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Abstract

By introducing a new notion of approximate biprojectivity we show that nilpotent ideals in approximately
amenable or pseudo-amenable Banach algebras, and nilpotent ideals with the nilpotency degree
larger than two in biflat Banach algebras cannot have the special property which we call ‘property
(B)’ (Definition 5.2 below) and hence, as a consequence, they cannot be boundedly approximately
complemented in those Banach algebras.
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1. Introduction

In 1989, Curtis and Loy showed that an amenable Banach algebra cannot have
a nonzero, finite-dimensional radical, and so nonzero nilpotent ideals in amenable
Banach algebras must be infinite dimensional [2]. In 1994, Loy and Willis investigated
the relation between existence of the approximation property and existence of nilpotent
ideals in amenable and biprojective Banach algebras [13]. In particular, they proved
the following two propositions.

ProposiTioN 1.1. Let A be a biprojective Banach algebra with a central approximate
identity, and let N be a nonzero nilpotent ideal in A. Then N does not have the
approximation property.

Prorosition 1.2. Let A be an amenable Banach algebra and suppose that N is an
ideal in A which is nilpotent, has the approximation property, and is such that
multiplication on the left by any element of N is a compact operator on A. Then
N ={0}.

At the end of the earlier paper, the authors conjectured that the biprojectivity
condition in Proposition 1.1 or the compactness condition in Proposition 1.2 is
not necessary. Related to these conjectures, in 1999, Zhang defined concepts
of approximately complemented subspaces of normed spaces and approximately
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biprojective Banach algebras. Using these concepts he proved that any approximately
biprojective Banach algebra with left and right approximate identities does not have a
nontrivial nilpotent ideal whose closure is approximately complemented [17].

In this paper, first we introduce a new notion of (bounded) approximate
biprojectivity and determine its relation to other notions of approximate biprojectivity
defined in [1, 17]. Then we characterise (bounded) approximate biprojectivity of
some concrete Banach algebras, in particular, Banach algebras related to locally
compact groups. Finally, we give another property of nilpotent ideals related to the
conjectures raised by Loy and Willis in [13]. This property allows us to generalise
results in [13, 17] to a large class of Banach algebras containing approximately
amenable, pseudo-amenable and biflat Banach algebras. In particular, we show that
in approximately biprojective Banach algebras, nilpotent ideals cannot have a spacial
property, called the ‘property (B)’ (Definition 5.2). As a consequence, we show that
they cannot be boundedly approximately complemented in those Banach algebras. We
also show that in biflat Banach algebras, nilpotent ideals with the nilpotency degree
larger than two cannot be boundedly approximately complemented.

2. Preliminaries

For two Banach spaces X and Y, we denote by X & Y the projective tensor product
of them, and by B(X, V) the space of all bounded linear operators from X to Y.
Suppose that X;, X», Y and Y, are Banach spaces and T; € B(X;, Y;), i =1,2. The
tensor product of T and T is the linear map defined by T1 @ T5 : X1 ® X, = Y| & Y,
by
(T @T2)(x1 ®x2) =T1(x1) ® Ta(x2) (%1 € Xy, x2 € X2).

For two Banach spaces X and Y we say that the net (T;) C B(X, Y*) converges to T
in the weak* operator topology of B(X, Y*) if T;(x) — T(x) in the w*-topology of Y*,
for all x € X, where Y* is the dual space of Y.

A Banach space X is said to have the (bounded) approximation property if there
exists a (bounded) net (T,) of finite rank operators on X such that T, — Ix uniformly
on compact subsets of X, where Ix is the identity map on X.

A very close and related notion to the (bounded) approximation property
is (bounded) approximately complementation introduced and studied by Zhang
in[17, 18].

A subspace Y of a normed space X is called (bounded) approximately
complemented in X if there is a (bounded) net (P,) of continuous operators from X
into Y such that P,(x) converges to x uniformly on compact subsets of Y.

Let A be a Banach algebra. The product map on A extends to amap A : AQ® A —
A, determined by A(a ® b) = ab for all a, b € A. The projective tensor product A & A
becomes a Banach A-bimodule with the following module actions:

a-b®c)y=ab®c, (Bb®c)-a=b®ca (a,b,ceA).

With the above actions A becomes an A-bimodule homomorphism.
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A Banach algebra A is called biprojective if A has a bounded right inverse which
is an A-bimodule homomorphism, and is called biflat if A* has a bounded left inverse
which is an A-bimodule homomorphism. An ideal 7 of A is called nilpotent if there
is a positive integer n such that 7" = 0. The smallest such n, denoted by Nil(Z), will
be termed the nilpotency degree of 7.

The unitisation of A is denoted by A*, where A" = A C with the following
product:

(a, V) (b,u)=(ab +pa+ Ab, Au) (a,be A, A, ucC).

It is obvious that A* is a Banach algebra as well.

Let A be a Banach algebra and X a Banach A-bimodule. Then X* is a Banach
A-bimodule in the canonical way. A derivation from A into X is a bounded linear
map D : A — X such that D(ab) = a - D(b) + D(a) - b for all a, b € A. For each x € X,
the derivation D(a) = a - x — x - a is termed an inner derivation and denoted by ad,. A
Banach algebra (A is called amenable if every derivation D : A — X* is inner for each
Banach A-bimodule X, and is called contractible if each derivation D : A — X is inner
for each Banach A-bimodule X. A derivation D : A — X is called approximately inner
if there exists a net (x,) € X such that D(a) = lim, ad,_(a) for all a € A. A Banach
algebra A is approximately amenable if every derivation D : A — X* is approximately
inner.

A Banach algebra A is pseudo-amenable if there is a net (m,) C A& A, called
an approximate diagonal, such that a-m, —m, -a — 0 and (Am,)a — a for each
a € A, and is pseudo-contractible if it has a central approximate diagonal, that is, an
approximate diagonal (m,,) satisfying @ - m, = m,, - a for all a € A. It is known that a
Banach algebra A is approximately amenable if and only if A" is pseudo-amenable
[10, Theorem 3.1].

3. Approximately biprojective Banach algebras
The present paper is based on the following definition.

DermviTion 3.1. A Banach algebra A is called approximately biprojective if there
exists a net (p,) € B(A, A& A) such that:

(i) Aopy(a)—> aforallaeA,
(1) a-pe(b) — pulab) — O forall a, b € A,
(iii) pq(a) - b — palab) = O forall a, b € A.

Moreover, if the net (p,) can be chosen bounded, we say that A is boundedly
approximately biprojective.

Note that a different notion of approximate biprojectivity is considered in [1, 17].
Zhang assumes that each p, in Definition 3.1 is an A-bimodule homomorphism and
Aristov assumes that the convergence in conditions (i), (ii) and (iii) is the uniform
convergence on compact subsets of A (see [, Proposition 5.5]). Of course, bounded
approximate biprojectivity is the same as Aristov’s one; see [1, Theorem 7.2]. By [10,
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Proposition 3.8], approximate biprojectivity of a unital Banach algebra, in the sense
of Zhang, is equivalent to the pseudo-contractibility of it. But by [10, Theorem 2.4],
pseudo-contractibility of a unital Banach algebra is equivalent to the contractibility.
Therefore, unital approximately biprojective Banach algebras, with the definition of
Zhang, are not interesting.

We now proceed to give examples of approximately biprojective Banach
algebras. We show that there are large classes of unital approximately biprojective,
noncontractible Banach algebras that distinguish our definition from Zhang’s. First
note that, trivially, every approximately biprojective Banach algebra in the sense of
Zhang or Aristov (in particular, every biprojective Banach algebra) is approximately
biprojective (in the sense of Definition 3.1). Moreover:

(i) every biflat Banach algebra with the approximation property is approximately
biprojective [1, Theorem 3.6(B)]; of course, we will show that, based on
Definition 3.1, every biflat Banach algebra (with or without the approximation
property) is approximately biprojective (see Theorem 3.3);

(i) every biflat Banach algebra with a bounded one-sided approximate identity is
boundedly approximately biprojective [1, Proposition 7.5]; in particular, every
amenable Banach algebra is boundedly approximately biprojective;

(iii)) every boundedly approximately biprojective Banach algebra is biflat [I,
Theorem 3.6(A)];

(iv) every biflat Banach algebra with the bounded approximation property is
boundedly approximately biprojective [1, Theorem 7.3(C)].

For two Banach spaces X and Y we denote by F(X, V) the space of finite rank
operators from X to Y. We also denote by F(X) the set of all finite subsets of X. The
cardinality of a set K will be denoted by #K.

Lemma 3.2. Let X and Y be Banach spaces. Then (X, Y*) is dense in B(X, Y*) with
respect to the weak* operator topology.

Proor. Let T € B(X, Y*) and take a finite subset F ={x;,..., x,} of X. Assume
that xi, ..., x,, are linearly independent (m < n). By the Hahn Banach theorem, for
each je({l,...,m}, there is f; € X* such that f;(x;)=1 and fj(x;) =0 for all i€
{1,...,m}\ {j}. Foreach je{l,...,m} define T; € B(X, Y") by T;(x) = fi(x)T(x;).
Then

Ti(xp)=T(xj), Tix)=0 (@, je{l,...,m},i#)).
Now define Tp =T + - - - + T},. It can be easily seen that
Tr(x)=T(x) (@(€{l,...,n}.

So Tp =T on the span of F and rank(7r) <#F. Now it is obvious that the net
(Tr)Ferx) converges to T in the weak* operator topology, as desired. O
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The following theorem is proved with a similar argument akin to [8, Theorem 2.1].
TueEOREM 3.3. Let A be a biflat Banach algebra. Then A is approximately biprojective.

Proor. By [12, Exercise VIL.2.8], there is an A-bimodule homomorphism 7€
B(A, (A& A)™) such that A** o7 is the canonical embedding of A into A*™.
By Lemma 3.2 and the principal of local reflexivity [15, Theorem C.3.3], there
is a net (1)) C F (A, A® A) such that 7, — 7 in the weak* operator topology of
B(A, (A& A)*); equivalently, 7,(a) — 7(a) in the weak* topology of (A & A)** for
all a € A. So, foreach a, b € A,

Ti(ab) —a-1(b) >0 and T1y(ab) — 1(a) b — 0 weakly in A& A, 3.1)

and

A o 1)(a) — a weakly in A. (3.2)
Now take € > 0 and two finite subsets F = {ay,...,a,}and G = {by, ..., b,} of A, and
set

.....

C(AQA " o A"

Then V is a convex set and thus the weak and norm closures of V coincide by Mazur’s
theorem. Thus, by (3.1) and (3.2), (0, . . ., 0) belongs to the norm closure of V. Hence,
there is a p(r..¢) € B(A, A& A) such that

llorc.e(aibi) — ai - prc.eoGIIl <€,  llowFEe.e(aibi) — prc.eola) - bill <e,

and
lA o prG.e(a) — aill <€,

foreachie{l,...,n}. Now consider the directed set
I'={(F,G,¢): F,Ge F(A), #F =#G, ¢ > 0},
with the order
(F,G,e)<(F',G',é) e FCF',GCG ande>¢€.

Then the net (0(rG,¢))FG,ecr 18 as required, and (A is approximately biprojective. O

Now we are going to determine the relationship between some notions of
amenability and approximate biprojectivity. The following proposition is an easy
observation which is also proved in [16, Theorem 2.4].

ProrosiTion 3.4. Let A be an approximately amenable or a pseudo-amenable Banach
algebra. Then A is approximately biprojective.
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Proor. Let A be approximately amenable. Then by [8, Theorem 2.1] and [7,
Proposition 2.6] there are nets (m,) € A A, (F,), (G,) C A such that:

i amy-my-a+F,®a-a®G,— 0;

(i) aF,— a,G,a — a; and

(iii)) A(my)a — Fpa — Gea — 0.

Define py : A— AR Aby po(a)=m, -a—F,®aforall ae A. Leta, b€ A. Then
obviously p,(ab) = p,(a) - b. Now, using (i),
li;np[,(ab) —a-pu(b) = 1i(1;n m,-ab-F,®ab—a-m,-b+aF,®b

= liénma-ab—Fa@)ab—ab-ma +ab®G,

=0,
and, using (ii), (iii),

li(gn Ao pyla)= li(£n(Ama)a —Fo,a= liin Gy,a=a.

Hence, A is approximately biprojective.

If A is pseudo-amenable with approximate diagonal (m,), then the net (p,) with
po(a) = a - m, satisfies Definition 3.1. O

We remark that the converse of Proposition 3.4 does not hold in general. For
example, /' (the Banach algebra of all sequences (a,,) C C such that||(a,)|| = Doy lan] <
oo, with pointwise product) is a biprojective Banach algebra but not approximately
amenable [5].

Similarly to Proposition 3.8 of [10], the following proposition is a partial converse
for the above proposition in the case of pseudo-amenability.

ProrosiTioN 3.5. Let A be an approximately biprojective Banach algebra with a
central approximate identity. Then A is pseudo-amenable.

Proor. Let (p,) be a net satisfying Definition 3.1 and let (eg) be a central approximate
identity for A. Take € > 0 and let F' be a finite subset of A. Set M = } r |lal|. There
isaf = B(F, €) such that |lega — a|| < €/2 for all a € F. Now let @ = a(F, €) be such that

€
A @ - ’
1A © polep) — egll < 37—

and, fora e F,
€ €
||(1 'pa/(e[ﬁ) _poz(ae[ﬁ)” < 5 and ”poz(e[ﬁ) ~a _pa(e/}a)” < 5
Then

€ +E<
M+1 2°°¢

IA o po(eg)a —all < ||A o po(ep)a — egall + |lega — al| <
Now set Mg = pa(F,e)(eﬁ(F,e)) with the order

(F,e)<(F',é) e FCF ande>¢€.
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Obviously, limge) A(mge))a = a for a € A. For each a € A we also have

lla - mpeo —mge - all = lla - pore(epre) — Parelesr.e) - all
< la - patre(esre) — Par.e(aesre)ll
+ |loar.e)(eaF.e@) — Par.e(esEe) - all
<e,

if a € F. Hence, for a € A, limge(a - mre) — Mre - a) =0, and so (mr,)) makes an
approximate diagonal for A. m|

COROLLARY 3.6. Let A be a Banach algebra with a central approximate identity. Then
A is approximately biprojective if and only if it is pseudo-amenable.

Proor. Use Propositions 3.4 and 3.5. O

CoroLLARY 3.7. Let A be a Banach algebra with a central bounded approximate
identity. The following are equivalent:

(1)  Ais approximately biprojective;

(i) A is pseudo-amenable;

(i) A is approximately amenable.

Proor. By Corollary 3.6, statements (i) and (ii) are equivalent. The equivalence of (ii)
and (iii) is proved in [10, Proposition 3.2]. m|

Therefore, for unital Banach algebras, the three phrases ‘approximate
biprojectivity’, ‘pseudo-amenability’ and ‘approximate amenability’ are the same.
This shows that our definition of approximate biprojectivity is different from Zhang’s
and covers many examples of Banach algebras.

As a consequence of Corollary 3.7 we obtain the following.

CoroLLARY 3.8. A Banach algebra A is approximately amenable if and only if A* is
approximately biprojective.

Another partial converse to the Proposition 3.4 in the case of pseudo-amenability is
the following proposition. The proof is similar to the proof of Proposition 3.5.

ProposiTiON 3.9. Let A be a boundedly approximately biprojective Banach algebra
with an approximate identity. Then A is pseudo-amenable.

Proor. Let N = sup,, ||pall, where (p,) satisfies Definition 3.1. Take € > 0 and let F be
a finite subset of A, and M =} . ||al|. There is a 8 = B(F, €) such that

€ €
e a—all < and ||ae —da|l < ,
llesr.e) | N2 llaesr.e) — all N2

for all a € F. Now let @ = a(F, €) be such that

1A © pales) = egll < 5 Mi -

https://doi.org/10.1017/5S0004972712000251 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972712000251

[8] Approximately biprojective Banach algebras and nilpotent ideals 165
and, fora e F,

€ €
lla - palep) = palacp)ll < 5 and llpa(ep) - a = palepalll < 5.

Then

Me + € <E€.
2M+1 2N +2
As in Proposition 3.5, set M(r,e) = Po(F,e)(€p(F,e)) With the same order. We have only to
check that limge)(a - Mre) — M) - a) = 0. For each a € A,

1A 0 pa(ep)a — all < [|A © palep)a — epall + llega — all <

lla - mege) —mge - all = lla - pare(espre) = Parelepire) - all
< lla - pacr.e(epr.e) = Pacr.eoaesre)ll
+ | I0a(r.o(@epF.e) = Patreo(eprodll
+ loare)(epre@) — PaFe(€pFe) - dll
< €+ Nllaegr.e) — epr.eall
< 2e.

Therefore, limr¢(a - M) — M) - a) = 0. ]
The following corollary is also proved in [1, Theorem 7.1(B)].

CororLary 3.10. A Banach algebra A is amenable if and only if it is boundedly
approximately biprojective and has a bounded approximate identity.

Proor. If (eg) is bounded in the proof of Proposition 3.9, (mr,)) becomes a bounded
approximate diagonal for A, and so A is amenable by [15, Theorem 2.2.4]. For
the converse, let (m,) be a bounded approximate diagonal for A. As in the proof
of Proposition 3.4, the bounded net (p,) defined by p,(a) =a-m, is bounded and
satisfies Definition 3.1. O

Now we give some properties of approximately biprojective Banach algebras. First
note that every approximately biprojective Banach algebra must be essential (that

is, A2 = A, where A? denotes the linear span of {ab|a, b€ AY}), since for a € A,
A o po(a) € A? and so a belongs to A2,

Prorosition 3.11. Let A be an approximately biprojective Banach algebra. Then A is
w*-approximately weakly amenable (that is, for every derivation D : A — A*, there is
a net (f;) C A" such that D(a) = w* — lim; adz(a), for all a € A).

Proor. Let (p,) be as in Definition 3.1. Clearly, for a € A and f € A",
(pa © A(f) = f,

in the w*-topology of A*. Moreover,

a-po(f)=pya-f)—0 and p,(f)-a—-p,(f-a)—0,
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in the w*-topology of (A& A)*. Now let D: A — A* be a derivation. Define
fEA® A by f(a®b)={(b, D(a)). Then, for a, b, c € A,

bc,a-f—f-ay=(b®ca—-ab®c, f)=/{ca, D(b)) —{c, D(ab))
=<{c,a- D(b) — D(ab)) = —{c, D(a) - by = —{bc, D(a))
= —(A(b ®c), D(a)) = —(b®c, A"(D(a))).

Hence, A*(D(a)) = ad(_y(a) and
D(a) = w" - li(gn(p;; o A")(D(a)) =w" — li(gn po(ad_r(a))

= w' —lim(o},(f -a—a- ) =w" - lim(p,(f)-a=a-p,(f)

=w" —lim adp;(_f)(a).
@

Therefore, D is w*-approximately inner. m|

CoroLLARY 3.12. Every commutative approximately biprojective Banach algebra is
weakly amenable (that is, every derivation D : A — A" is inner).

CoroLLARY 3.13. Let A be a boundedly approximately biprojective Banach algebra.
Then A is weakly amenable.

Proor. If the net (p,) is bounded in the proof of Proposition 3.11, we can find a
subnet of (p,(—f)) which converges to an element g € A* in the w*-topology, and
so D = ad,. O

4. Examples

In this section, we explore the notion of (bounded) approximate biprojectivity
for C*-algebras and Banach algebras related to locally compact groups and inverse
semigroups.

By [15, Examples C.1.2(C)], for a measure space (X, X, u), the Banach space
LP(X, %, 1) (1 < p <oo) has the bounded approximation property. So we have the
following example.

ExampLE 4.1. Let S be an infinite nonempty set and consider />(S) with the pointwise
multiplication. Then by [17, Example], [2(S) is approximately biprojective. We
claim that it is not boundedly approximately biprojective. Otherwise, since /(S ) has
the bounded approximation property, by [1, Theorem 3.6(A)], it is biflat and thus
biprojective since /*(S) is a Hilbert space. This is a contradiction because /*(S) is not
biprojective by [17, Example].

ExampLE 4.2. We have the following examples.

(i) Let G be a locally compact group. Then L'(G), the group algebra of G, is
boundedly approximately biprojective if and only if G is amenable (Johnson’s
theorem).
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(i) Let S be an inverse semigroup. Then the semigroup algebra I'(S) is boundedly
approximately biprojective if and only if S is uniformly locally finite and every
maximal subgroup of S is amenable [14, Theorem 3.7].

Using Proposition 3.4, in the following example, we verify the approximate
biprojectivity of Segal algebras on abelian locally compact groups and compact
groups.

ExawmpLE 4.3. We have the following examples.

(i) Every Segal algebra on an abelian locally compact group is approximately
biprojective [10, Proposition 4.4]. Note that, for example, if G is an abelian
infinite compact group, then the Segal algebra L?*(G) is not biprojective
[17, Example]. Since L?(G) is a Hilbert space, it is not biflat, and
by [1, Theorem 3.6(A)] is not boundedly approximately biprojective.

(ii) Every Segal algebra on a compact group is approximately biprojective
[10, Theorem 4.5].

Regarding the approximate biprojectivity of the Fourier algebra on a locally
compact group, by Corollary 3.6 we have the following example.

ExamrLE 4.4. Let G be a locally compact group and A(G) be its Fourier algebra.

(i) If A(G) has an approximate identity and G contains an open abelian subgroup,
then A(G) is approximately biprojective [9, Corollary 3.2].

(i) If G is discrete, then A(G) is approximately biprojective if and only if A(G) has
an approximate identity [9, Corollary 3.2].

It is known that A(G) has a bounded approximate identity if and only if G
is amenable (Leptin’s theorem, [15, Theorem 7.1.3]). It is also shown in [11,
Theorem 2.1] that A(FF,) has an approximate identity (not bounded), where F, is the
free group in two generators, and so A(FF,) is approximately biprojective.

Using Corollary 3.7, we have the following example.

ExampLE 4.5. Let G be a locally compact group.

(i) If G is discrete, then [!(G) is approximately biprojective if and only if G is
amenable [7, Theorem 3.2].

(ii) The measure algebra of G, M(G), is approximately biprojective if and only if G
is discrete and amenable; see [3] and [7, Theorem 3.1].

(iii)) Let M(G)™, the second dual of M(G) with the first Arens product, be
approximately biprojective. Then it is approximately amenable by Corollary 3.7.
Since every homomorphic image of an approximately amenable Banach algebra
is approximately amenable [7, Proposition 2.2], we see that ['(G)** must be
approximately amenable, and thus G must be finite by [7, Theorem 3.3].

(iv) If LUC(G) denotes the Banach algebra of left uniformly continuous functions on
G and E is a right identity of L!(G)** with ||E|| = 1, then by [7, Corollary 3.1],
the unital Banach algebra LUC(G)* = EL'(G)** is approximately biprojective if
and only if G is finite.
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Corollary 3.10 gives the following example.

ExampLE 4.6. We have the following examples.

(i) A Cr-algebrais boundedly approximately biprojective if and only if it is nuclear,
by [15, Corollary 6.5.12].

(i) Let G be a locally compact group. Then A(G) is boundedly approximately
biprojective if and only if G has an abelian subgroup of finite index
[6, Theorem 2.3].

Bounded approximate biprojectivity of the second dual of the group algebra of a
locally compact group is characterised by Corollary 3.13.

ExampLe 4.7. Let G be a locally compact group. Then L'(G)** is boundedly
approximately biprojective if and only if G is finite, by [4, Theorem 11.17].

5. Property (B), nilpotent ideals and approximate biprojectivity

It is well known that if a Banach space X has the approximation property and
t: X — Y is an embedding, then for each Banach space Z the mapping tQ Iz :
X&®&Z— Y & Zis injective.
ProposiTioN 5.1. Let X be a bounded approximately complemented Banach subspace

of a Banach space M, and let 1 : X — Y be the inclusion map. For a Banach space Z,
if (qn) € X ® Z is a sequence such that (t ® I7)(q,) — 0, then g, — O.

Proor. Let g, =), X, ®z,. We can assume that for each n€N, xJ, - 0 and
Yy llznllz < 1. Take € > 0. Since for each n the set {x],} U {0} is compact, there
exists a bounded sequence S, : Y — X such that ||S,,(x",) — x|y < € for all m. Then

lallvoz <|| D @zl

el X&Z
<D saed) e

m=1
<|siei(Y o)l e

m=1 XéZ
<isallleoin(Y o) e
o yez
It follows that g, — 0. O

Motivated by Proposition 5.1 and the discussed fact before it, we give the following
definition, which will help us to get the main results of this paper.

DermiTion 5.2. Let 7 be a closed ideal in a Banach algebra (A, and let ¢ : 7 — A be
the inclusion map. We say that J has the property (B) if the following assertion is true.
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(B) If (g,) €I & AT is a sequence such that (t ® I#,7)(¢g,) — 0 for some closed
ideal J of A with J € T and J2 =0, then g, — 0.

We remark that there are many Banach algebras having ideals satisfying
property (B). For example, in semi-prime Banach algebras (that is, having no
nonzero closed ideal 7 with 72 = 0) every closed ideal has the property (B). Also,
every boundedly approximately complemented closed ideal in a Banach algebra has
the property (B) (Proposition 5.1). Therefore, every complemented closed ideal,
in particular every finite-dimensional and every finite-codimensional ideal, has the
property (B).

The following lemma and theorem are parallel to Lemma 2 and the theorem of [17],
respectively. In the proofs we use similar techniques.

Lemwma 5.3. Suppose that A is an approximately biprojective Banach algebra, J and
N are closed ideals in A such that J CN and NJ ={0} (JN =1{0}). Suppose also
that N has the property (B), and A has a left (right) approximate identity for J, or A
has an element which is not a left (right) zero divisor. Then J A = {0} (AT = {0}).

Proor. We show that JA = {0}, the other case is similar. Let (04)qer € B(A, A& A)
be a net satisfying Definition 3.1. Let ¢t : N — A and g : A — A/J be the inclusion
and quotient maps, respectively. Since NJ =0, the operator p: N & A/T - N
determined by p(b ® (c + J)) = bc is well defined.

Suppose in contrast that A # {0}. Using the ideal J (note that 72 = {0}), we show
that NV does not have the property (B). Since JA # {0}, there existac A and j€ J
with ja#0. We can find u € A such that uja # 0, by our assumption. Let £, and
Ry : A — N be the left and right multiplication maps by b € N, respectively. For each
@ set vy = (Luj) ® ) © pa(a) which belongs to N & A/J. Since g oo Rq =0, by
condition (iii) of Definition 3.1,

ligl(lﬂ ® q)(pa(uja)) = ligl(lﬂ ® q)(Po(u) ja)
= lign(lﬂ ®q)o(Ua®1)o (Ia®Ra) © paott)
= li(gn(lﬂ ® (g 0t o Rja)) © pa(ut)
= 0,

and, thus, by condition (ii) of Definition 3.1,

li;n(L ® Ia;q)(Va) = li;n(t ® Lasg) o (In ® q) o (L)) ® La) © po(a)
= liin(lj[ ®q) o (t®1x) o (Luj®In) o pala)
= lim(Zz ® g)(ujpa(@))
= lim(/ ® ¢)(pa(uja))
=0.
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This implies that

1
Vn € N da, €I' such that Va € I' if @ > @, then [|(¢ ® La,9)(vo)l| < —. .1
n

Now
lim p(v,) = im(L,j) © A © po)(@) = im(ujA o po(a)) = uja # 0,
[0 a a

and so lim, v, # 0. Therefore, there exists € > 0 such that for each a € I" there is a
B =p(a) with § > @ and |[p(vp)l| = €. Thus, for each n € N, there is a 8, > @, such that
llp(vg)Il = €, which shows that (p(vg,)) and hence (vg,) does not converge to 0. But,
by (5.1), [t ® La;5)(vg )l < 1/n, and thus (¢t ® Ia,5)(vg,) — 0. This shows that N does
not have the property (B), a contradiction. |

THeEOREM 5.4. Suppose that A is an approximately biprojective Banach algebra. If A
has both left and right approximate identities, then A cannot have a nonzero nilpotent
ideal with the property (B).

Proor. Let N be a nonzero nilpotent ideal in ‘A with Nil(N) =n + 1 and with the
property (B). Let J € N be the closed linear span of N which is a nonzero closed
ideal in A and NJ = {0}. Since A has a left approximate identity, by Lemma 5.3,
JA={0} and since A has a right approximate identity, we obtain J = J_ﬂ = {0}
which is a contradiction. O

COROLLARY 5.5. Let A be an approximately biprojective Banach algebra with both left
and right approximate identities. Then A cannot have a nonzero nilpotent ideal which
is boundedly approximately complemented. In particular, A has no finite-dimensional
nilpotent ideal, and so rad(A) cannot be finite-dimensional.

Since every pseudo-amenable Banach algebra has an approximate identity and also
every approximately amenable Banach algebra has both left and right approximate
identities [7, Lemma 2.2], we obtain the following corollary.

COROLLARY 5.6. Let A be an approximately amenable or a pseudo-amenable Banach
algebra. Then by Proposition 3.4 and Corollary 5.5:

(1) A cannot have a nonzero nilpotent ideal with the property (B);

(ii) nilpotent ideals cannot be boundedly approximately complemented in A;
(i) A has no finite-dimensional nilpotent ideal;

(iv) rad(A) cannot be finite-dimensional.

The next theorem is another version of Proposition 1.1 and the proof is similar.

THEOREM 5.7. Let A be an approximately biprojective Banach algebra and N be a
nonzero nilpotent ideal in A. Suppose that there exists an element u € A such that for
some 0 #be N, bu=ub +#0. Then N does not have the property (B).

Proor. Let g be the closed linear span of N, where n = Nil(N) — 1. Let (04)aer €
B(A, AR A) be a net satisfying Definition 3.1. Lett: N - Aand g : A — A/ T be
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the inclusion and quotient maps, respectively. Let also Ay : N ® A — N be the map
determined by Ay (c ® a) =caforallce N anda € A. Notethatt o Ay = Ao (t ® I 7).
Clearly NJ =0, and thus Ay factors through N ® A/ T as Ay = p o (Iy ® g), where
p:N®A/J — N is the map determined by p(c ® (a + J)) = ca.

Now for ce N, let L. and R, : A — N be the left and right multiplication maps by
¢, respectively. Then Ay o (L, ® I5) =L, o A. Take 0 # b e N and u € A such that
bu=ub +0, and set v, = ((Iy ® q) o (L ® I7) 0 p,)(1) which belongs to N & A/ T.
Then

P(Va) = (An o (L ® Ia) © pa)u) = (Ly 0 A 0 po)(u) = b(A © pa)(u),

and so lim, p(v,) = lim, b(A o p,)(u) = bu. Since u commutes with b and (o, ) satisfies
conditions (ii) and (iii) of Definition 3.1, we have lim,(b - p, (1) — po(1t) - b) = 0 and
thus
im((Za ® g) © (L ® L) © (Ly @ L) © po)(u)
—(Ua®q)o(Ia®t) o (Ia®Rp) o pa)(u)) =0.

Since gotoR, =0, foreach @ €T,

Ia®q)eo(Ua®) o (Ua®@Rp) o pa(u) =Ua®(qotoRy)) o pa(u) =0,

whence
licgn(t ® La;7)(Va) = li(lln[(lﬂ ®q)o(t®In)o (L, ®Ia)o pl(u)=0.

Now as in the proof of Lemma 5.3 we see that \ does not have the property (B). O

COROLLARY 5.8. In the setting of this theorem, N cannot be boundedly approximately
complemented in A.

ReMark 5.9. Note that there are many Banach algebras that have such u as in
Theorem 5.7. For example, if A has a unit or has a central approximate identity or
has a central element that is not a zero divisor, then we have such an element.

Tueorem 5.10. Let A be an approximately biprojective Banach algebra and N be a
nonzero nilpotent ideal in A with Nil(N) > 2. Then N does not have the property (B),
and so cannot be boundedly approximately complemented in A.

Proor. Let a,be N be such that ba#0. Using the notation in the proof of
Theorem 5.7, change the role of u by a, we have v, = ((Iy ® q) o (Lp ® [7) 0 py)(a)
which belongs to N ® A/ T and p(vy) = b(A o py)(a). So lim, p(v,) = ba # 0. Since
(0q) satisfies conditions (ii) and (iii) of Definition 3.1, we have lim,(b - p,(a) —
Pa(b) - a) =0, and so

im((Za ® g) o (L ® L) © (Ly @ L) © po)(a)
—(Ia®q) o (Ua®1) o (Ia®Ra) 0 pa)(b)) =0.
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Since goto R, =0, foreach @ €T,

Ua®q)oUa®) o (Ia®Ry) o palb) =Ua®(qotoRy)) o pa(b) =0,

and so
ligl(t ® La;7)(va) = 1i(131((1y{ ®q)o(t®Iz)o (L, ®1a) o0 pa)a)=0.

Hence, as in the proof of Lemma 5.3, N does not have the property (B) and, thus, by
Proposition 5.1, NV cannot be boundedly approximately complemented in A. |

The following corollary is a direct consequence of Theorems 3.3 and 5.10.

CoroLLARY 5.11. Let A be a biflat Banach algebra and N be a nonzero nilpotent ideal
in A with Nil(N) > 2. Then N cannot be boundedly approximately complemented
in A.
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