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ABSTRACT. A new filtering method,in which the difference of second order is used to
filter a time series of equal interval,and an example of its application on the separation of
Annual and Chandler wobbles of polar motion are given in the paper.

1. Basic Principal of the Difference Filter
1.1 Difference Filter of second order

A simple harmonic motion is expressed as the follows (Ding et al.,1990):

S(t) = Asin(wt + ¢). (1)

where Aw, ¢ denote the amplitude, frequency, initial phrase of the motion. We also have
the relation w = 27 f = %’5, where f is the linear frequency , T is the period.

If t is restricted to he a positive integer, as t=1,2,- - - n, the S(t) means a time series
of equal interval. In order to simplify the recount in the text, it will be called a sine term
series in the following.

For a sine term series, the differences of first and second order concerned with S(i)

(i=2,3,- - -,u-1) are:

AS(i—1)= S(i) = S(i—1) = 2sin Y A cos(iw + ¢ — %),

AS(i) = S(i +1) — S(i) = 2sin® A cos(iw + ¢ + 2). (2)
AZS(i—1) = AS(i)— AS(i—1) = S(i + 1) — 25(i) + S(i — 1). (3)
A2S(i — 1) = —(2sin(w/2)) A sin(iw + ¢) = —(2sin(w/2))5(i). (4)
we have:

S(i)4+ KA%S(i—1)=0, (i=2,3,---,n—1). (5)
A2S(i—1)= —S(i)/L. (6)
K = (2sin(w/2))72 (7)
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The process of filtering, which is now define by relation (5), is called a Difference
Filter of second order (DF). By means of the DF, any one of the sine term series. S(i),
can be eliminated by adding the product of the corresponding difference of second order
A?5(i-1) and the factor K.

The relation between I and w is shown in Figure 1. If P denotes the time interval
of neighbour sawple points in composing a DF, the values K related to the different sine
ter series, of which the periods are the products of P and an integer or the reciprocal of
an integer, are shown. It can be seen, when a value K is used to filter a sine term through
the DF, the other sine terms,which have the same I, will be filtered at the same time.

It can also be seen in the figure, for the sine terms, of which the periods equal P
divided by an integer (fT:; m = 1,2,---), their corresponding values of K equal oc, their
differences of second order vanish. So, there will be no distortion for these sine terms in
passing the DF for which a limited value of K is used to filtering other sine term.

1.2 Difference Filter with Fidelity for a sine term

Combine Sg(t), which is supposed to be filtered, and Sg(t),which is intended to be kept
with no distortion, into a time series f(t):

f(f):Sp(f)-{—SR(f). (t:lﬂz""u")' (8)

It is obvious to have the relation for their differences of second order:

Afli—1)= A2Sp(i— 1)+ A%Sp(i— 1), (i=2,3,---,n—1). (9)
Compose the following DF in order to filter the Sp(i):
fli)+ EpA2f(i — 1) = Spli) + KpA2Sp(i — 1) + Sp(i) + KpA2Sp(i - 1)
= Sp(i)+ KrpA2Sp(i —1).

after using relation (6) we can have:

fli) + KpAtf(i = 1) = Sp(i)/QR,F- (10)

Qryr = Kr/(Kr— Kr). (11)

The relation (10) shows, after passing the DF, which has been used to filter the

Sr(i), the original Sg(#) term is distorted. The factor Qg r, which is now an index of the

distortion, relates not ouly to the period to be filtered(represent by L), but also to the
period itself ( represent by L'g). From (10),we can have the following relation:

Qrr[f(i) + KpA®f(i — 1)) = Sg(i), (i=23,---,n—1). (12)

From relation (12), we can define the DF, but with a multiplier of coefficient Qp

now, as Difference Filter with Fidelity for a sine term or simply as Difference Filter with

Fidelity (DFF), with which Sp({) is filtered but Sp(i) still remain its existing with no
distortion.

1.3 Difference Filter with Fidelity for a non-sine term
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For an arbitrary periodic function F(t), it is always possible to use a trigonometric series
to approach it(Ding et al.,1990):

o o0
F(t) =) Ajsin(wjt + ¢;) = > _ Sj(t). (13)
J=1 J=1
where frequency of the jth magnitude harmonic is wj = jwg. in which wy is the frequency
of first harmonic; its corresponding period T = 3—"’ is the period of the F(t).
Combine F(t) and a sine term N(t) into a time series M(t):

M(t) = F(t) + N(t), (t=1.2,....,n). (14)

Now we intend to filter the N(t) but to keep F(t) with no distortion, what kind of DF we
should use?

It has already been mentioned during the discussing of Figure 1, if we choose the

interval between the neighbour sample points to equal the period of a non-sine term(which

is also the period T of S((t) in relation (13)), the differences of second order for the
harmonics will all vanish. So we have:

A’F(i—1)=) ASj(i—1)=0. (15)

i=1

Now we can cowmpose the following DF:

M(i)+ KNAXM(i — 1) = F(i)+ KNA?F(i — 1) + [N(i) + KyA2N(i - 1)] = F(i). (16)

from which we obtain the F(t) series with no distortion. It is call a Difference Filter with
Fidelity for non-sine term (DFF for non-sine term).

1.4 Multiplicate Difference Filter with Fidelity

When a time series to be treated contains more sine terms, a Multiplicate Difference Filter
with Fidelity (MDFF) is supposed to be used. Establish:

m
fo(t) = Co+ Cit + ZSL(t)’ (t: 1,2,---,m). (17)

L=1
in which there are a constant Cp, a linear term C;t, and m sine terms. It is possible to
use a (m-1) step MDFF to keep one of the sine terms remains always the same without
any distortion, but to eliminate all the other sine terms one by one in the whole process.
After filtering the first sine term of which the frequency is wy, the new time series

obtained fi(t) (t=2,3,---,n—1)is:

Filt) = Qralfolt) + K1 A%fo(t — 1)],
A = QralSi(t) + K1A%S(t — 1))+ Qra[Sr(t) + L1AZSR(t — 1))+ Qra(Co + C1t)
+Qr1 Y P—a[SL(t) + K A2SL(t - 1)), (L+#R)
Alt) = Sr() + Qra(Co+ Cit) + Qra Ti=p G (L # R).
(18)
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It can be seen in relation (18), there are the sine term Sg(t), which is supposed to
be kept with fidelity during the whole process. the constant and the linear term but now
with the multiplier of Qg ;, and the remaining (1n-2) sine terms which are now with their

s lier of QRL. - .
multiplier of U%:—, (L=2,3,---,m;L#R).

Put the fi(t) into the next DFF:

fa(t) = Qralfi(t) + KA fi(t — 1)), (t=3,4,--.n~2). (19)
and now the fy(t) obtained contains only Sgr(t), constant and linear term, and the remain-
ing (m-3) sine ters.

Repeat the above process for altogether (m-1) times, we have:

fim—1(t) = Sp(t) + B(Cy + Cyt), (t=m,m+1,---,n—m+1). (20)
B =[] Qru; (L#R). (21)
L=1

It is easy to separate Sp(t) from the time series (20) now.

When the time series intended to be kept, is a non-sine term F(t), all the process
will be the same. The only difference in the treatment is to use the period of F(t) as the
interval of neighbour sample points in using a Difference Filter(DF).

2. A separation of Chandler and Annual term of polar motion in using Differ-
ence Filter

2.1 Data of the polar motion

The data used is the result of EOP(IERS)90 C04 which has been published by the IERS re-
cently. The X,Y series of the result is the time series with 1-day interval from MJD43144.0
to MJD48427.0, altogether 5284 sets of X,Y coordinates(IERS, 1991). The results have
been smoothed hefore the publication with a factor of € = 10~2, so the periodic terms
under 15 days are already eliminated. A pre-treatment has been made in which the lower
components, longer than 500 days, are eliminated by the method of digital filtering. The
X(t),Y(t) series obtained are the results from which the Difference Filter is used to sepa-
rate the Annual and Chandler Terms.

2.2 Difference Filter used

According to the evidence reported recently, it is quite possible that the Chandler term of
polar motion can no more simply considered as a standard sine term(Gao,1991). For the
purpose of theoretical studying, it is the time to treat both of the compounents as non-sine
terms.

So, a MDFF non-sine term is used here to filter the X(t),Y(t) time series in order
to separate the Annual or Chandler term with fidelity.
The j step of the filtering is (j=1,2,3,---):

Z(1)+ I&-AJ.A(IZ(I' = 1) = Z¢(j41)(1), Po = 435days(Capitaine, 1988),
Z(i)+ Ko; A% Z(i — 1) = Zyj41)(1), P4 = 365days.
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in which Z(i) represents the X(i) or Y(i),Pa, Pc are the interval of the neighbour sample
points. &y y; is the value of K for the purpose of eliminating the jth magnitude harmonic of
Annual term (1,4,=0.78429,14,=0.28782, K 43=0.26358,...), while K¢ is the value of K
for eliminating the Chandler term (N¢y = 1.07295, K¢y = 0.34972, L¢3 = 0.25089, - - -),
ZeG+n(i)s Zagigr)(i) are the results after the filtering of the jth magnitude harmonic of
the Chandler and Annual term. If we put it to the left side of the relation (22), a further
step of filtering is begun.

2.3 Result

The above MDFF has repeated ouly once(j=1,2), the X,Y series of Chandler and Anntnal
terms have converged. The results obtained are shown in Figures 2 and 3. A comparison
is made in the right side of the figures of which the results were got by the conventional
digital band filter. From the results shown in the figures, it is convinced that the using of
Difference Filter is suscessful.

3. Discussion

(1) In using an ordinary DF it is the standard sine term, expressed by (1), which may be
filtered or kept with fidelity thoroughly. For a quasi-sine term, which is not so standard
but still can be considered as a sine term in practice within the time interval covering
the three neighbouring sample points, the above function of Difference Filter does exist,
even the sine term being treated is not always so standard, having certain variation iu its
period, amplitude, or initial phrase.

(2) In the case of using DFF for a non-sine term, the remaining component (left side of
Figures 2,3) is not the same in concept as those (right side of Figures 2,3) obtained by the
ordinary filtering method: the former is the physical term itself which contains also the
harmonics of higher magnitude: the latter is only the first harmonic of the physical term
and can do nothing on the higher harmonics.

(3) The advantage of difference filter also includes the simplicity of the process, the amount
of the calculation is also very small. Its CPU time is smaller than the ordinary method in
several magnitudes.
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Fig.l The relation between K and w
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