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Abstract. The purpose of this paper is to study an optimal control problem
associated with the thermally coupled Navier-Stokes equations. An existence result
for this problem is obtained. The most important result of this paper is the proof of
the existence and regularity of a solution of the adjoint system. By defining several
functions, this system (which is not a divergence free one) is replaced by a divergence
free system.
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1. Introduction. Many papers dealing with optimality conditions for control
problems associated with the thermally coupled Navier-Stokes equations have been
written in recent years. The problem of minimizing a functional involving the tur-
bulence within the flow was studied in [1] for the stationary case, in [2] for the non-
stationary one, the control being the heat flux through the boundary and in [3] for
an optimal control in coefficients (the viscosity and the thermal conductivity coeffi-
cients). In other papers, such as [7], [4], [5], the cost functional involves the tem-
perature. Why, then, another control problem for the heat-conducting Navier-
Stokes fluid? For at least two reasons. The first one is physical: a lot of practical
problems are concerned not with the velocity or the temperature, but with the pres-
sure of the fluid. All the above papers deal with a variational formulation obtained
by using the techniques of [8]. In such a variational formulation the unknown pres-
sure does not appear any more.

Let us first describe the physical problem which justifies the study of the control
problem considered in the sequel. We have a viscous, incompressible, time-depen-
dent fluid, occupying a bounded, smooth domain � � R2: Because of the internal
heat sources g; the fluid modifies its temperature; hence it modifies also its pressure.
We have to answer to the following question: which are the internal heat sources
(that cannot be measured) which give a field of the pressure p as close as possible to
a desired pressure pd?

The second reason is of mathematical nature: the obtained adjoint system is an
unusual one. The data of this system are not only the data of the problem, but also a
function which is not known directly; it can be obtained as a solution of a Neumann
problem. Moreover, this system is not a divergence free one, which complicates the
proof of the existence and the regularity of a solution for the adjoint problem.

The aim of this paper is to characterize the controls g which give a desired
pressure of the fluid.
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The outline of the paper is as follows. In Section 2 we introduce the system
describing the problem and the notation. Moreover we give, without proof, some
classical theorems concerning this problem. In Section 3 we discuss the proposed
control problem and we prove the existence of a solution. Section 4 deals with the
necessary conditions of optimality. The most important result of this paper is the
proof of the existence and regularity of a solution of the adjoint system. This system
is not a divergence free one. To overcome this difficulty, we define several functions
which allow us to replace the adjoint system by a divergence free one.

2. The evolution state system. Let � � R2 be an open, bounded, connected set
with its boundary, @� of class C2 and T a positive constant. Our physical problem is
described by the following coupled system:

~vv0 � �4 ~vv þ ð~vv � rÞ~vv þ rp ¼ ~ff þ ~BB� in �T ¼ � � ð0;T Þ; ð2:1Þ

div ~vv ¼ 0 in �T; ð2:2Þ

�0 � �4 � þ ~vv � r� ¼ g in �T; ð2:3Þ

~vv ¼ ~00; � ¼ 0 on @� � ð0;T Þ; ð2:4Þ

~vvð0Þ ¼ ~00; �ð0Þ ¼ 0 in �; ð2:5Þ

where �; � are positive constants representing the viscosity of the fluid and the ther-
mal conductivity coefficient, respectively; ~ff 2 ðL2ð�TÞÞ

2 represents the body forces,
~BB 2 ðL1ð�TÞÞ

2 is a function given by the Boussinesq approximation, g 2 L2ð�TÞ

represents the internal heat sources and ~vv; �; p are the unknown of the system (2.1)–
(2.5), the velocity, the temperature and the pressure of the fluid, respectively.

We shall need in the sequel the following spaces (for their properties see e.g. [8]):

L2
0ð�Þ ¼ fu 2 L2ð�Þ j

Z
�

udx ¼ 0g;

V ¼ f~uu 2 ðH1
0ð�ÞÞ

2
j div ~uu ¼ 0g;

H ¼ f~uu 2 ðL2ð�ÞÞ
2
j div ~uu ¼ 0; ~uu � ~nnj@� ¼ 0g;

H 2;1ð�TÞ ¼ fu 2 L2ð�TÞ j
@u

@t
;
@u

@xi
;
@2u

@xi@xj
2 L2ð�TÞ; i; j ¼ 1; 2g;

Wð0;T;X;X0Þ ¼ fu 2 L2ð0;T;XÞ j u0 2 L2ð0;T;X0Þg with X a Hilbert space.

The following notation will be used throughout the paper:

ð�; �Þ the scalar product in L2ð�Þ or ðL2ð�ÞÞ
2;

j � j the norm in L2ð�Þ or ðL2ð�ÞÞ
2;

ðð�; �ÞÞ0 the scalar product in H1
0ð�Þ or ðH1

0ð�ÞÞ
2;

k � k0 the norm in H1
0ð�Þ or ðH1

0ð�ÞÞ
2;
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h�; �iX;X0 the duality pairing between a space X and its dual X0;

b1ð~uu; ~vvÞ ¼ ð~uu � rÞ~vv 8~uu; ~vv 2 ðH1
0ð�ÞÞ

2;

b2ð~uu; ’Þ ¼ ~uu � r’ 8~uu 2 ðH1
0ð�ÞÞ

2; 8’ 2 H1
0ð�Þ:

Remark 2.1. The existence and uniqueness of a solution of the system (2.1)–
(2.5) can be obtained for less regular data �; ~ff; ~BB; g (see e. g. [8], for Navier-Stokes
equations). We have chosen this regularity for obtaining the pressure of the fluid (p)
at least in L2ð�TÞ: In the last section, this regularity will be improved, in order to
give sense to the expression pðT Þ.

The following two theorems establish the existence, uniqueness and regularity of
a solution of (2.1)–(2.5) and some a priori estimates, respectively. We shall give them
without proofs, since the techniques we use are similar to those of [8], for Navier-
Stokes equations, or of [2] for the coupled system: Navier-Stokes and heat equations
for the three dimensional case.

Theorem 2.2. The system (2.1)–(2.5) has a unique solution ð~vv; �; pÞ with
~vv 2 ðH 2;1ð�TÞÞ

2
\ Cð½0;T �;V Þ, � 2 H 2;1ð�TÞ \ Cð½0;T �;H1

0ð�ÞÞ, p 2 L2ð0;T;H1

ð�Þ \ L2
0ð�ÞÞ:

Remark 2.3. The uniqueness of the pressure is obtained only in the space
L2ð0;T;H1ð�Þ \ L2

0ð�ÞÞ; as an element of L2ð0;T;H1ð�ÞÞ the pressure is unique up
to an additive function depending on t.

Theorem 2.4. The unknowns of the problem, ~vv; �; p satisfy the following estimate:

k~vvk
ðH 2;1ð�TÞÞ

2 þ k�kH 2;1ð�TÞ
þ k pkL2ð0;T;H1ð�Þ\L2

0
ð�ÞÞ �

cð�Þðk ~ff k
ðL2ð�TÞÞ

2 þ k ~BBk
ðL1ð�TÞÞ

2 þ kgkL2ð�TÞ
Þ:

ð2:6Þ

Remark 2.5. All the estimates we shall use in the sequel are consequences of the
inequality (2.6).

3. Study of the control problem. As mentioned in Section 1, our purpose is to
control the pressure of the fluid, by acting on the internal heat sources, g. Let
pd 2 L2ð0;T;L2

0ð�ÞÞ be the desired configuration of the pressure. Taking into
account the uniqueness result stated in Theorem 2.2, the following cost functional

J : L2ð�TÞ7!R; JðgÞ ¼
1

2

Z
�T

ðp � pdÞ
2dxdt ð3:1Þ

is well defined ( p represents the third component of the unique solution of (2.1)–
(2.5) corresponding to g).

Denoting Br
L2ð�TÞ

¼ fu 2 L2ð�TÞ j kukL2ð�TÞ
� rg; we formulate the optimal con-

trol problem in the following way:
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Find g0 2 Br
L2ð�TÞ

s.t. Jðg0Þ ¼ minfJðgÞ = g 2 Br
L2ð�TÞ

g: ð3:2Þ

Remark 3.1. When the cost functional is not coercive, as it happens in our case,
there are two ways of introducing the control problem: to look for a minimum point
on a bounded set or to consider the following cost functional:

JðgÞ ¼
1

2

Z
�T

ðp � pdÞ
2 dxdt þ

N

2

Z
�T

ðg � gdÞ
2 dxdt: ð3:3Þ

From the physical point of view the functional defined by (3.3) is not relevant; hence we
have chosen the first possibility, which is physically acceptable.

Theorem 3.2. There exists at least one solution of the control problem (3.2).

Proof. The idea of the proof is to show that J is weakly lower semicontinuous
and to use a Weierstrass theorem.

Let fgngn be a minimizing sequence of J and ð~vvn; �n; pnÞ the unique solution of
(2.1)–(2.5) corresponding to gn:

Taking into account the compactness of the inclusion H 2;1ð�TÞ � L2ð�TÞ and
using the estimates for ~vvn; �n and pn; given by Theorem 2.4, we get the following
convergences (on subsequences), as n ! 1:

~vvn * ~vv weakly in ðH 2;1ð�TÞÞ
2;

~vvn ! ~vv strongly in ðL2ð�TÞÞ
2;

�n * � weakly in H 2;1ð�TÞ;

pn * p weakly in L2ð�TÞ;

and, of course,

gn * g weakly in L2ð�TÞ:

In order to use these convergences, we shall write the weak formulation of (2.1)–
(2.5) in the following form:

ð~vv0ðtÞ; ~zzÞ þ �ðð~vvðtÞ; ~zzÞÞ0 þ ðb1ð~vvðtÞ; ~vvðtÞÞ; ~zzÞ � ðpðtÞ; div; ~zzÞ ¼

ð ~ffðtÞ; ~zzÞ þ ð ~BBðtÞ�ðtÞ; ~zzÞ 8~zz 2 ðH1
0ð�ÞÞ

2; ð3:4Þ

ðdiv; ~vvðtÞ; sÞ ¼ 0 8s 2 L2ð�Þ; ð3:5Þ

ð�0ðtÞ; �Þ þ �ðð�ðtÞ; �ÞÞ0 þ ðb2ð~vvðtÞ; �ðtÞÞ; �Þ ¼ ðgðtÞ; �Þ 8� 2 H1
0ð�Þ; ð3:6Þ

~vvð0Þ ¼ ~00; �ð0Þ ¼ 0 in �: ð3:7Þ

Using Lemma 3.2 [8, p. 289] we can pass to the limit, as n ! 1; in (3.4)–(3.7),
written for g ¼ gn; and we get the weakly lower semicontinuity of the cost func-
tional; thus the assertion of the theorem is obtained.

The last result of this section is the differentiability of the cost functional.
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Proposition 3.3. The functional J is differentiable and

ðJ0ðg0Þ; hÞL2ð�TÞ
¼

Z
�T

ðp�h � p0Þðp0 � pdÞ; dxdt 8h; g0 2 L2ð�TÞ; ð3:8Þ

where p0 is the third component of the unique solution of (2.1)–(2.5) corresponding to
g0 and ð~vv�h; �

�
h ; p

�
hÞ is the unique solution of the following system:

~vv�0h � �4 ~vv�h þ b1ð~vv
�
h; ~vv0Þ þ b1ð~vv0; ~vv

�
hÞ þ rp�h ¼ ~BB��h þ ~ff þ b1ð~vv0; ~vv0Þ; in �T; ð3:9Þ

div; ~vv�h ¼ 0 in �T; ð3:10Þ

��0h � �4 ��h þ b2ð~vv
�
h; �0Þ þ b2ð~vv0; �

�
h Þ ¼ h þ g0 þ b2ð~vv0; �0Þ in �T; ð3:11Þ

~vv�hð0Þ ¼
~00; ��h ð0Þ ¼ 0 in �; ð3:12Þ

~vv�h ¼ ~00; ��h ¼ 0 on @� � ð0;T Þ: ð3:13Þ

Proof. For any � 2 ð0; 1Þ and h; g0 2 L2ð�TÞ we denote by ð~vv0; �0; p0Þ the unique
solution of (2.1)–(2.5) corresponding to g ¼ g0 and by ð~vv�h; ��h; p�hÞ the solution for
g ¼ g0 þ �h: Let ~vv�; ��; p� be the following functions:

~vv� ¼
~vv�h � ~vv0
�

þ ~vv0; �� ¼
��h � �0
�

þ �0; p� ¼
p�h � p0

�
þ p0:

A direct computation gives the system satisfied by ð~vv�; ��; p�Þ; which is of the same
type as (2.1)–(2.5). Hence we obtain for ~vv�; ��; p� the properties given by Theorems
2.2. and 2.4., with the constant cð�Þ in (2.6) not depending on �: The boundedness
of ð~vv�; ��; p�Þ in ðH 2;1ð�TÞÞ

2
� H 2;1ð�TÞ � L2ð0;T;L2

0ð�ÞÞ yields the existence of
ð~vv�h; �

�
h ; p

�
hÞ in this space such that the following convergences hold, as �& 0; on

subsequences:

~vv� * ~vv�h weakly in ðH 2;1ð�TÞÞ
2;

�� * ��h weakly in H 2;1ð�TÞ;

p� * p�
h weakly in L2ð�TÞ:

Computing lim
�&0

Jðg0 þ �hÞ � Jðg0Þ

�
and passing to the limit, as �& 0; in the weak

formulation of the system with the solution ð~vv�; ��; p�Þ; we achieve the conclusion of
the proposition.

Let g0 be an optimal control. Denoting by ð~vv�; ��; p�Þ the solution of (3.9)–(3.13)
corresponding to h ¼ g � g0 and using (3.8), we obtain the following inequality:

Z
�T

ðp� � p0Þðp0 � pdÞ; dxdt � 0: ð3:14Þ

In the last section, this inequality will be replaced by an inequality without con-
straints, by introducing the adjoint system.
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4. First-order necessary conditions of optimal solutions. Let g0 be an optimal
control and ð~vv0; �0; p0Þ the unique solution of (2.1)–(2.5) corresponding to g0: As
mentioned in Remark 2.1, in this section we shall need further regularity for the
data: ~ff; ~BB; pd:

Proposition 4.1. For ~ff; ~ff 0 2 ðL2ð�TÞÞ
2; ~ffð0Þ 2 V; ~BB; ~BB0 2 ðL1ð�TÞÞ

2 it follows
p00 2 L2ð�TÞ:

Proof. For ~ff and ~BB with the above regularity and taking into account the reg-
ularity of �0 given by Theorem 2.2., we can apply Theorem 3.5 [8, p. 299] and we get
~vv00 2 L2ð0;T;V Þ \ L1ð0;T;HÞ:

We consider now the derivative with respect to the time variable of equation
(2.1). Denoting by ~UU ¼ ~vv00; P ¼ p00;

~FF ¼ ~ff 0 þ ~BB0�0 þ ~BB�00; we obtain in a distribu-
tional sense the following equation:

~UU0 � �4 ~UU þ b1ð ~UU; ~vv0Þ þ b1ð~vv0; ~UUÞ � rP ¼ ~FF;

with ~UU 2 L2ð0;T;V Þ \ L1ð0;T;HÞ:
The regularity of ~vv0 together with the above regularity of ~UU give, as in Lemma

3.4 [8, p. 292], b1ð~vv0; ~UUÞ; b1ð ~UU; ~vv0Þ 2 L2ð0;T;V0Þ:
Since ~FF 2 ðL2ð�TÞÞ

2; with the same techniques as in Theorem 3.2 [8, p. 294] we
obtain ~UU0 2 L2ð0;T;V0Þ and hence ~UUð0Þ 2 H.

Finally, from ~ffð0Þ 2 V it follows ~UUð0Þ 2 V and, as in Theorem 2.2, we obtain at
least the regularity P 2 L2ð�TÞ; which completes the proof.

It can be easily proved that, if p0 2 L2ð0;T;L2
0ð�ÞÞ and p00 2 L2ð�TÞ; then

p00 2 L2ð0;T;L2
0ð�ÞÞ.

Let p0d be an element of L2ð�TÞ; hence p0ðT Þ � pdðT Þ makes sense as an element
of L2

0ð�Þ:
We introduce the following adjoint system:

~ww 2 L2ð0;T; ðH1
0ð�ÞÞ

2
Þ; ’ 2 L2ð0;T;H1

0ð�ÞÞ; 
 2 D0ð�T Þ; ð4:1Þ

� ~ww0 � �4 ~ww � b1ð~vv0; ~wwÞ þ ðr~vv0Þ
T ~ww þ r
� �0r’ ¼ 0 in �T; ð4:2Þ

div ~ww ¼ p0 � pd in �T; ð4:3Þ

� ’0 � �4 ’� b2ð~vv0; ’Þ � ~BB � ~ww ¼ 0 in �T; ð4:4Þ

~wwðT Þ ¼ rG; ’ðT Þ ¼ 0 in �; ð4:5Þ

where G is the unique solution (up to an additive constant) of the Neumann
problem

G 2 H1ð�Þ;

4G ¼ p0ðT Þ � pdðT Þ in �;

@G

@n
¼ 0 on @�:

ð4:6Þ

Remark 4.2. In order to make sense of the expression ~wwðT Þ as an element of
L2ð�Þ it seems to be necessary to have the regularity condition
~ww0 2 L2ð0;T; ðH�1ð�ÞÞ

2
Þ: In fact, we shall obtain only the weaker condition

~ww0 2 L2ð0;T;V0Þ; but this is sufficient since ~ww 2 Cð½0;T �; ðL2ð�ÞÞ
2
Þ:
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Because of the equation (4.3), we cannot give a variational formulation of the
system (4.1)–(4.5) with test functions in V and then, obtain existence and regularity
results using the Galerkin’s approximation.

In the case of stationary flows, the system with div ~vv 6¼ 0 is easily replaced by a
divergence free system (see [8, p. 31]). We don’t use the same technique in our case,
since we need also regularity results for the time derivative, properties which cannot
be obtained with this method.

We consider the following problem (a. e. in ð0;T ÞÞ:

div ~zzðtÞ ¼ ðp0ðtÞ � pdðtÞÞ
0 in �;

~zzðtÞ ¼ ~00 on @�:
ð4:7Þ

Taking into account that ðp0ðtÞ � pdðtÞÞ
0
2 L2

0ð�Þ and using a classical result (see e.g.
[8, p. 32]) we obtain the existence of a unique ~zzpðtÞ 2 ðH1

0ð�ÞÞ
2 such that:

k~zzpðtÞk0 � cð�Þ j ðp0ðtÞ � pdðtÞÞ
0
j ð4:8Þ

Since ðp0 � pdÞ
0
2 L2ð�TÞ it follows, from (4.8), that ~zzp 2 L2ð0;T; ðH1

0ð�ÞÞ
2
Þ:

We define a new function, given by

~uupðtÞ ¼

Z t

T

~zzpðrÞdr; a. e. in ð0;T Þ ð4:9Þ

and we obtain, without difficulty, the regularity ~uup 2 L2ð0;T; ðL2ð�ÞÞ
2
Þ: Moreover,

by using a standard result (see e.g. [6, p. 566]), it follows: rui
pðtÞ ¼Z t

T

rzi
pðrÞdr; i ¼ 1; 2: Taking into account the regularity of ~zzp; it is easy now to

verify that ~uup 2 L2ð0;T; ðH1
0ð�ÞÞ

2
Þ: On the other hand, the definition (4.9) also gives

some regularity for ~uu0p; i.e. ~uu
0
p 2 L2ð0;T; ðH1

0ð�ÞÞ
2
Þ: Hence we defined a function with

the following properties: ~uupðT Þ ¼ ~00; ~uup; ~uu
0
p 2 L2ð0;T; ðH1

0ð�ÞÞ
2
Þ and

k~uupkL2ð0;T;ðH1
0
ð�ÞÞ

2
Þ
þ k~uu0pkL2ð0;T;ðH1

0
ð�ÞÞ

2
Þ
� cð�;T Þkðp0 � pdÞ

0
kL2ð�TÞ

: ð4:10Þ

We introduce another function, ~  p; as the unique solution of the problem

div ~  ¼ p0ðT Þ � pdðT Þ in �;

~  ¼ ~00 on @�;
ð4:11Þ

satisfying the estimate

k ~  k0 � cð�Þ j p0ðT Þ � pdðT Þ j : ð4:12Þ

Computing div ~uupðtÞ; we get, from (4.9) the following equality: div ~uupðtÞ ¼
ðp0ðtÞ � pdðtÞÞ � ðp0ðT Þ � pdðT ÞÞ almost everywhere in ð0;T Þ; hence, using (4.11) we
obtain:

divð~uupðtÞ þ ~  pÞ ¼ p0ðtÞ � pdðtÞ a. e. in ð0;T Þ: ð4:13Þ
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Let us define a new function:

~vvpðtÞ ¼ ~uupðtÞ þ ~  p a. e. in ð0;T Þ: ð4:14Þ

Taking into account the properties of ~uup and ~  p we obtain: ~vvp; ~vv
0
p 2 L2ð0;T;

ðH1
0ð�ÞÞ

2
Þ; div ~vvpðtÞ ¼ p0ðtÞ � pdðtÞ a. e. in ð0;T Þ; ~vvpðT Þ ¼ ~  p in ðL2ð�ÞÞ

2:
We are now in a position to introduce the following divergence free system:

~yy 2 Wð0;T;V;V0Þ; ’ 2 Wð0;T;H1
0ð�Þ;H�1ð�ÞÞ; 
 2 D0ð�T Þ; ð4:15Þ

�~yy0 � �4 ~yy � b1ð~vv0; ~yyÞ þ ðr~vv0Þ
T ~yy þ r
� �0r’ ¼ ~ffp in �T; ð4:16Þ

�’0 � �4 ’� b2ð~vv0; ’Þ � ~BB � ~yy ¼ gp in �T; ð4:17Þ

~yyðT Þ ¼ ~yyT; ’ðT Þ ¼ 0 in �; ð4:18Þ

where

~ffp ¼ ~vv0p þ �4 ~vvp þ b1ð~vv0; ~vvpÞ � ðr~vv0Þ
T~vvp; ð4:19Þ

gp ¼ ~BB � ~vvp; ð4:20Þ

~yyT ¼ rG � ~  p; ð4:21Þ

with ~vvp; ~  p and G previously defined.
Using the regularity of ~vv0; ~vvp; ~BB and some classical results of [8] we obtain at

least ~ffp 2 L2ð0;T;V0Þ and gp 2 L2ð�TÞ: For ~yyT we have the regularity ~yyT 2 H:

Indeed, div ~yyT ¼ 4G � div ~  p ¼ 0 in � and ~yyT � ~nn ¼
@G

@n
� ~  p � ~nn ¼ 0 on @�:

Now we can state the main result of this paper:

Theorem 4.3. The adjoint system (4.1)–(4.5) has at least a solution ð ~ww; ’; 
Þ; with
~ww0 2 L2ð0;T;V0Þ, ~ww 2 Cð½0;T �; ðL2ð�ÞÞ

2
Þ; ’0 2 L2ð0;T;H�1ð�ÞÞ and ~ww, ’ unique.

Proof. The regularity of the data ~ffp; gp and ~yyT and some standard results for
Navier-Stokes equations (see [8]) allow us to obtain the existence and uniqueness of
the function ~yy in Wð0;T;V;V0Þ; the existence and uniqueness of the function ’ in
Wð0;T;H1

0ð�Þ;H�1ð�ÞÞ and the existence of a distribution 
; satisfying the system
(4.15)–(4.18).

By putting

~ww ¼ ~yy þ ~vvp; ð4:22Þ

it is easy to verify that ~ww 2 Cð½0;T �; ðL2ð�ÞÞ
2
Þ and ~ww0 2 L2ð0;T;V0Þ; moreover

ð ~ww; ’; 
Þ is a solution of the adjoint system (4.1)–(4.5).
The uniqueness of ~ww and ’ is obtained as follows. Let ð ~ww1; ’1; 
1Þ and

ð ~ww2; ’2; 
2Þ be two solutions of the system (4.1)–(4.5). We denote ð ~ww; ’; 
Þ ¼
ð ~ww1; ’1; 
1Þ � ð ~ww2; ’2; 
2Þ and by subtracting the variational formulations of the
adjoint system for ð ~ww1; ’1; 
1Þ and ð ~ww2; ’2; 
2Þ we get:

�h ~ww0ðtÞ; ~zziV;V0 þ �ðð ~wwðtÞ; ~zzÞÞ0 � b1ð~vv0ðtÞ; ~wwðtÞÞ; ~zzÞþ

hðr~vv0ðtÞÞ
T ~wwðtÞ; ~zziV;V0 � ð�0ðtÞr’ðtÞ; ~zzÞ ¼ 0 8~zz 2 V; ð4:23Þ
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ðdiv; ~wwðtÞ; sÞ ¼ 0 8s 2 L2ð�Þ; ð4:24Þ

�h’0ðtÞ; �iH�1ð�Þ;H1
0
ð�Þ þ �ðð’ðtÞ; �ÞÞ0 � b2ð~vv0ðtÞ; ’ðtÞÞ; �Þ� ð4:25Þ

ð ~BBðtÞ � ~wwðtÞ; �Þ ¼ 0 8� 2 H1
0ð�Þ;

~wwðT Þ ¼ ~00; ’ðT Þ ¼ 0 in �: ð4:26Þ

The desired result is now obtained taking ~zz ¼ ~wwðtÞ; � ¼ ’ðtÞ and using standard
techniques.

The last result of this paper states the optimality conditions satisfied by a solu-
tion g0 of (3.2).

Theorem 4.4. Let us suppose that g0 is an optimal control. Then there exists the
unique elements

ð~vv0; �0; p0Þ 2 ðH 2;1ð�TÞÞ
2
\ Cð½0;T �;V Þ � H 2;1ð�TÞ � L2ð0;T;H1ð�Þ \ L2

0ð�ÞÞ

ð ~ww0; ’0Þ 2 L2ð0;T;ðH1
0ð�ÞÞ

2
Þ \ Cð½0;T �;ðL2ð�ÞÞ

2
Þ�Wð0;T;H1

0ð�Þ;H�1ð�ÞÞ;

with ~ww0
0 2 L2ð0;T;V0Þ and a unique distribution 
0 up to an additive distribu-

tion in ð0;T Þ such that the following system is satisfied:

~vv00 � �4 ~vv0 þ b1ð~vv0; ~vv0Þ þ rp0 ¼ ~ff þ ~BB�0 in �T;

div ~vv0 ¼ 0 in �T;

�00 � �4 �0 þ b2ð~vv0; �0Þ ¼ g0 in �T;

~vv0ð0Þ ¼ ~00; �0ð0Þ ¼ 0 in �;

ð4:27Þ

� ~ww0
0 � �4 ~ww0 � b1ð~vv0; ~ww0Þ þ ðr~vv0Þ

T ~ww0 þ r
0 � �0r’0 ¼ 0 in �T;

div ~ww0 ¼ p0 � pd in �T;

� ’00 � �4 ’0 � b2ð~vv0; ’0Þ � ~BB � ~ww0 ¼ 0 in �T;

~ww0ðT Þ ¼ rG; ’0ðT Þ ¼ 0 in �;

ð4:28Þ

Z
�T

’0ðg0 � gÞdxdt � 0 8g 2 Br
L2ð�TÞ

: ð4:29Þ

Proof. The first assertion of the theorem has already been obtained. We have to
prove the inequality (4.29). For this purpose we consider the weak formulations of
systems (3.9)–(3.13), (4.27), (4.28). Taking adequate test functions in these varia-
tional formulations, after an easy computation, we get

ðp0ðtÞ � pdðtÞ; p
�ðtÞ � p0ðtÞÞ ¼ ð’0ðtÞ; g0ðtÞ � gðtÞÞ�

h’00ðtÞ; �0ðtÞ � �
�ðtÞiH�1ð�Þ;H1

0
ð�Þ � ðð�0ðtÞ � �

�ðtÞÞ0; ’0ðtÞÞ�

h ~ww0
0ðtÞ; ~vv0ðtÞ � ~vv�ðtÞiV0;V � ðð~vv0ðtÞ � ~vv�ðtÞÞ0; ~ww0ðtÞÞ:

ð4:30Þ

Integrating the equality (4.30) from 0 to T and using a Green’s formula, it follows:

Z T

0

ðp0 � pdÞðp
� � p0Þ dxdt ¼

Z T

0

’0ðg � g0Þ dxdt � ð ~ww0ðT Þ; ~vv0ðT Þ � ~vv�ðT ÞÞ ¼

Z T

0

’0ðg0 � gÞ dxdt � ðrG; ~vv0ðT Þ � ~vv�ðT ÞÞ ¼
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Z T

0

’0ðg0 � gÞ dxdt þ ðG; div ð~vv0ðT Þ � ~vv�ðT ÞÞÞ ¼

Z T

0

’0ðg0 � gÞ dxdt;

since ~vv0 � ~vv� 2 Cð½0;T �;V Þ and
@G

@n
¼ 0 on @�: Therefore the theorem is proved.
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