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Some of the most important G-Structures of the first 
kind [l] a re those defined by linear operators satisfying 
algebraic relat ions. If the linear operator J acting on the 
complexified space of a differentiable manifold V satisfies 
a relation of the form 

j 2 . . . , 

where I is the identity operator , the manifold has an almost 
complex s t ructure ([2] [3])- The s t ructures defined by 

2 
J = I 

a re the almost product s t ructures ([3] [4]). In the present 
paper we investigate the s t ructures defined by nilpotent 
opera tors of degree 2, that is by relations of the form 

J 2 = o . 

Some of the resu l t s of this investigation a re stated in [5]. 
Recently, an attempt has been made to study the more general 
case 

[11 
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j r = o 

where r > 2. So far , only the integrabili ty of such s t ruc tures 
has been studied [6]. 

i . General definitions. We consider a differentiable 
• " • • • " — •"• - " •' g g 

manifold V of c lass C . Let T be the tangent space at 
2n x 

c 
any point x€ V , and T the complexified space of T * 

2n x x 
oo 

We assume that a field of c lass C of l inear opera tors J 
x 

is defined on V , such that, at each point x € V , J maps 
2n 2n x 

Q 
T into itself; moreover J is of rank n everywhere in V , 

x x 2n 
and it satisfies the relat ion 

x 

for any x* V , where 0 is the null operator . In this case 
Zn 

we say that J defines an a lmost tangent s t ructure on the 
manifold V^ . 

PROPOSITION!. The image J(T°) and the Ker J 
x 

coincide with the space of the eigenvectors of J-

c 
Proof. Let a € T . Ja is an eigenvector of J , since 
" x 

2 
J(Ja) = J a = 0 . 

c 
Hence, the image J(T ) i s composed of the eigenvectors of J. 

c 
On the other hand, every vector of J(T ) is mapped unto the 

x 
zero vector ; therefore 

J(T°) = Ker J 
x 

If S is the complementary space of KerJ with respec t 
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c 
to T , we have 

x 

TC = Ker J © S , 
x x 

and J induces an isomorphism between S and Ker J. 
x 

c 
Let (e , e . . . . , e ; e , , . . . , e ^ ) be a basis of T , where 

1 2 n n+1 2n x 
(e , . . . , e ) is a basis of KerJ and (e , . . . , e^ ) is a basis 

I n n+1 2n 
of S . We shall write briefly (e ,e ) where a = l , 2 , . . . , n , 

x a a* 
a* = a+n (Greek indices take the values 1. . . n and Latin indices 
the values 1. . - 2n). We can always arrange that 

e = Je 
a a* 

We call the basis (Je , e ) a basis adapted to the almost 

tangent structure or briefly an adapted basis. Let (e , e ) 

be another adapted basis; we have 

a1 a1 p 

V * = a» *e(3 + a" **p* ° 

From the latter we have 

6* 
Je , ^ = A , _ J e _ f 

and hence 

a1 * a1 * p* 

3* 3 
A . * = A . 

Therefore 

6 8 6* 
or1 a1 p a1 * <*! * p ay * p * 
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6* 6 
with A . = A . . The t ransformation m a t r i x for the adapted 

a1 * a* 
bases is of the form 

• • ( A > 
\ B A / 

where A € GL.(n,C), B is an (n,n) m a t r i x and 0 the null 
(n,n) mat r ix . 

LEMMA 1. The set of all the m a t r i c e s a is a group 

under multiplication, which will be denoted by G( ). 
nn 

Proof. For any two m a t r i c e s a, a € G( ), we have, 
1 nn 

is we use multiplication by blocks, 

a a. = ) « G( ) 
\ B A + A B , A A , / ^ 

1 1 1 

and also 

-1 

-A-'BA"1 A"V ** 

.n Hence G( ) is a subgroup of the group GL.(2n, C). It is 
nn 

moreover a Lie group. 

Consider the operator J or J ; to this operator there 
x 

corresponds a tensor F. defined by 

(1.2) (Jv)1 = F V , 

2 
and if we use the relation J =0 , we obtain 
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(1.3) £^Fk = 0 . 
i J 

c 
If the vector space T is referred to an adapted basis, the 

» x 

components of the tensor F. are given by 

6 ' 8* 6* (3 6 8* 
(1 .4 ) F P = F P = F P = 0 , F P = Ô P = Ô P . 

or or û r * ot* OL ct* 

Hence F. is represented by a matrix of the form 

(1.5) 
E 0 

n 

where E denotes the unit matrix of order n. Since the 
n 

matrix (1.5) commutes with all the elements of G( ), J will 
nn 

have the form (1.5) with respect to any adapted basis. 

Note. The group G( ) is composed of all the elements 
nn 

of GL.(2n, C) which commute with the matrix (1.5). 

c 
For any vector v € T referred to an adapted basis 

we have 

and hence 

or 

a a* 
v = v e + v e _ . 

a a* 

ot o r * ce* 
Jv = v Je + v Je = v e 

a a* a 

ct ot* o r * 
(Jv) = v , (Jv) = 0 . 
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2. The dual space. Let us consider the dual space 
c * c 

(T ) of the complexified space T at a point x of the 
x - x 

differentiate manifold \T . If (e.), (e. ) are two adapted 
2 n l j» 

bases at x, to these there correspond two dual bases 

i j f 

(9 ), (9J ). From the relation 

Ai eM = A.t e. 

for the adapted bases, we have the relation 

• • - *;• *>' 

for the dual bases. Hence 

a a 8* & 8 ' * 
e = A* e p

 +A" e p 

p l pf *. 
and 

p1 * 

We thus see that if the transformation matrix for the adapted 
bases is given by (1- 1), the transformation matrix for the dual 
bases is of the form 

/ tA tB ~* 
( t f 1 = 

\ 0 tA 

On the other hand, if (Ker J)* is the dual space of Ker J, to 
the basis (e ) of Ker J there corresponds the dual basis 

or 

(9**) of (KerJ)* . 

PROPOSITION 2. An almost tangent structure is defined 
c * 

in the dual space (T ) by the space (KerJ)* , that is, there 
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2 
exists a l inear operator J of rank n satisfying J =0 , such 

1 1 
that 

J4[(T^)*] = (KerJ)* . 

c * 
Proof. liet us define in (T ) an operator J , , which 
- x 1 

with respect to an adapted basis is represented by the ma t r ix 

0 E 

This operator has the same representat ion with respect to any 
other adapted dual bas is . Indeed we have 

(B BlV° En\/B BA_1
 a 

\ 0 B / \ 0 0 / \ 0 B / 

_ fB B I V ° B _ 1 W ° EA 
\ 0 B / \ 0 0 / \ 0 0 / " 

J has therefore an intrinsic meaning. Since det(E )=1 and 
1 n 

all the other submatr ices of J of order greater than n a re 
1 2 

singular, rank J = n. In the other hand J = 0. It is easy 
to see, by using the components of the vectors 9 and 9 , 
that 

Of û f * CX^ 

J e = e , j\e = o . 
i i 

c * 
For any element v € (T ) with components v. with respect 

to the bas is (9 ) we have 

v s v 9 + v 9 
a a * 
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and hence 

et cx^ ct^ * 
J v = v J 6 + v J e = v e € (KerJ) . 

1 a 1 a* 1 a 
We thus see that the elements of (KerJ)* a re the images under 

c * 
J of the elements of (T ) • 

1 x 

3. Connections in V . Let E (V ) be the set of all 
• 2n T 2n 

the adapted bases at the different points of V , and p the 
2n 

canonical mapping 

P : ET ( V2n> - V 2n ' 

which assoc ia tes with an adapted bas is at x the point x itself. 
E (V ) has , with respec t to p, a natura l s t ruc ture of a 

T Zn 
principal fibre bundle of base V and s t ruc tura l group the 

Zn 
sub-group G( ) of GJL(2n, C). 

nn 

Definition. We will call an almost tangent connection 
(briefly A. T. connection) on V , every infinitesimal 

2n 
connection defined on the fibre bundle of the adapted bases . 

For the definition of an infinitesimal connection one may 
consult [7]. 

Given a covering of V by neighbourhoods endowed 
2n 

with local c ros s sections of E (V ), an A . T . connection 
T 2n 

may be defined in each neighbourhood U by a form w with 
values in the Lie Algebra of the group G( ); such a form may 

nn 
be represented at x by means of a ma t r i x of order 2n whose 
elements a re complex-valued l inear forms at x; it will be 
denoted by 
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Hence a n A. T. connec t ion i s r e p r e s e n t e d by the m a t r i x 

-; ° 
ct* 

TT IT = IT / 
P* P* P / 

PROPOSITION 3o With r e s p e c t to an A. T. connec t ion 
we have 

Proof . We r e f e r the t e n s o r J = (F.) to an adap ted b a s i s . 

We have 

a , <* a a a o* p or p * or p * <z* 
VF f l = d F + TT F^ + TT F p - TTKF - r F = -<rrp Ô 

p p p p P* p p P p P* P P * 

- ' p = 0 ' 

V F f l - , = d F „ ^ + TT F ^ + TT j r . - < * F » < V F ^ p# p# p p# p# p* p * p p# p# 

ûr* o or* 
= ïï Ô„ = IT s 0 , 

p p p 
(3 .1 ) 

VF =dF + ir F r + ir F r - irr F - irr F 
p* p* p p* p* p* p* p p* p* 

ar? p * û r * a o r * 
= TT 0 . - TT 6 , = TT - 11- = 0 , 

p P p * . p * p P* 

Qf# Q?# Q»# p 
V F . = d F 

a * o ^ * 0 * D # * P* # * 
+ ir F P + ir F P - t r H F - TTH F = 0 P p p p p * p p p p p * 

E (V ) m a y be c o n s i d e r e d a s a sub -bund le of the f ib re 
T 2n 

bundle E (V ) of the c o m p l e x b a s e s . An A. T. connec t ion 
c Zn 

def ines canon ica l l y a c o m p l e x l i n e a r connec t ion wi th which it 
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may be identified. Conversely, let us consider a complex l inear 
connection and a covering of V by neighbourhoods equipped 

2n 
with local c ro s s sections of E (V ). This connection may be 

T Zn 
defined on each neighbourhood by a local form, , with values in the 
Lie Algebra of GL(2n, C), represen ted by a m a t r i x (w.) whose 

elements a re complex-valued local Pfaffian forms . In order that 
the given connection may be identified with an A. T. connection it 

is necessa ry and sufficient that (w.) belongs in the Lie Algebra 

of the s t ruc tura l group G( ) of E (V ). That i s , 
nn T an 

= 0 . p p* 
w = w , a or* 

8 * 
w r = or 

Comparing with (3. 1), we obtain the following 

PROPOSITION 4. In order that a complex l inear connec
tion may be identified with an A. T. connection it is neces sa ry and 

sufficient that the tensor J - (F.) have a ze ro absolute differential 
i 

with respec t to this connection. 

We shall now consider any complex l inear connection 
re fe r red to an adapted bas i s . Let 

w (w?) 

be the m a t r i x represent ing this connection. Under t ransforma-

tions of bases the forms w. t rans form according to 
i 

w , = A w A + A d A , 
m ! a b m ! s m ï 

or 

(3-2) A#.wl!. = ^ . ^ h + ^ L 
JL m ' m b m 1 
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If we apply the above r e l a t i o n for j = £,* and m = \i we obta in 

(3 .3) w f « A . A \ W J . 

On the o t h e r hand, subs t i tu t ing in ( 3 . 2 ) , f i r s t j =£,, m = fx, then 

j = £,*, m = ji*, and s u b s t r a c t i n g the second equa t ion f r o m the 

f i r s t we obta in 

#o xv A?> X f „i X ' * A £ * X ' * X * X * * £ X * 
(3 .4 ) A ^ w ^ » A X ! ^ f . A x l ^ | # S w l A ( i l - w ; A ^ ^ . w ^ 

If we c o n s i d e r the t r a n s f o r m a t i o n r e l a t i o n s given in the Appendix , 
we s e e t ha t the q u a n t i t i e s 

X X * X X * X * X * X 
( 3 . 5 ) t = 0 , t = t = w , t = w - w , 

|JL }JL ( J L * fJ . { X * | J L * fJL 

a r e the c o m p o n e n t s of a t e n s o r f o r m of type ( 1 , 1). We c a l l i t 
the t e n s o r f o r m a s s o c i a t e d to the l i n e a r connec t ion . F r o m the 
r e l a t i o n (3 . 5) we have 

PROPOSITION 5. In o r d e r tha t a c o m p l e x l i n e a r c o n n e c 
t ion on V be an A. T . connec t ion i t i s n e c e s s a r y and suff icient 

2n 
t ha t the a s s o c i a t e d t e n s o r f o r m be equa l to z e r o . 

4 . The o p e r a t o r s C and M in an A. T . mani fo ld . 
As in the t h e o r y of a l m o s t c o m p l e x man i fo lds and the a l m o s t 
p roduc t m a n i f o l d s , we m a y i n t r o d u c e , in the t h e o r y of man i fo lds 
w i th A. T . s t r u c t u r e , o p e r a t o r s C and M. 

A c 

L,et V\ be such mani fo ld and le t us denote by A (V. ) 
Zn r Zn 

the v e c t o r space of a l l the c o m p l e x - v a l u e d e x t e r i o r r - f o r m s 
defined on V^ . We a s s o c i a t e wi th the A. T. s t r u c t u r e two 

Zn 
o p e r a t o r s C and M defined on (V ) in the following way: 

Zn 

c 
If ( v . , v ^ , . . . , v ) a r e r v e c t o r s of T and f an 

1 2 r x 
r - f o r m , we denote by f(v , . . . , v ) t he va lue of f for 
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v A v A • • • A v . C i s then defined by the relation 
1 2 r y 

(4.1) C f ( v . . . . , v ) = f(Jv -Jv . . . . . J v ) . 
1 r 1 2 r 

If the components of f are f. . . the components of Cf 

will be 
1 1 • • • J J 1 J 2 J r 

(4.2) (Cf). . . = F. F. . . . F. f. . 
12 r 1 2 r 1 2 r 

It is obvious from (1-1) that C satisfies the relation 

(4. 3) C2 = 0 . 

Definition. A pure form f of type r, can be written 

f = -Vf e aA e A - . . A e r . 
r ! or or . . . or 

1 2 r 

It is obvious that this definition is independent of the adapted 
basis to which this form is referred. 

PROPOSITION 6- C maps every r-form of A C (V ) 
r 2n 

into a pure r-form. 

Proof. The relation (4.2) written in an adapted basis 
provides 

(Cf) = F a F . . . F f. . . . = 0 , 
1 2 r 1 2 r ' i r 

h Jk Jr 
(Cf) * - F 1 . . . r ; . . . r r f. . . = o , 

or . . . a . . . a or or, or j . . . j 
1 k r 1 k r Ji J2 

j l j2 jr 
( C f ) «*«* . .«* = F «* Fa*- * " F «* fj . . . j = 

1 2 r 1 2 r J l Jr 
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= 6 6 . . . 6 f . . . „ =f 

and hence 

or or a 

Cf = — f e 1 A 9 A . . . A e r . 
r ! a . . . a 

1 r 

The operator M will be defined in the following way: 
c 

For any v . v . . . . , v € T , M is defined by the relation 
1 2 r x 

(4.4) ^ ^ 2 V \ V ( V T 2 V i ' W " 
k = l 

where the right-hand side obviously defines an r - fo rm. 

PROPOSITION 7. 

(4.5) C = — M and M = 0 . 
r • 

Proof. By repeated application of the operator M on 
form f we obtain 

x 
(4.6) M f (v J ,v_ , . . . ,v ) = r!f(Jv . J v _ f . . . , Jv ) ; 

1 L r 1 ù r 
using (4. 1), we find 

M f (v . .v , . . . , v ) s r!Cf(v ,v , . , . ,v ). 
1 2 r 1 2 r 

The above relation holds for any r - fo rm £, hence 

c U M
r 

r 

The same relation (4.6) provides 

M r + f ( v i , v o M . . l v ) = 0 , 1 2 r 
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hence 

M = 0 

From the re la t ions (4. 5) we obtain 

(4.7) M C = C M = 0 . 

If f admits the components f . . , the form Mf has 
l i . . . i 
1 2 r 

the components 

(4.8) (Mf). . . = 2 f . . . . . - s 
x i . . . i , i i _ . . . i s i . . . i F ._ 

1 2 r k 1 2 k-1 k+i r ik 

1 _ J l J 2 - - ' J r p s f 

~ (r-Dï V 2 . - . i r j 4 * V V 

where £. . i s the Kronecker tensor» 
1 r 

PROPOSITION 8. For any 1-form f we have 

(4.9) Cdf - MdCf = f o T 

where T is the tensor of the s t ruc ture of the manifold V . 
2n 

Proof. We consider a 1-form f defined in a neighbourhood 
U of V by 

2n 

f = f . e 1 

Its exterior differential is 

df = df. A 9 1 + f dG1
 f 

i i 

o r 
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df s |{8.f. . 8.f.)(e1Ae3*) +4f.c^e jAek , 
2 i 3 j i 2 i jk 

where c are the coeff ic ients of d9 in the decomposi t ion 

de1 = 4e?, eJ A e k - {c*+c,\=0) . 
2 jk jk k] 

Operating by C, • we find 

cdf =1(8 f .8 f x e ^ A e P ^ + i f c 1 ea*AeP*. 
2 a p p a' v ' 2 i ap 

S i m i l a r l y , 

a* 
Cf = f Q 

a 

and 

def = df A e + f de a 

a a 

2 ^ a a ^ • 2 A.* or a* * 

+ -r f c . . 9 A 9 J . 
2 a ij 

k£ s u * i 0" 
Let us put dCf = er. Then (Ma).. = e . . F or = e . . F <* 

^ IJ rj k s i IJ u* <r£ 

<r *£ 

(Ma) = 0 

(Ma) s g a = £ .«a * - a „ = 0 , 

<r*£ <r*\* 
(Ma) = e a = e a - a - a 

• K vv. • • 
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In a s i m i l a r m a n n e r , if we put f C . . = P . . and 
a ij i j 

1 a* - i . i 
8 =—(f C . A A 6 ) we obta in 

2 or i j 

(MP) _ = 0 , 
i £ 

(MP) = p = f c , 
I *£ l b <* I b 

(Mp) _ = P r * - P r * = P + P * r ; 
l * £ * l b * b l * l b * I * b 

h e n c e Mp = (f c )B A 6 b + f i 6 A 9 b 

ff i ^ i t , * 

a* L * £ or* L * t * 
= (f c y ) 0 U A B b + f c 9W A 9 b , 

a i Ç, or i #b 

and 

MdCf =4(9 f - a f ) e t *Ae t * + f. [ c ^ V ^ e * + c"* e l * A 9 ^ 

T h e r e f o r e 

Cdf-MdCf = f {c°y A e l * + V _ - [ctt* + ca* ]>el*A e^*} 
Of l L, 2 t b I * b l b * 

2 a* t Ç, 

In the o t h e r h a n d , if we apply the r e l a t i o n s of p . 5328 of 
1 

[6] for p=q=—•n, r = i , we obta in for the c o m p o n e n t s of the 

t e n s o r of s t r u c t u r e 

a _ a or* or* en _ or* a _ 

# £ _ û f * O f * ff* 

Vx*~cp\ ' *p*x ~° • *p\ 

t he s t r u c t u r e f o r m i s t h e n given by 
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T = c e* A e + --{c - c - c j e A eb , 

T = - c 6 r A 9 
2 p 

and finally 

Cdf-MdCf = f T % f T** = f o T . 

The relation (4. 9) can be used in order to obtain, in local 
coordinates , an expression of the tensor of the s t ructure in 

t e r m s of the tensor F . of the almost tangent s t ructure . 

Indeed, (4. 9) provides, in local coordinates, 

(4. 10) (Cdf-MdCf)., = ~t\ f- • 
j k 2 j k i 

The form df has , as components in local coordinates, 

a lso 

Hence for MdCf we have, according to the relation (4. 8), 

(MdCf).. 4 F 3 [ 8 (FNK) " 3 , ( F b i ) ] 4 F a J 3 ( F \ ) - K{F\)] . jk 2 j a k b k a b 2 k k a j b j a b 

Using the relat ion F .F^ = 0 , we obta i n 
x a 

(MdCf)., = | Fa8 F N . + 4 FaF^3 f. - ^ F?&Fbf. 
j k 2 j a k b 2 j k a b 2 j k a b 

- 4 Fa9 Fbf - \ F*FbB Fbf - 4 F>ba f + 4 Fa9 A . 
2 k a j b 2 k j a j b 2 k j a b 2 k j a b 

737 

https://doi.org/10.4153/CMB-1965-054-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-054-5


and 

(Cdf-MdCf): = ^ { p a< a
1
 p b - B *\î + *f <8 ^ " 8- r b)> fv • jk 2 j k a a k k a j j a b 

From (4-10) we see that 

t\ = Fa(9, F 1 - a F S + F*(3 F* - B .FS , 
jk j k a a k k a j j a 

or 

t* = F^a.Ff - a F3) + Ffa F 1 - Faa F* . 
jk a j k k j k a j j a k 

since 

Faa F1 = - F V * . 
3 k a a k j 

PROPOSITION 9- For the almost tangent structures the 
Nijenhuis tensor, is the negative of the tensor of the structure. 

Proof. The Nijenhuis tensor is defined [8] by 

N(ufv) = [Ju, Jv] + JZ[u,v] - j[Ju,v] ~ J[u, Jv] , 

for any vector fields u,v* For A, T. structures we have 
2 

J =0, hence 

(4.11) N(u,v) = [Ju, Jv] - J[ju,v] - J[u,Jv] . 

The relation (4. 11) may be written explicitly 

[N(u,v)]k - [Ju,Jv]k~ F^Ju .v] 1 - Fk[u,Jvf f 

where 

[ J u . v f » F m u a a v J - v m 8 ( F V ) , 
a m m a 

r I mA J! b m aa I 
[u.,Jv] s u a (I7V ) - F v 3 u , 

m b a m 
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r_ T ,k rn aQ k b, in aQ , k b% 
[Ju,Jv] = F u 9 (F^v ) - F v 9 (F, u ) 

a m b a m b 

m k a~ b _m_k aA b m~ k a b 
= F F u 9 v - F F, v 9 u «f F 9 F u v 

a b m a b m a m b 

rrir, k a b 
- F 9 F, v u . 

a m b 

Hence, after cancellations of opposite terms and rearrangement 
of indices, we obtain 

N(u, v) k = [Fk3 F r - Fk9 F r + F r9 F k - F r 9 F V u ™ . 
r i m r m i m r i i r m 

Therefore 

N = F (8 F r . 9 F r ) + F r9 F k - F r 9 F k , 
mi r i m m i m r i i r m 

and 

* k k 

mi mi 

COROLLARY. In order that an A. T. structure be 
completely integrable it is necessary and sufficient that the 
Nijenhuis tensor be equal to zero. 

5. Curvature tensor of the almost tangent connection. 
Given an A. T. connection, the curvature of this connection is 
defined by the relation 

(5. 1) Sl\ = dv\ + J A J. , 
i i i i 

where the tensor 2-form (5. 1) is the curvature form of the 
connection and it satisfies Bianchi* s identity 

(5.2) dil! = SI* A IT1 - J'A Si1. • 
i t i t i 

From the relation (5.1) we have 
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^ P P P * P x * ^ P P . x 

a a X a \ * or or X a 

a* a* X a* X* a* a* X* or* 

8* 8 
(Hence J l K ^ = J 1 K .) 

n R* , 6 * P* X p* X * 
J i P = dirH + < A ir + < A ir = 0 , 

a a X a X* a 

A 6 6 B X p X* 
a* a* X a* X * a* 

By c o n t r a c t i o n on a and p we ob ta in 

(5 .3 ) J L = dir o r Si = dtr , 

( „ « = „ • * * * and Sla = jT* = ± J £ ) . 
a a* 2 i a a* Z I 

If we c o n s i d e r a c o v e r i n g of V by n e i g h b o u r h o o d s 
Zn 

U, V, . . . equ ipped w i th l o c a l c r o s s s e c t i o n s of E (V ), we 
T Zn 

s e e t h a t 

a or* 

i s a c o m p l e x 2 - f o r m . We c a l l \\> the c h a r a c t e r i s t i c f o r m of 
the A . T . c o n n e c t i o n . We deduce f r o m (5 . 3) t h a t 4* i s a c l o s e d 

<y. 
form» IT de f ines on the f i b r e bundle E (V ) a c o m p l e x 

es T 2n 
v a l u e d 1 - fo rm and if p*i|; i s the i n v e r s e i m a g e of i|i in E (V ) 

T Zn 
by the p r o j e c t i o n , we m a y w r i t e 

p*v|; = d<(> . 

T h u s , p#4j i s h o m o l o g o u s to 0 on E (V ). The c o h o m o l o g y 
T 2n 

c l a s s on V of the f o r m ty d o e s not depend on the c o n n e c t i o n 
dix 
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under consideration. If (IT ) is another A. T. connection, 
P 

l|i - V|i = d(TT - IT ) , 

a or 

w h e r e TT - IT def ines a c o m p l e x - v a l u e d 1- form on V . 
# a Zn 

/\ 
Then ^ - 4* i s homologous to 0 in V . The f o r m ^ def ines 

Zn 
an i n t e g r a l cohomology c l a s s of d e g r e e Z. 

6. The Holonomy g r o u p of the A. T. c o n n e c t i o n s . Le t 
V be a mani fo ld endowed wi th an A. T. connec t ion . The 

Zn 
ho lonomy g r o u p of t h i s connec t ion i s a s u b - g r o u p of the 

s t r u c t u r a l g r o u p G( ) of the f ib re bundle E f V - ) [(Z), p. 6Z]. 
nn T Zn 

C o n v e r s e l y , l e t V^ be a d i f fe ren t iab le mani fo ld endowed wi th 
Zn 

a l i n e a r c o m p l e x connec t ion . Le t u s c o n s i d e r a point x € V 
Zn 

and le t us a s s u m e t h a t t h e r e e x i s t s a t x, a c o m p l e x b a s i s b 
such tha t the ho lonomy group of the connec t ion ib a t b , i s a 

b 
s u b g r o u p of G( ); the e l e m e n t s of ^ a r e m a t r i c e s of the 

nn b 
f o r m 

L e t u s now c o n s i d e r , a t t h e point x , the t e n s o r w h o s e 
c o m p o n e n t s wi th r e s p e c t to t he b a s i s b a r e 

a a or* a* a a?* 

t h a t i s , the t e n s o r r e p r e s e n t e d by the m a t r i x 

It w i l l be i n v a r i a n t u n d e r t r a n s f o r m a t i o n s by the e l e m e n t s of 
ù , s ince 

D 

741 

https://doi.org/10.4153/CMB-1965-054-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-054-5


and i ts components satisfy, at x, the relat ion 

(6.1) FJFk = 0 . 

F r o m t h i s t e n s o r , we ob ta in by p a r a l l e l t r a n s p o r t in V , 
Zn 

a t e n s o r ]? def ined on the whole man i fo ld V wi th a b s o l u t e 
i Zn 

d i f f e ren t i a l equa l to z e r o [(Z), p . 113] . M o r e o v e r the r e l a t i o n 
(6. 1) r e m a i n s t r u e a t e v e r y point of V . An A. T, s t r u c t u r e 

Zn 
is t h u s defined on V„ . Since V P ; = 0 , by p r o p o s i t i o n 4 , the 

Zn i 
given connec t ion m a y b e ident i f ied wi th an A. T. connec t i on . We 
m a y thus s t a t e the fol lowing p r o p o s i t i o n : 

PROPOSITION 10. A n e c e s s a r y and suff ic ient condi t ion 
in o r d e r tha t a c o m p l e x l i n e a r c o n n e c t i o n in a man i fo ld V_ 

Zn 
be an A. T. connec t ion of an A. T- s t r u c t u r e i s t h a t the ho lonomy 

g r o u p of the l i n e a r connec t ion be a s u b - g r o u p of G( ) . 
nn 

7. The r e s t r i c t e d ho lonomy g roup . B e f o r e s tudying 
the r e s t r i c t e d ho lonomy g r o u p we s h a l l p r o v e the fol lowing 
l e m m a . 

L E M M A . The se t SG( ) of a l l the m a t r i c e s of the f o r m 
nn 

/ A 0 \ • n 
or = { ] wi th detA = 1 i s an i n v a r i a n t s u b g r o u p of G( 

\B A 

Proof . If 

nn 

ai '\ ° 
B A 

' 1 1' 
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with detA -de tA = 1, we have 

-1 -1 -1 n 
and det(AA ) = detA det(A ) = 1 . Hence aa € SGI ) and 

1 1 nn 
and SG( ) i s a subgroup of G( ). It is an invariant sub-

nn nn 
group, because for any A« SG(n ) and any A * G( ) we have 

nn 1 nn 
d e t f A ^ A A J =det(A"1)(detA)(detAj =1 . Hence a'^aaA € SG(n ). 

I l l 1 1 1 nn 

The SG( ) is obviously a Lie subgroup of the Lie group G( ). 
nn nn 

Without changing notations we shall now pass to the 
universa l covering of V^ . 

2n 

Let b be an adapted bas is at the point x € V , and let 
o • 2n 

us assume that the res t r ic ted holonomy group o- is a subgroup 
b 

of SG( ). Then this assumption will be true at every point of nn 
E (V\ )• We introduce at the point x the covariant tensor 

T 2n r o 

t of order n, whose components with respec t to the base b 

a r e 

1*2*. . . n * 
t. . = s 

i i . . . i i i . . . l 

1 2 n 1 2 n 

The tensor t is invariant under cr . Indeed, 
o b 

\ X2 A 1*2*. ,.n* 
V i » 4» ~ V V ' ' # 4t S 

J,J-*«'°J 3\ J-* J I i ^ . . * i 
J 1 J 2 J n Jl JZ Jn 1 2 n 

H e n c e 
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Mb2 n Mb2 n 

/ > * # * Of* 

1 2 n 1*2*. . .n* 

\\*^*---v* = ;** u * ' " & * e «*<**...a* 
1 2 n 1 2 n 1 2 n 

1*2*. . . n* 

" V *;<*...;;*. 
1 2 II 

Therefore 

1*2*. . .n* 

12 n 1 2 n 

By parallel displacement, t generates a tensor t 

defined on the whole V and Vt =0. If U is an open 
2n 

neighbourhood of V endowed with a local cross section of 
2n f 

E (V ), there exists a differentiable function e with 

complex values ^ 0, defined on U, such that we have in U 
,„ tK 1*2*. . . n* f 
(7. 1) t. . . = £ . . e . 

12 n 1 2 n 

From (7.1) we obtain 

„ , , f 1*. . .n* f „ 1*. . .n* 
Vt. . . = (de ) e. . + e Ve 

l i . . . i l . . . i 1 4 - - - 1 

1 2 n I n I n 

but 

_, 1*. . . n* p 1*2*. . . n* p 1*. . .n* 
V e . . # = - TT; e - IT E - . . . 

i 4 i - . . . i l p i . . . i i i p i . . . i 
12 n 1 2 n 2 1 2 n 

p 1*. . .n* 
ir s . 

i i . . . i p 
n 1 n-1 

o r 
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1 * , . . I I * 
v e * ~* 

1 n 

, 1 

1 

a* 
TT 

#* 
2 

P* 
• TT 

a* 

+ . . . 

1 * . . . n * p * 1* n * 
£ - TT £ 

p*a* . . . a* a* <z*p*. . . a * 
^ 2 n 2 r n 

p * 1*, . . n * 
- TT £ 

a* a*. . » a* J p 
n 1 n - 1 

"n , 1*2*. . . n * a* 1*. . 
+ TT ) £ = -TT £ 

a* ar*ar*. . . a* or* a*. . 
n 1 2 n 1 

. . n * 

. . a* 
n 

F ina l ly 

i*. . . n * a* i*2*. . . n * 
V£ . = - TT ^ £ . . 

i . . . i a * î i . . . î 
I n 1 2 n 

We m a y thus w r i t e (7 .2) 

and obta in 

_ f,,_ or* 1*. . . n * 
V t , . . = e d f - i r J g , 

i i . . . i a * ! - • • • ! 

1 2 n I n 

a* a ,-
IT = TT = OX , 

o r * or 

o r 

a 2 
i|i = dir = d £ = 0 . 

The c h a r a c t e r i s t i c f o r m i s e v e r y w h e r e equa l to z e r o . 

C o n v e r s e l y , l e t u s c o n s i d e r a d i f fe ren t iab le mani fo ld V , 
2n 

equ ipped wi th an A. T . connec t ion and le t u s a s s u m e tha t the 
c h a r a c t e r i s t i c f o r m v|i i s z e r o a t e v e r y point of V . With 

2n 
r e s p e c t to any l oca l c r o s s s e c t i o n of E (V ), we have 

T 2n 

, a , a* 
QTT = dlT = 0 • 

a <z* 
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To every point x of V we may associate an open neighbour-
2n 

hood U(x) and a complex-valued.function f defined in U such 
that, with respect to the c ros s section, 

IT = df . 
a 

We now consider the covariant tensor of order n defined in U, 
whose components with respect to the local c ros s section a re 

1*. . . n* f 
t. . = £ . . e ; 

i i . . . i i . . . i 

1 2 n 1 n 

its absolute differential is given by 

— 1*. . . n* f, ,„ ay 

v*t. . . = e. . e (df-Tr ) = 0 . 
i l . . . i l . . . i a 

1 2 n 1 n 
If b is an adapted bas i s at' x, the holonomy group <r of 

x b 
x 

the connection at b i s , as we have seen previously, a sub
group of G( ). Since ^ t = 0 in U, the elements of cr 

nn b 
x 

which we obtain by developing the loops at x situated in U , 
leave t invariant . Therefore they belong in SG( )* Since 

nn 
we may associa te to every point x , such a neighbourhood U , 
it follows from the factorization lemma [(2), p. 52], that for 
every b e E (V ), cr is a subgroup of SG( )» We may 

T 2n b nn 
thus state: 

PROPOSITION 11. La order that a manifold with an 

A. T. connection has an holonomy group o* as sub-group of 

SG( ), it is necessa ry and sufficient that the charac te r i s t i c 
nn 

form of the connection be equal to zero , 

Some interest ing topics of the theory of manifolds with 
A. T. s t ruc tures a r e : 1. The compatibility of Euclidean and 
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A. T. s t r u c t u r e s . 2 . Compa t ib i l i t y of H e r m i t i a n and A. T . 
s t r u c t u r e s . 3 . The a u t o m o r p h i s m s of such m a n i f o l d s . The 
f i r s t top ic i s a l r e a d y s tudied in [9 ] , the o t h e r two w i l l be 
i n v e s t i g a t e d in a n o t h e r p a p e r . 

A P P E N D I X 

j rcif 

If t . and t T a r e the c o m p o n e n t s of a t e n s o r of type 

(1 ,1 ) wi th r e s p e c t to two di f ferent adap ted b a s e s , we have the 
fol lowing r e l a t i o n s : 

u ! a u.1 L a u1 £* 
X ? X f L, a Xf I,* a 

t ^ * = A* A ^ t 1 * 

X 1 * Xf * £ a X 1 * t * or X 1* £ a* X 1 * £* a 
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