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Abstract. Let T,,..., T, be continuous representations of a o-compact separable
locally compact amenable group G as measure-preserving transformations of a
non-atomic separable probability space (X, 8, m). Let (K,) be a right Fglner
sequence of compact sets in G. If T,,..., T, are pairwise commuting in the sense
that T;(g)T;(h)=T;(h)T,(g) for i#j and g, he G, then necessary and sufficient
conditions can be given, in terms of the ergodicity of certain tensor products, for
the following to hold: for all Fi,..., F,€ L., the sequence An(x) where

An(x)=
(1/]Kn)) L Fi(T\(2) 'x)Fx(T\(2) ' Tx(g) 'x)- - Fo(Ty(g) ™"+ - - TW(g) 'x) dg

N
converges in L,(X) to [[7-, I F; dm. The necessary and sufficient conditions are that
each of the following representations are ergodic: T,, T,,®T,_T,,..., I,®
LT® - ®T, T, I®T, T,® - ®T,-+-T,.

In order to prove this theorem, specific properties of the decomposition of L,(X)
into its weakly mixing and compact subspaces with respect to a representation T,
are needed. These properties are also used to prove some generalizations of well-
known facts from ergodic theory in the case where G is the integer group Z.

0. Introduction

In[7], Furstenberg proved a fundamental theorem on multiple recurrence of measure
preserving systems. He showed that for any measure preserving system (X, 8, m, T),
for any k=1, A€ B, and m(A) > 0; there exists n =1 such that m((\f_, T "A)>0.
In the special case where T is weakly mixing, more was proved: T is weakly mixing
of all orders. That is, if T is weakly mixing, then for all Ag,..., A €,

[m(Aon T "Ayn- AT *A,)- f[ m(A,-)] =0. (1)

i=0

N

fm a0

Indeed, Furstenberg uses (1) as part of the proof in [7]. See also Furstenberg,
Katznelson and Ornstein [10] for a discussion of this connection.

As in [10], (1) can be shown by proving for weakly mixing T, thatall F,, ..., F, €

Lo(X),

(1/N) § (n T'"F,) . f Fydm| =0. )

=1 2
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This was generalized by Furstenberg and Katznelson in [9], see also Furstenberg
[8], in the process of proving an ergodic Szemeredi theorem for commuting transfor-
mations. They show that if S,,..., S, are commuting transformations with S.S;’
weakly mixing for all i # j, then for all F,, ..., F e L (X),

N k k

The hypotheses that are necessary and sufficient for (3) are given in Berend and
Bergelson [1] where it is shown that (3) holds for commuting S; if and only if
$,®: - -®S8, is ergodic and S;S; ' is ergodic for each i # j. This latter jointly ergodic
criteria is much weaker than assuming S,, ..., S, are weakly mixing (for instance,
let S; be irrational rotations by rationally independent angles). See also Berend and
Bergelson [2] where necessary and sufficient criteria for (3) are givenwhen Ty, ..., T,
do not commute.

In § 2, (3) is generalized by replacing each S; by commuting actions S;(g) of a
general o-compact separable amenable locally compact group. First, in § 1, some
facts about representations of a o-compact locally compact group G as measure
preserving transformations are derived which are generalizations of similar theorems
for abelian groups G. These are then used in § 2 to give the joint ergodicity conditions
on commuting actions S; of G which are necessary and sufficient for the generaliz-
ation of (3).

=0. (3)

lim
N->co 2

1. Groups of measure-preserving transformations

Assume G is a o-compact locally compact Hausdorff group (called a group in
the sequel). Let T: G » #(X) be a homomorphism of G into the invertible measure-
preserving transformations #(X) of a probability space (X, 8, m). For F: X > C,
g€ G, (T(g)F)(x)=F(T(g) 'x) for all x€ X. A representation T of G in M(X) will
be any such homomorphism for which the mapping g - | T(g) F, F, dm is continuous
for all F;, F,e L,(X). Generally, L,(X) is a direct sum of two orthogonal closed
subspaces, denoted here by L,(X), and L,(X).. The compact summand L,(X),
consists of all Fe L,(X) such that {T(g)F: g € G} is totally-bounded in L,(X). Let
M denote the unique G-invariant mean on WAP (G), the weakly almost periodic
functions on G. Then the weakly mixing part L,(X), consists of all Fe L,(X) such
that, if f(g)=J FT(g)Fdm—|| Fdm|* for all g€ G, then M(|f]) =0. See Bergelson
and Rosenblatt [3] for a proof of the above using the work of Godement, or see
Krengel [14, p. 111], where this theorem is discussed in relationship to the work of
Jacobs, Deleeuw and Glicksberg.

The representation T is weakly mixing if and only if L,(X). consists of just the
constants. Of particular importance in § 2 are some of the structural aspects of
L,(X).. In case G is abelian, in particular G=Z as in Halmos [11], the space
L,(X). has an orthonormal basis (F,: A € A) of eigenvectors. That is (F,: A € A) is
an orthonormal basis of L,(X),. such that for all g € G, there exists ¢,(g) € C such
that T(g)F, =c,(g)F, a.e. [m]. Also, T is ergodic if and only if the constant
functions are the only eigenvectors with eigenvalue one. If T is ergodicand A,, A,€ A
are such that ¢, (g)=c,,(g) for all ge G, then F, =F,, a.e. [m]. That is, the
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eigenvalue homomorphisms c,: G- T are simple. The analogues of these results for
general groups are described in Propositions 1.1 and 1.4.

1.1. ProPosITION. The representation T restricted to L,(X). decomposes as an
orthogonal direct sum of finite-dimensional subrepresentations.

There are a number of proofs of this theorem. See [3] for a discussion of the proof
via Godement’s decomposition of positive definite functions. Also, see Dye [6] for
a proof for amenable groups that can be generalized to any locally compact group.
These proofs all suggest that there should be a direct argument using only the
Peter-Weyl theorem for compact groups. Indeed, in Deleeuw and Glicksberg [4,
p. 72], the necessary fact about compactifications is observed which is needed in
the proof of the following:

1.2. THEOREM. Suppose G is a group of unitary transformations {V,: g€ G} of a
Hilbert space H. Then a necessary and sufficient condition for H to decompose as a
direct sum of G-invariant finite-dimensional subspaces is that for all Fe H, {V,F: g¢
G} is totally bounded in the L,-norm topology.

Proof. Because orbits { V. F: g € G} are totally bounded when F lies in a G-invariant
finite-dimensional subspace of H, the condition is necessary. Conversely, suppose
all orbits are precompact. Let ¢ be the weak-operator closure of G in the bounded
operators B(H). Give ¥ the weak-operator topology.

Theorem 3.2 in Deleeuw and Glicksberg [3] proves that 4§ is a compact semigroup
with a jointly continuous multiplication. Clearly, if A€ ¥, then A* € ¥, too. But also
A*= A7'. That s, 4 consists of unitary transformations. Indeed, suppose A = lim; V,,
in the weak-operator topology. Then lim; V,,_, = A* in that topology and so

I'=1im; V, V, _, = (lim; V, )(lim; V,,_,)
= (lim; V,,_,)(lim; V,,)
= AA*=A*A
by the joint continuity of the multiplication. Finally, this also shows that A> A™" =
A* is continuous in ¥ Thus, ¥ is a compact group, continuing {V,: g€ G} as a
dense subgroup, and acts continuously as unitary transformations on H.

Now we apply the Peter-Weyl principle (as in Greenleaf and Moskowitz {11] or
in Hewitt and Ross [13, p. 29]) to argue that H is a direct sum of %-invariant, and
hence G-invariant, finite-dimensional subspaces. O
Remark 1. Notice that the positive definite functions arising from the representation
T on L,(X). (or of G on H in 1.2) are almost-periodic. Hence, the almost periodic
compactification of a group as in Loomis [15] can be used to envelop the representa-
tion and prove 1.2 analogously to the above. Also, the uniqueness part of theorem
27.44 [13] applies to the decomposition and hence each finite-dimensional T-
invariant T-irreducible subspace A< L,(X), has a multiplicity u = u(H, T) associ-
ated with it. As in [13, p. 29], for o€ @, let M, be the smallest closed subspace of
L,(X),. containing all such A with ¢ equivalent to o on A. This subspace will be
used in the proof of 1.6.
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Remark 2. Let 9. be the enveloping compact group as in the proof of 1.2 for
{T(g): g€ G} when H=L,(X),.. Let B. be {Ae€ B:14€ L,(X).}. It is easy to show
B. is a o-algebra too and the largest compact factor in B, see [3] and [10]. Also,
L,(X). is naturally isometric to L,( X, B, m) since each F € L,(X). is B.-measurable.
For any A€ ¥, there exists (g)= G such that for all F,, F,e L)y(X),,
lim; (T(g) F,, F;)=(A(F,), F;) and lim; (T(gi_l)F,, F)=(A™'(F,), F;). Hence,
(T(g;):i) is Cauchy in the weak topology of #(X, B.), cf. Halmos [12]. Thus, 4.
as a group is identical to {T(g): g € G.} where G. is the closure of T(G) in #(X, B.)
in the weak topology and T denotes the regular representation on L,( X).. Moreover,
since ¥, is compact, this identification gives a topological isomorphism of ¥, with
the weak-operator topology into G, with the weak topology of #(X, B.). If the
probability space (X, B, m) is not standard, this may only identify ¥, with Boolean
o-isomorphisms in (X, B.). To have ¥, realized completely as point transforma-
tions as in Mackey [17] requires some further separability hypotheses on G and/or

(X’ ﬂ’ m)'

1.3. Definition. Assume G has a countable dense subset. A separable (measure-
preserving) representation of G in #(X) is a representation T of G in #(X) such
that (X, 8, m) is a non-atomic separable probability space.

1.4. PROPOSITION. Suppose T is an ergodic separable representation of G in M(X)
and let H be a finite-dimensional T-invariant T-irreducible subspace of L,(X).. Then
the multiplicity uy of H in L,(X), is at most dim (H).

Proof. The hypothesis on G guarantees that there is a countable subgroup G, which
is densein G and so {T(g): g € G,} is a countable dense subset of ¥.. The decomposi-
tion of L,(X), into finite-dimensional T-invariant T-irreducible subspaces is com-
pletely determined by ¥, and hence, because T is continuous, by the representation
T restricted to G,. Because G, is countable, we may assume without affecting this
decomposition, up to unitary equivalence, that (X, 8, m) is a standard probability
space. Hence, corollary 2 of Zimmer [20] applies and shows that there is a standard
probability space (Y, I, p) and an action of G, on it as measure preserving transfor-
mation so that the action of G, on L,(X), is equivalent to the action on L,(Y,T, p).
Now Mackey [16], theorem 1, applies to the Gy-space (Y, T, p). This shows that all
py are finite. Actually, an examination of the proof in [16] shows that the action
of 4, on L,(X), is equivalent to the regular action of 4. on L,(¥./K) for a suitable
closed subgroup K of ¥.. Hence, the Peter-Weyl Theorem for ¥, shows that any
finite-dimensional T-invariant T-irreducible subspace H of L,(X). has multiplicity
no larger than dim (H). O

1.5. CoroLLARY. Suppose T is an ergodic separable representation of G in M(X).
Then there is F € L,(X), such that span {T(g)F: g € G} is norm dense in L,(X)..

Proof. Proposition 1.4 shows that the hypotheses of theorem 1.10 in Greenleaf and
Moskowitz [11] are satisfied. This theorem gives exactly the above. 0O

Questions. (1) When does there also exist a cyclic vector for L,(X),, or L,(X) for
ergodic separable group actions? (2) If T is an ergodic separable action, when does
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there exist A€ 8 such that the smallest o-algebra containing {T(g)A: ge G} is B
up to null sets?

Another general property of the finite-dimensional decomposition of L,(X), is
the following.

1.6. ProposITION. Let T be an ergodic separable representation of G in M(X). Then
there is an orthogonal direct-sum decomposition of L,(X). into finite-dimensional
T-invariant subspaces H; such that each H;< L.(X) and hence each H; has an
orthonormal basis formed by L -functions.

Proof. As in proof of theorem 1.2, there is a compact group ¢ of unitary transforma-
tions of L,(X). such that {T(g): g € G} is dense in ¥ in the weak-operator topology
on L,(X).. The proof of theorem 27.44 [13] first constructs a projection P,: L,(X) .~
M, foreach oe &. The definition of P, shows that for all F,, F,e L(X)n Ly(X).,

II P,(F,)F,dm l Sdi"Fl"oo | F>lls

since

sup {|X;(g)|: g€ G} =d,.
Since Lo(X) N Ly(X)., is dense in L,(X, B., m), this shows || P,(F))llo= d2|| Fi |-
Also, P, maps L.(X)n L,(X). onto a dense subspace of M,. Thus, L(X)n M,
is dense in M, for all o€ %, Since M, is finite-dimensional by proposition 1.4, this
is enough to prove this proposition. a

Remark. 1t may well be that this theorem is true without the assumption that T is
a separable action of G in #(X). Indeed, the extreme case is where G is a compact
group and T is the action by left multiplication on (G, B8,, A) where A is a left-
invariant Haar measure on G. There L,(G).= L,(G) and this does have a basis of
L.(G) functions as above because the coefficient functions of finite-dimensional
irreducible representations of G can be used in this role.

Yet another application of proposition 1.4 is this generalization of the well-known
fact that if T, S€ #(X) and TS = ST, then T ergodic and S weakly mixing implies
T is weakly mixing too.

1.7. PROPOSITION. Suppose S is a weakly mixing representation of G and T is an
ergodic separable representation of G in M(X). If S and T commute, then T is weakly
mixing too.

Proof. If T were not weakly mixing, then there would exist a finite-dimensional
T-invariant subspace H < L)(G)., the mean zero functions in L,(X).. We may
assume H is T-irreducible, For g€ G, S(g)H is T irreducible and the representation
of T on S(g)H is equivalent to the representation T on H. By the property of M,
where o is T restricted to H, S(g)H < M,. Thus, M,, is an S invariant subspace
which is finite-dimensional by proposition 1.4. Hence, S cannot be weakly mixing.

There are other theorems that can be generalized along these lines. A particularly
important one in relation to criteria used in § 2 is to determine when a tensor product
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T®S is ergodic. As in [3], if S is weakly mixing and T is ergodic, then T® S is
ergodic. More generally, in the abelian case, T® S is ergodicif T and S are ergodic
and share no common eigenvalues other than 1. The following generalization of
this fact holds.

1.8. ProposiTION. If T and S are ergodic representations, then T® S is ergodic if and
only if T and S have disjoint spectra: there are no finite-dimensional subspaces H,,
H,< LY(X) with H, T-invariant and H, S-invariant, such that T\, is equivalent t0 S| ...

Proof. Suppose T u, is equivalent to S|u,. Then the contragradient representation
of T}y, is realized as the complex conjugate S|g,. Since the trivial representation is
a subrepresentation of T|,, ® S|g,, the trivial representation is a subrepresentation
of T®S.

On the other hand, suppose T and S do have disjoint spectra. Let M denote the
unique G-invariant mean on WAP(G). Suppose 0# Fe LY X xX) is T®
S-invariant. Then

<M(g), (T(g)®S(g)97)ﬁded'n>=”97”%#0-

X xX
But for all £>0, there exist ¢;e C and F;,, G;e L,(X), i=1,..., n such that for
each i, jF,—dm or I G;dm=0,and |F-Y_, ¢F.®G,|,<e If we show

<M(g),J (T(g)®S(g)F®G)F,®G, dmxdm>:0
NxX

forall i, j=1,...,n, letting £ > 0 this would show [|%|3=0, a contradiction which
would prove T® S is ergodic.

Suppose then F,, F,, G,, G,€ Ly(X) and for i=1,2, | F;dm or { Gidm is 0. Let
L] (X).®Lj(X), and L3(X).® L3(X), be the orthogonal decompositions for S
and T discussed earlier, and write ;= F;+ F;, G; = G{+ G} for i =1, 2 according
to this decomposition. Since T is weakly mixing on L] (X), and S is weakly mixing
on L5(X),, we have

<M(g),J (T(g)®S(g)F,® G,)F,® G, dm x dm>
XxX

=<M(g),J (T(g)®S(g) Fi® G F;®G; dmxdm>.
XxX

See [3], § 1, for further discussion. Hence, we may assume at the outset that
F,e L](X). and G;e L3(X). fori=1,2.

But now what we want to show is that T,® S, is ergodic where T, is T restricted
to the mean zero functions in L] (X). and S, is S restricted to the mean zero
functions in L3(X).. For representations of a locally compact group that are direct
sums of finite-dimensional representations, the trivial representation is a subrep-
resentation of T.® S, if and only if for some subrepresentation of T. of T, the
contragradient representation T. is a subrepresentation of S, (up to unitary
equivalence). Because the representations here are obtained from non-singular group
actions on a measure space, 1. is just given by the complex conjugate T of T..
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So if some S, is equivalent to 77, then S’ is equivalent to T.. But S, is a
subrepresentation of S,, and so the disjointness of the spectra of S and T prevents
this. Hence T.® S, is ergodic and so T® S is ergodic. O

In the above, if T|,, is equivalent to S|u, with H, having an orthonormal basis
F,,...,F,e L3 X), and V: H,~ H, is a unitary transformation such that VT(g)=
S(g)V for all ge G, then

#(61.6)= T F(6)VFI(E)

for ¢, &, € X is a non-zero mean zero T® S-invariant function. This explicit proof
of the first part of the above is observed in Moore [17]; it shows how the trivial
representation is a subrepresentation of T 1, ® S| Ay

The same argument as above can be used to prove a local version of this theorem
when T®S is not ergodic. That is, let F,e L (X), and F,e L3(X),, both mean
zero. Then

<M(g), J T(g)F,F, dm J S(g)F,F, dm> =0

if and only if the positive definite functions f;(g) =[x T(g)F.F, dm give rise to
representations of G with disjoint spectra.

2. Averaging theorems

The idea used in proving the major convergence theorem here is to use an abstract
version of the van der Corput inequality, cf. [1]. To do this for amenable groups
requires an approximate tiling lemma for averages in G over Fglner sequences. Let
|-| be a fixed right invariant Haar measure on G. For simplicity, let dAg(g) be
denoted dg.

In this section integrals of the form [, T(g)Fdg are needed. The explanation
of the meaning of IK,., T(g)Fdg when G is not discrete and K,, is compact is that
it represents the usual Pettis integral of g—» T(g)Fe L,(X). Here p:g- T(g)F is
continuous since it is weakly continuous and so its range is separable by the
o-compactness of G. So the weak continuity of p shows that p is Ag-measurable
by the Pettis measurability theorem, see Dunford and Schwartz [§, 111.6.11]. Thus,
this integral can also be taken to be the Bochner integral. The following propositions
are well-known.

2.1. ProposITION. Let G be an amenable group and let (K,,,) be a right Fdlner sequence
of compact sets. Let A: G- H be a function where H is a Hilbert space. Assume A(G)
is bounded. Let

s,(m)=(1/|Kml)J A(g) dg

L

and

Sx(m, h) = (1/|Kn|) J (1/|Ka)) J A(gz) dz dg.
Ko

Ky
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Then, for all h,
lim |S:(m) — Sx(m, h)|| =0.

In the sequel (K,,) wiil be a Fdlner sequence chosen as above.

2.2. PROPOSITION. If T: G > M(X) is an ergodic representation of G, and

A,,,(F)=(1/|K,,,|)J T(g)Fdg,  then forall Fe L,(X),1<p<,
K,

=0.

14

Now suppose Ti,..., T, are commuting representations of G in #(X) and
consider products S;(g)=T,(g)...Ti(g),j=1,...,n. For F\,..., F,€ Lo(X), the
product S,(g)F,S,(g)F,...S,.(g)F, is a well-defined element of L, (X). It will be
important that S; is a representation of G, too, so it is necessary to assume that the
T; are commuting in the sense that T;(g)T;,(h) = T;(h)T.(g) for i#j and g, he G.
It might seem that the theorems to follow could be phrased and proved for products
S,F,...S,F, without knowing each S; is itself a product. However, we will need to
use the fact that S,»"Sk, Jj <k, is a representation of G; and generally, if S,, S, are
representations of G such that S7'S, is a representation of G, then S,=5,T for
some representation T of G commuting with S;. For these reasons, we generally
assume S; are formed as above from commuting representations 7T;. Either notation
is appropriate in the case of abelian groups G.
2.3. Definition. We say (T, ..., T,) is mutually ergodic if T,® T\ T,®- - - ®T,...T,
is ergodic. We say (T, ..., T,,) is fully mutually ergodic if (T,,..., T,) is mutually
ergodic for all j=1,..., n. This type of joint ergodicity of T,,..., T, should be
contrasted with the one in [1].

lim

m-—>a

A,,,F—-[ Fdm

2.4. THEOREM. Let Ty, ..., T, be commuting fully mutually ergodic representations of
an amenable group Gin #(X). Let S;=T;-- - T, fori=1,...,n Let (K,,) be a right
Foiner sequence in G and let F,, ..., F,e L (X). Then

=0. (5)

lim

l/le"[ S\(8)Fy- - - S.(g)F, dg—J Fydm- - J F,dm

Km
Proof. The proof is by induction on n. If n=1, we are assuming T, is ergodic, and
proposition 2.2 proves the theorem. Assume the theorem has been proved for a fully
mutually ergodicsystem (T, ..., T,_,). Assume T, ..., T, is fully mutually ergodic.
Without loss of generality, | F, dm =0. Indeed, suppose the theorem is proved in
case I F, dm=0. Then let E(F,) =IF, dm. We have

S\(g)(F,— E(F,))Sx(g)F;- - - S,.(g)F,
=S:(8)FiSAg)F,: - - S,(8)F, ~ E(F\)(Sx(g)F;- - - S.(g)F,). (6)
Since (T,, ..., T,) is mutually ergodic, (T, T, T3, ..., T,) is mutually ergodic. By

induction,

m
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as m—-> o0 in L,(X)-norm. Thus,
,Lifl(l/lK'"l) j E(F,)Sy(g)F,- - -S,(g)F,dg= I_Il J' F;dm

Ko
in L,(X)-norm, too. Hence, (6) shows the theorem follows from the case E(F,) =0.
We assume | F; dm =0 and show

lim (1/|Kn)) J Si1(8)FiSxg)Fy - - S.(g)F,dg=0

m

in L,(X)-norm. If we let
A(g)=S\(g)F,S:(g)F,- - - S.(g)F,,
H = Ly)(X)
in proposition 2.1, we see that it suffices to show that for all £ >0, there is an h=1

such that for some M =1 if m= M, then
2

={(1/|K.] L (1/|Kal) L S\(g2)F,- - - S,(gz)F,dz dg ,

<e.

Now
2

dg.
2

ws<1/|1<m|>j WK j S\(82)F.- - - S.(g2)F dz

Indeed, if A:G-> L,(X) is bounded and weakly measurable, then for K < G, K

compact
2 2
s(] IAG)l: ds)
2 K

[ A as
1/2 1/272
=[(J, vaconae) ([, 1a6) "] -1 raconzae

2

“(I/IK;.I)j S\(gz)F,- - - Sa(gz) F, dz ,

But we have,

=(1/|K.[") ( Si(gs)F" - S.(gs)F,S\(g) Fy- - - Su(g)F, dm) dsdt

JKy X

=(1/lKhl2) ( T.(s)F\(T\(s) Tx(gs)F,)- - - (T\(s) Tx(gs)- - - T,(gs)F,)
Ko \Jx

JK, o

X Tl(t)ﬁl(Tl(t)TZ(gt)FZ)' < (Ty(1)Tx(gt)- - - Tn(gt)ﬁn) dm) ds dt

=(1/|K.") ( (Ti(s)F) TG Ts) Tos) F2] - - - To(8) Ts(g)- - -
JKy JKy\V X

X (T T()To(s) - - Tu(s) RN T F) T T O T F>] - - -

X To(g) To(g) - - * T.()T\(t) - - T,(1)F,] dm) ds dt

=<1/|Kh|2>j

Ky

J (J [Sl(s)FlSl(t)Fl](:TZ(g)[SZ(S)FZS2(t)FZ])' :

x(Ty(g)- - - To(@)Sa(s) FuSa(1) Fo] dm) ds di.
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Hence, the induction hypothesis applied to the fully mutually ergodic system
(T,,..., T,) shows that for all h=1,

lim (1/K.) L ( 11Kl Lh S\(g2)F, - - S,(g2)F, dz :dg
=(1/|Kx]») L L L Si(s)F,S\(¢)F, dm L S,(s)F,.
x Sy(t)F, dm- - -L S.(s)F.S.()F, dm) ds dt
=H1/|Khlj S(O® OS5, (F®---@F)| .
% Lx™

But $,®---®S, is ergodic and so for any £ >0, there is an h>1 such that this
last norm is no larger than ¢ because

j J F,®: --®F,dm---dm=| j F,dm =0.
X X X

1=1

For this h, there is an M =1 such that for all m= M, ¥ = 2e¢. O

2.5. Examples. (a) Suppose G and X are separable as in definition 1.3. Then assume
Ty, ..., T, are commuting representations of G such that T, is weakly mixing and
each T; is ergodic. By proposition 1.7, each T; is weakly mixing. Thus, if also each
S; is ergodic (and hence weakly mixing by the same argument), then S;®---® S,
is weakly mixing. It follows that (T,,..., T,) is fully mutually ergodic. Indeed,
without the separability assumption, if each 7T, and S; is weakly mixing, then
(Ty,..., T,) is fully mutually ergodic. This situation is the generalization of a weakly
mixing system of commuting transformations as in [9]. But as in [1] where the exact
hypotheses for (3) were given, the hypotheses for theorem 2.4 above are less than
assuming that all 7; and S; are weakly mixing. In fact, theorem 2.6 will show that
the hypotheses of theorem 2.4 are essentially necessary, thus generalizing the work
in [1].

(b) Let H=@/., G, with the product topology. Any representation T: H - L on
a Hilbert space L gives commuting representations T;: G- L defined by T(g) =
T(e(g)) where e;: G~ H is the ith-coordinate injection. If T is strongly mixing,
then so is each T;. The proof of theorem 2.5 in Bergelson and Rosenblatt [3] shows,
for amenable groups G among others, that in the weak topology, the representations
T such that each T; and S; is weakly mixing from a residual subset of all the
representations of H on L. So, at the unitary level, there are many representations
T of H such that (T, ..., T,) is fully mutually ergodic as representations of G as
unitary operators on L. Using the Gaussian measure space construction, see Neveu
[18] or Schmidt [19], each such T and system (T,,..., T,) gives a representation
T:H-> M(X) such that (T,,..., T,) is fully mutually ergodic as point transforma-
tions. Hence, for any group G, there are examples of systems (T,,..., T,) where
the hypotheses theorem 2.4 hold. If G is discrete, it is easier to give an example.
Let X =[[4[0,1] and let H act on X by permutation of the coordinate indices.
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Then in the product probability measure given by Lebesgue measure in [0, 1], each
T: and S, is strongly mixing.

(¢) If G is abelian, then the existence of eigenvalues and orthonormal bases of
eigenvectors for a representation T in (X)) restricted to L,(X). allows a sim-
plification of the hypotheses of theorem 2.4. It is not too hard to show that if
T,,..., T, are ergodic and $,®S5,®---®S, is ergodic, then LROT,T,® - ®
T,...T, is ergodic. So, if T;,..., T, and S,®S,®---®S, are ergodic, then
(Th,..., T,) is fully mutually ergodic. Thus, by proposition 1.8, when G is abelian,
(Ty,..., T,) is fully mutually ergodic if and only if just the constants have the
eigenvalue 1 for T; and if A; denotes the set of eigenvalues of S;, then for A;€ A,
1=1,...,n AA,...A,=1if and only if A; =1 for all i. Of course, this includes the
case where A; = for all i, i.e. each T; is weakly mixing. Is there a simplification
of the hypotheses of theorem 2.5 along these lines for general groups?

One of the interesting aspects of the hypotheses of theorem 2.4 is that they are
necessary given T,,..., T, commute.

2.6. THEOREM. Let T, . . ., T, be commuting, separable representations of an amenable
group G in M(X) and fix a right Felner sequence (K,). Suppose that for all
F,,...,F,e L.(X);

lim J (l/|Km|J FOSI(g)Fl--'Sn(g)Fndg) dm:ﬁ j F,dm. (7)

m-co i=0
Then $,® S,®- - -® S, is ergodic. Also, (T, ..., T,) is fully mutually ergodic.

Proof. Only the ergodicity of $,®---®S, is needed to get the rest. Indeed, let
F,=1. Then

I (1/IKMII S\(g)Fi- - - S.(g)F, dg) dm
=(1/|Km|) JK (J;{ SZ(g)FZ' ° .Sn(g)Fn dm) dx
=(1/|Km|)J (J (Tg)F): - - (Txg)...T,(g)F, dm) dg

=J‘ (1/|Kmij yl(g)FZ"'yn—l(g)Fndg) dm,

where &¥,=T,,..., Tixy, i=1,...,n—1. Hence, (7) holds for (¥%;,..., %._1). So,
by induction, we would get (T,,..., T,) being fully mutually ergodic. Note also
that (7) entails the ergodicity of each T; and S;. For example, fix i=1,...,n and
let F;=1 for je{i—1, i}. Then (7) implies

lim (1/[Kn)) J (J F_,T(g)F(g) dm) =J F,_, dm j F,dm.

m

Hence, if Fe L(X) is T;-invariant, then

[ 17 am=

2

J F,dm
X
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by taking F,_, = F,=F. So, if Ac B8 is T;-invariant, then m(A) = m(A)’ and m(A)
isOorl.

Let L(X)=L.®L! where L. is the compact summand for S; and L, is the
weakly mixing summand for S;. We identify L,(X") with ®_; L,(X) in the usual
fashion. On an invariant subspace of the form L,(X)® : ®L,®- - ® Ly(X),
S, ®---®S, is ergodic because S; is weakly mixing on L. So, if §;®- - -® S, has
an invariant function, it must be in L®- - - ® L. But the existence of an S;-invariant
finite-dimensional orthogonal direct sum decomposition of L, with an L, basis on
the summands is guaranteed by proposition 1.6. Hence, if S,®- - -&® S, is not ergodic,
then there exist S;-invariant finite-dimensional subspaces H; of L.n L(X), with
some H;< LY(X), such that some 0# Fe H,®- - -® H, < LX) is invariant under
$,®---®S,.Let (fi: k=1,...,dim (H;)) be orthonormal bases in L,(X) for each
H;. Then F has unique expansion as a finite sum

F(§1,---,§n)=( Y oa(my,...,m)fn (&) (&)

my,..., m,)
for ae. (&,...,&)e X"
For each g € G, Si(g)|n, has a matrix expansion S;(g) =[a},] in the basis (f},: m)
with al,, depending on g. Since (S,®- - -®S,)F=F, for all ge G,

-5 a(k,,...,ko(,za:.k.f:.)---(,za.:k"f,:)
= Y oalk,....k)alyccan o

Hence, for all ({,,...,1,),

all,,...,1)= Y )a(k,,...,k,,)a}lkl- Ak
But then for a.e. (€ X, and all ge G,
z ) a(ky, ..., kn)SUEN i (£). .. Sa(@)f E,(£)

ky,....ky
= ¥ alk,..., k,.)(Z a}.k.f},(§)) " '(Z a;:.k,,f;:.(f))
(ky,..., k,) h 1,
= X Y oalky,... ke ane fi,(6). . f1()
(kyyeenskn) (hyeonsln)
= z a(lla""ln)f;,,(g). : ‘f;:,(f)'
Uyoeosdn)

Fix Fye L,(X). We have

L Fo(é)( X a(ln,.--,l,.)f}l(@'"f?L(E)) dm(¢)

[ (TN 1)
=(1/|Kn} L I Fy(¢) - . Z’ )a(ll, s LS L(E) - - Sul@)f1(€) dm(€) dg
=, Z, )a(l., e I")(J (l/lel) L Fo(&)S\(8)f1.(8): - - S(g)f1.(§) dg dm(§)
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By (7), letting m - co, this shows for all Foe L (X),
JFo( , Z”a(ll,...,l,.)f},- . f,) dm=0
(hreensln

because for some i, all f{, are mean zero. That is,
Z’ )a(l.,---, L) 1(8) - -fi.(£)=0
ae. £[m].

Now, if

€, 8-1€G T (g)®T5(g,)® - BT, (g,1)®DI

commutes with $;®- - -®S,. So, (T(g)® - -® T, (g, )®I)F is §,®-:-®S,
invariant, too. Moreover, T;,,(g)H,, i=1,..., n—1, is S;-invariant with orthonor-
mal basis (T;,,(g:)f5.: m). So, the same argument as the one above shows that for
all &1, ..,g,,_|€G,

0= % )a(ll,n-,l,.)Tz(gn)f}.(f)"'T,.(gn—.)fiﬁ.'(f)f?n(ﬁ) (3)

h,....1,

a.e. £ [m]. But each T, is ergodic, and so

lim 1/|1<,,|j E(g)Fdx=J Fdm
m—o0 K

m

in L,(X)-norm. Hence, using (8),

0= lim (1/]Kn"") j j
m=>w K K,

m m

XJ Y all,...,l)T(g)f (&) - T(gu-Df L (Of ()

= X X a(h,...,Lalk, .. KE(f1fk) - E(fL.f%)

By the orthonormality of (f7,), this gives
0= Y Ia(ll,...,l,,)|2.
(h,.... L)

So all a(l,,...,1,)=0 and F=0, a contradiction. a

Remark. Theorems 2.4 and 2.6 show that the seemingly weaker joint ergodicity of
(7) is equivalent to (5) for commuting separable actions T, ..., T,. Also, the proof
could have been shorter if we knew that the bases (f%,: m) could have been chosen
to be generic, i.e. not only are (f},,,(gl)- < fm(&):(my, ..., m,)) orthonormal in
Ly(X™), but (fh(€)- - fa(8):(m,...,m,)) are linearly independent. If G is
abelian, this could be arranged, but it is not clear if it is always possible. See [8]
for other uses of genericity.

There is another possible definition of joint ergodicity that one might use as a
generalization of (3). For instance, we might assume for all F, ..., F, € Lo(X) that

n 2
lim (l/lel)I j FyS\(g)F,...S.(g)F,— Il j Fidm| dg=0. (9)
m-—oo K x i=0 JX

m
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This property is related to (5) and (7) as in [10, p. 534]. However, taking all F;=1,
i=1, except for F;, shows that property (9) forces S; to be weakly mixing and so
S,®- - -®8S, is ergodic, too. Thus, if one wishes to get a joint ergodicity result that
does not entail all representations being weakly mixing, then (5) or (7) are better
forms to study.
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