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(Received 2nd August 1965)

1. In this paper we first obtain elementary solutions of the integral equations

I WO — PR DYdp = m(), asx<b (LD
and ’

r Y(p)p? =X {(Jx(p* —x*)}dp = m(x), a<x=b. (12

Using these solutions we then define operators of fractional integration. These
operators may be regarded as a generalisation of the operators of fractional
integration introduced by Sneddon (1) as a modification of Erdélyi-Kober
operators. In fact Erdélyi-Kober-Sneddon operators may be obtained by
multiplying both sides of the equations by x~*® and considering the limiting
case k—0. We employ these operators to find a generalisation of the Mellin
transform.

The integral equations (1.1) and (1.2) appear in Burlak’s (2) investigation of
dual integral equations

j " T~ k) ) = f(x), 0 S x<1, (1.3)

J * W) (xu)du = 9(x), x>1. (1.4)
0

The integral equations (1.1) and (1.2) are of convolution type and as is usual for
such equations Burlak uses Laplace transforms for their solution. The solution
obtained is however valid only for —1<f8<0 and the formal solution found
using Laplace transforms yields wrong answers for f = 0. For example,
consider the integral equation

J Y(p)o{Jx(x*—pH}dp =sinx, 0= x<oo. (1.5)
0
The solution using Burlak’s results is
— d x . _ —_—
Y(x) = Jx EI p sin p(x? = p?)~H, {Jx(x — p*) Jdp. (1.6)
0
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Integrating by parts we find that

Y(x) = di [Jx cos ty{/x(x*—1?)}dt—sin x] a.7n
XLJo
and since
J: cos t{\/x(x*—*)}dt = \/(11_’() sin (x/(1—x)), (1.8
it easily follows that
Y(x) = Jr[cos (x\/(1—«))—cos x]. (1.9)

However

J f " {cos(py/(1— k) — cos p}o{yJKGx = pD}dp
(4]

= Jx[sin x— /(1 +x) sin (x /(14 )] (1.10)
and therefore (x) given by (1.6) is not a solution of the equation (1.5).

2. The solution of the equations (1.1) and (1.2) given here depends on
Sonine’s integral (3)

/2
J. (cos B)** (sin 6)**J (a cos 6)J,(b sin 8)dO
0

= a*b" (@ +b%)" O (@ +bD), p>—1,v>—1.  (2.1)
We consider the cases (i) —1<f<0, (ii) § = 0 and (iii) >0 separately. We
give the detailed solution of the equation (1.1) and only mention the final

result for the equation (1.2).
For —1<f <0, to solve the integral equation (1.1), we consider the integral

i) = J‘ xm(x)(2 —x?) "D _ e f —r(2 = xP)}dx. (2.2)

a

If we now put the value of m(x) in terms of y from the equation (1.1) we find on
changing the order of integration that

t t
() = j ¥(p) q (12 = x?)THOED (2 p2)iy
a p
xJp{Jr(x2 = pDY 1+ py{/ — k(P — xz)}dx) dp. (2.3)
By a trivial change of the variable the equation (2.3) can be put in the form

F(1) = f Y(p)(2?— pz)‘fJ."/2 (sin )P * ! (cos 8)~°
a s}

Js(Jr(t?— p?) sin ) _  + g/ —K(t*— p*) cos O)dOdp. (2.4)
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Using the relation (2.1) we now get
t
F(t) = k¥ (~ )72 | Y(p)dp, 2.5y

from which it immediately foliows that

Y1) = x* %J' xm(x)(t2 = x?)"HEEDL_ L (Jr(E—xP))dx. (2.6)

The above solution is in agreement with that found by Burlak.
If B = 0, we proceed by taking into account the integral

F)= \/?L'% m(p) o{/k(12 = p?)}dp. Q.7)

Simple integration by parts leads to the equation
F(t) = Jxm(t)+x¢ J pm(p)(i* — p?)~H, {{/x(1 - p*)}dp. 2.8)
If we replace m(p) by its expression in (1.1) in terms of i, we obtain the equation

' 2 2 2_ 2 d

Ft) = Jrm(i)+x j Yy

which leads to the equation

F(1) = Jxm(t)+/x j YOH L~ TSRy, (2.10)

finally giving the solution as ’
vy =2 j " 4 ()P —x2))dx. @.11)

dp ), dx

In case B = 0, we have to perform successive reduction by introducing
P
b=t | v
C. (2.12)
P
00) =t [ 9,0

and integrating by parts till —1 <’ < 0, where f’ is the order of Bessel Function
involved in the integral equation. For example, the equation (1.1) is equivalent
to the equation

I P (p)(x* — pPYE ™D 5 ((fK(x? = p*))dp = m(x), (2.13)
which can in turn be reduced to the equation

J-x P (p)x* = p* N~ DIy (K(x? — pP))dp = m(x). (2.14y
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As an illustration consider the equation

Jt sin (x(t> = xY(x)dx = tJ,(t), 0= t<oo. (2.15)
If we put °
Yi(x) = K*J Y(u)du, (2.16)
V]
then we find that y(x) satisfies the equation
t cos (\/x(t® —x?)
J ) %:}7)_) dx = tJ (1), 2.17)

which can be written in the alternative form

\/g Kt fl X () — x2) " _ (2 = x))dx = tJ (D), (2.18)
0

and therefore has the solution

X (x) = \/;2 xt if I (02— 12 (Jr(x2—12)dt
n  dx ]},
ie.
2 d (*t2J,(®) cosh (K(x?*—1t2))dt
xWI(x) = == ! 2\/ 2 .
ndx J, J&2—1%)
The integral in the equation (2.19) can be evaluated using convolution
theorem for Laplace transforms. It is easily shown that

(2.19)

W(x) = % cos (x/(1=x)). (2.20)

nJK

Using the relation (37), p. 27 of (4) we can verify that y/(x) satisfies the equation
(2.15).

In a similar manner we can show that for —1<f <0, the solution of the
equation (1.2) is given by the relation

‘p(p) = \/; % f xm(x)(xZ_pZ)‘—‘}(ﬁ‘f' 1)1_(1 +Ig){\/K(x2 -—-pz)}dx. (2.21)

p
The equation

b R e
f W) o{\/x(p> ~x7)}dp = m(x) @21)

has the solution
b =2 f 4 (S =), (2.22)
dx J, dt

For >0 the process of successive reduction is employed to give an integral
€quation such that the Bessel function involved is of order v, where —1<v < 0.
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3. Define for v>0,
4 —
Snvlf) = 2"K*’*'t'2”‘2“J X2 — 2P (R - )f(x)dx (3.1)

0

K ()= 2";c"""’t2"J~ X! 2ypvhy (R = 2)f(x)dx.  (3.2)
t
Using Sonine’s formula it is easy to verify that

3ﬂ-{'ﬂr,p,l—xsr,, v.x = Sq, vtu,l (33)
and that
Ko xRyt nt=n = Ry ptv - 34
We observe that T e
Savo =1y, (3.5)
R,.0=K, . 3.6)
where I, , and K, , are Erdélyi-Kober-Sneddon operators of fractional

integration. If we put k = [ and ¢ = 0 formally in the equations (3.3) and
(3.4) we find that 3, 4 , and &, ,, o should behave as identity operators and
that the inverses should be given by the relations

(311, v, x)-l = Sr,+v, —v, —K? (3'7)
(R'I,v,lt)_1 = Rry+v,—v,—n-- (38)
We therefore define for v = 0,
Sp000 = 1770 J 4 (s, (3.9)
0
Ry, 0,0 = 127 f "L () o= )i (3.10)
t X

and for v<0, 3, , (f) and &, , «(f) are defined to be respectively the
solutions of the integral equations

S S =f (3.11)

Rq+v,—v,—xg =f' (3'12)

and

4. A generalised Mellin transform

Now we give a formal generalisation of the well-known Mellin transform
defined by the relation

M(y) = ¥(s) = f “ W)t tdp @.1)
0

with the inversion formula
ctiom

M™UY) = (o) = 2%:1_[ Y(s)p~*ds, 4.2

c—iw
valid under fairly general conditions. The present generalisation is heuristic
and no attempt is made to determine the precise conditions under which the
inversion formula holds.
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We define a generalised Mellin transform of a function {(p) by means of the
relation

¥(s) = fﬂo PPl (xp)(p)dp, —1<B<O. (4.3)

o
Multiplying both the sides of the above equation by2**~'T'(1s)x ~** and consider-
ing the inverse Mellin transform with respect to s, we get using the relation
((4), (13), p. 329), the equation

M™H{H(E2F T TEs)x ) = on (p? = x Ik /(o> = x*Y(p)dp. ~ (4.4)

The equation (4.4) is of the form (1.2) and its solution is given by the
equation (2.21). Hence
d 1 c+iom

o)==k 2o | W2 T

c—iw

xj X! = p?)THEIDT gy f(x P~ pP)dxds.  (4.5)

p
By a change of variable and taking into account the relation ((5), (20), p. 24)
we can easily show that

|75ty 200 2= 0

P
_ I 1K—p—~;s('cp)

4.6
24}5—11—(‘%5,) ( )
It therefore follows that
K ctio —p—3s
Y(p) = 5 J p P TEK gy 1(kp)¥(s)ds. 4.7
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