA 2.1.

\J Fie=/fix(h.

k=0

Notice that if p is a prime number then

N
A= {D=a1X1+ o tax;|0<g;<p—1 and Zajzdk},

j=1
where x1, ..., x; are the fixed points of /2 in X and there are
m—k .
s\ (s—14+d—jp
Z(—l)f( )( L )
=0 J k —JP

divisors in Ay.

If p is not a prime number then the divisors in A4; are not necessarily supported
on the fixed points of / in X. For instance there are situations in which % has no fixed
points in X but /4> has finitely many.

Let f: X — Y be a morphism of degree p of smooth curves. Then there is an
embedding

i SkYy — Sty

that sends D € S*Y to the divisor /*D e SP*X. If we take f to be the quotient map
f X — X/(h)=Y, then the map f o splits as

fio: Sx S sty < sk,
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where a is the natural map induced by f on the symmetric product. From this we see
that the fixed point set of 2 in S? X is a disjoint union of varieties which are isomorphic
to symmetric products of the quotient curve Y.

We refer to [6] for the definition of the cohomology classes 7, o; on the symmetric
productofacurve. Let® = Y %_, 0;. The proof of the following Lemma involves at least
two different symmetric products and we shall use the same notation to represent these
cohomology classes regardless of the symmetric product on which they are defined as
this will be clear from the context.

LEMMA 2.2. Consider the induced map i* - H*(SPX, 7) — H*(SXY, Z). Then we
have i*n =n and i*9 = pv.

Proof. Consider the maps
fio: (S X, 7) 5 HY(S'Y, 2) & H*(S*X, Z).
We will first show that ¢ is injective and that a*n = pn, then we will see that /" (& = pa*
and f; yn = pn. From this we deduce that i*n =7 and "9 = pd.

Notice that the natural map f* : H*(Y, C) - H*(X, C) is injective by (1.2) in [6].
The commutative diagram

Xk — vk

Skx — sky
induces another commutative diagram

H*(S*Y, C) - H*(S*X, C)

H*(Y*,C) — H*(X*,C)

where the vertical maps and the lower map are injective; therefore ¢* is injective. Now
fix a symplectic basis

Uy e ey Oy, Byt ], -. ., 02y

for H,(Y, Z). Above each cycle «; there are p cycles r;, hry, ..., ’"~'r; on X, and they
satisfy

h’”rih/rj =

3)

{l’,‘?ﬁ,‘:()l,’()lj if m=1I

otherwise.
Theset A= {i"r; |m=0,...,p—landi=1, ..., 2y} forms part of a symplectic basis

’ / / /7
B={ay, ..., 0q ap g 0}

https://doi.org/10.1017/S0017089504001946 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089504001946

480 ISRAEL MORENO MEJiA
of H|(X, Z) in which

Ol;” = hjl’q_H

g =W Tgr14y

for m=qgp+j, where 1 <j <p and 0 < ¢ <y — 1. Abusing our notation we shall
write «,, instead of «;,. Consider the map

£ HNY,Z) — H*X,Z).

Under this map we have

p—1 p—1
frai=Y Wri=Y appi 4
j=1 Jj=0
and
p—1 p—1
Srdipy, = Z Wriy, = Z Yjitp(i—1)+g-
J=0 J=1
One can check that if ¢; € B\ A then Zf;i) h/a; =0. We refer to [6] for the definition

of the cohomology classes 8, «;, Bis, and &;.
Using the relations (3) we have

p—1 p—1
[ B =(ai)= | Y Wri| [ Y Wriy | =pB. (5)
j=0 j=0

Now under the map
a* : H(Y*,7) - H*(X*,7)

we have from (4) that

p—1
a(@i)= Y ejipi 1)
Jj=0
and
a*(B)=phi.
Suppose that i < y. Then, using the definition of &;, we get
k p—1
a'(&)= Z Z Qg p(i=1),1-
I=1 j=0

Notice from the definition of B that

p—l1 P
D Wi =D o pi--
r=0 Jj=1

Then
p—1

a'E) =Y &y,

J=0
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and

k p-1

a*(itry) = ZZ%M: D+gl= Zh Epi+g-

I=1 j=0
From the definition of  and from (5) we have

k
a(m= Y pBi=pn.

=1
Consider the map

fito s H'(X™,7) > H*(X*, 7).

In this case fio : X* — (X*)? is defined by the rule D+ (D, hD, ...,

we shall compute /7 (§,,). We first compute f; (7). Notice that
H*(X™*,7) = H*(X, 2)®"* = H*(X*, Z)®.

In particular

V4
H'X*, 2)= PH X" 7)® -0 H(X" 7)o H' (X", ) 9 H'(X*, 1) ® - --

i=1
it place

V4
(; PH' Z).)

i=1

481

h"=1D) . Now

® HO(X*, 7).

Suppose that /= sk +j, where s, j are non-negative integers and 1 <j < k. We

now can see that

fZO(ail) =haj;

and
JioB) =N (aijoiyg))=hBi=p;.
Thus
pk
Seom= Y froB)=p Z Bi=pn
I=1 j=1
and

k p-1

pk
ﬁo(&)z.f;io(Zai,z) thZa,j—tha 5

I=1
From this we see that if «,, € B\ A then

.fl;k,O(‘i:m) =0.
Let m < g such that o, € A. Write m=¢gp+j with 1 <j <p.So

p—1

flzo(gm) = Z hjsp(qul) = a*(§q+1)

Jj=0
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and
p—1
f/j,()(gm-k—g) = Z hiéfp(q-&-l)-&-y = a*(Eq-k—l-H/)-
Jj=0
Then we have
g y—1
fk*o(ﬁ) = Z.f/ﬁo(émé(nﬁg)) =p Z a (S(q+l)'§(q+l)+y) =pa* (). O
m—=1 4=0

3. Normal bundles of the fixed point sets. Now we shall consider the normal
bundles of the components of the fixed point set of / in S”?X. The aim will be to find
a way to compute the characteristic classes of their eigenvector bundles as defined in
(1). Consider the quotient map

X = X/(h)=7Y.

Let g and y be the genus of X and Y respectively and let R be the ramification divisor
of f in X. From section 2 we know that a component of dimension k& is the image of
S¥X under the map f. p for some D € A; and we identify it with S* Y; the embedding
of S¥Y into S?X is given by the composition map

Sky s spky &2 gokdy, (6)

We shall use the following notation:
e N, for the normal bundle of S*Y in SPK X,
o N4, for the normal bundle of S¥Y in SP** X and
e N4, for the normal bundle of SP*X in SPF+d ).

The total Chern class of ; is given by

V) i*c(SPkX)
c(N)y=———=.
¢(SkY)
The Chern class of S“X is given by
(L 7D ) (M)

where g is the genus of X (see [1, p. 339]). Using formula (7) and Lemma 2.2 we obtain

W= (ot i) N

where

_ Yy —&\ _ _ _deg(R)
A_<k+p—_1>—k~l—l y -1

In particular when k =1 the normal bundle has degree

deg(R)
2Ap - 1)> '

(P—1)<2—27/—
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Let D € S?X. Using (7) and that A%n =5 and A% = we see that the normal bundle
N 4, has total Chern class

¢(Nap) = (1 +n). (€

LEMMA 3.1. Let x € X be a fixed point of an automorphism h of X of order p. Let
d be a positive integer and let Q =dx € S*X. Suppose that h acts as v* on the tangent

space Ty of X at x. Then h|(Tsix)o has eigenvalues v°, v v where v = Xm/P,

Proof. In a neighbourhood of (x, x, ..., x) € X? choose coordinates (xi, ..., Xg)
so that (x, x, ..., x) is in the origin. Then in a neighbourhood of Q=dx € S?X there
are coordinates (o1, ..., og) (see [1, chap. IV, section 2]) defined by the property that
the natural morphism

X! - six
is given in a neighbourhood of (x, x, ..., x) by
oi(x1, ..., xg) = ith symmetric function of (xi, ..., x4).

Now, if x is a fixed point of an automorphism /4 of X, we can assume that in a
neighbourhood of x, the action of % is the multiplication by a scalar A. Then in our
system of coordinates

hx; = Ax;
implies
ho; = Ao, O
Using similar arguments one can proof the following two Lemmas.
LEMMA 3.2. Consider the map fi. o of section 2. Let
O=x+hx+ -+ 'x

be a point in the image of this map (that means x € S*X). Then h (T )0 has eigenvalues
Lv,...v U v=e%/P and the eigenspace of v' has dimension k.

LEMMA 3.3. Consider the divisor D=d\ x|+ --- +dsx;, where x; is a fixed
point of h in X (x; # x;) and d; is a positive integer. Suppose that h acts as v*
(notice (a;, p)=1) on the tangent space Ty y, Consider the composition map (6). Let
Q=x+hx+ --- +hW~'x+ D be a point in the image of this map. Then the dimension
of the eigenspace for v of h | (Tsp+ax)g is k + ri, where r; is the number of times that v’
appears in the following list

a 2a dya

pa sy
@ pa o pha
pis pas o ydsas

The normal bundle N 4,.; has a decomposition

p—1

Napoi = @ N gpei(V).
Jj=0
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We will need to know the Chern classes of the vector bundles N 4,.;(1/) in order to
compute their characteristic classes. We have an exact sequence

0—> N; = Nypoi > i*Ny, — 0

from which we obtain exact sequences

0 — N:(v/)— NAboi(vf) — i*NAD(v-f) — 0. (10)
DEFINITION. Given D € Ay, the class of D is the vector (ry, ..., r,_1), where r; is
the rank of i* N 4, (v/).

REMARK 3.4. Consider the exact sequence
0— Tgy = (Ap 0 i) Tguray = Nayor = 0.
Since 4 acts trivially on T'¢xy we have
(Ap 0 i) Tsurax (V') = Napoi( V)

forv/ # 1. Let(ry, ..., r,_1) be the class of D. Notice from Lemma 3.2 and from the
exact sequence (10) that

rank ((Ap o i)* Tguw+ay (V) =k + 7.

If D is supported on the fixed points of /1 in X, say D=d;x; + --- + dyx,, then from
Lemma 3.3 we see that r; is the number of times that v/ appears in the list

V”l, UZ(I]’ R vdlul’
a 2a dra
L Y N T
R

LEMMA 3.5. Let r be the rank of (i* N 4,)(v/). Then

c((F*Nap) () = (1 +1)".

Proof. It is enough to notice that the Chern class of i*N 4, is (1 4+ n)? by (9) and
Lemma 2.2. 0

LEMMA 3.6. Suppose that h is an automorphism of X of order p such that h is
conjugate to W in Aut(X). Then c(N;(v¥)) = c(N;(v%)).

Proof. Let h be an automorphism of a variety W and suppose that &/ =u~'hu
where u € Aut(W). If Z is a subvariety contained in the fixed point set of /2 at W such
that u acts on Z, then the action of u on the tangent bundles of W and Z extends to an
action on the normal bundle Nz, . From this one can see that under the isomorphism
u:Nz/w — Nz;w the eigenvector bundle Nz, (v°) is mapped to NZ/W(v“'f).

In our case the embedding of Z = S¥Y into W = SP¥ X is equivariant with respect
to u because fo(ux)= Y '_,uh"x and, since (p,j)=1, this is equal to ufi o(x).
Notice that the composition map (6) is not necessarily equivariant with respect
to u. O
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LEMMA 3.7. Let h be an automorphism of X of prime order p. Assume that (h) \ {1}
is contained in a conjugacy class of Aut(X). Then

A —t .y i
U(N;(v)) = (1 _ l) (1 e ") ens(vje,m),
% v

where v # 1 is a power of e*™/? and A is given by (8). In particular

p—1
HU(Ni(vj)) = pAm(e—nt)—Aemq(e*m)
j=1
=pimey” AZM, (11)
i=0

where m(z) = Y1) 2, and o) = 212

Proof. Using Lemma 3.6 and (8), the Chern class of N;(v®) is given by
1+ tn)Ae(%).

The last can be written as

Y
A+ m* 7 ]+ m - 10)).
i=1

So using (1), the characteristic class of N;(v) is given by

1 . L/” yfA y 1 B eloi—1n -1
u(Nl(v)):(l_;) ]‘[<71_; ) .
v i=1 v

From (5.4) in [6] (or see proof of Proposition 10.1 (3) in [7]), we have

! ey — e — e Mgy v—e ! e "to;
v v v v—e )’

Then

Now the following result is clear.

THEOREM 3.8. Let h be an automorphism of X of prime order p. Assume that (h) \ {1}
is contained in a conjugacy class of Aut(X). Let N be the normal bundle of a component
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of the fixed point set of h in S’ X corresponding to the divisor D € Ay. Then

p—1 ‘ . p—1 1— ﬂ Tj
[[uWN©) =pme) e« O ] (*1 T ) ,
j=1

j=1 v/
_zm'(9)

where m(z)= Y'_{ 7/, q(z) = s

and (ry, ..., rp—1) is the class of D.

We have no formula to compute U(N;(v/)) for any & € Aut(X), not even in the case
that /2 has prime order (unless it satisfies the condition that (%) \ {1} is contained in a
conjugacy class of 4ut(X)). In what follows we will explain a way to compute U/(N;(v/))
when enough information about the quotient map f : X — Y is known and for the
case in which N; is the normal bundle of the curve Y in S X under the embedding

i:Y— S'X.

LEMMA 3.9. Let f : X — Y be a degree p morphism of smooth curves. We have
*Tox = ff*(Ky') =Ky' ® £.Ox.
Proof. Consider the graph map
rX—-XxY
X = (x, f(x)).

Let A be the universal divisor of degree p on X. Consider the following diagram

A
N

X x SPX

Idy x i
X=EAN < XxY

Y SPX

where ¢ : X x ¥ — Y and 7 : X x SPX — SPX are the natural projections and A’
denotes (1x x i)*(A). By [1, IV, Lemma 2.1], we have A’=T(X) = X. Thus by the
adjunction formula we have

NN o

Now from [1, 1V, section 2], we have i*m,Ox(A) = ¢,Oa(A’) and 7,0x(A) =
Tpr. ]

Using the following lemma we can compute the degrees of the eigen line bundles
of #*Tgy and since i* Tgny(v/) = N;(v/) for v/ # 1, that is all we need to compute
U(N;(/)). Let Z be a smooth projective variety defined over C and let £ be a
line bundle on Z such that a positive power £7 admits a global section s and its
corresponding divisor D has normal crossings. Write D as C + ) a;E; where C denotes
the components of multiplicity 1 and E; is a component of multiplicity ;.
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For every real number x, [x] represents the integral part of x, defined as the only
integer such that

[x] <= x <[x]+1.

Consider the line bundles

LO=r'® 0, _Z[%}Ej ) (12)
j

The sheaf of Oz modules

admits a structure of Oz-algebra, given by the inclusion
s LT Oy

Let

p—1
Z' = Spec, (@ ﬁi) ,

i=0
let ' : Z' — Z be the associated morphism and n : Z — Z’ the normalization of Z’
and 7 the composition of n and 7’.

LEMMA 3.10. With the previous notation we have

p—1
1,05 = @E(iﬁ‘
i=0

Moreover t is a Galois cyclic cover of degree p, then we have an automorphism
h of Z which acts on t,.0z and h acts as multiplication by v' on LO where
v=2eP If 7 is irreducible then Z is nothing but the normalization of Z in
K (Z)(\”/J7 ), where K(Z) is the function field of Z and f is a rational function giving the
section s.

Proof. See [4, Lemma 2]. ]

EXAMPLE 1. Let X be the Klein quartic curve (see [3]). If / is an automorphism of
order 7 then we have that &, h>, h* are in the same conjugacy class whereas 43, h°, h®
belong to another conjugacy class of Aut(X) = PSL,(F7). In this case we have

X/(h) = P!
and if we consider the normal bundle N of
i:P'— X

then we see that the eigenvector bundles of N do not have the same degree because the
number 4 in formula (8) is not an integer.

Let G, = (h) and let G| be the normalizer of G, in PSL,(F;). One can imitate
the steps followed by Macbeath in [5] to compute the equation of X and then
one notices that X can be constructed by adding a seventh root of a polynomial
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q(2) =(z — a)(wz — a)*(w*z — a) (where w=¢>"/3) to C(z) (one can also use the
formula (2.2) from [3]). The divisor defined by ¢(z) in P! has the form 4pg + 2p; + p2,
then by Lemma 3.9 and by Lemma 3.10 we have that

6
N=K'e@Lo.
i=1

Using (12) we see that

Opi(=1) for i=1,2,4

Lo —
Opi(=2) i=3,5.6.
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