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1. In this paper we first obtain elementary solutions of the integral equations

- n>(y} n < Y < h (111r
and

fb
-m{x), aZx^b. (1.2)i:

Using these solutions we then define operators of fractional integration. These
operators may be regarded as a generalisation of the operators of fractional
integration introduced by Sneddon (1) as a modification of Erd61yi-Kober
operators. In fact Erdelyi-Kober-Sneddon operators may be obtained by
multiplying both sides of the equations by K""*" and considering the limiting
case K:->0. We employ these operators to find a generalisation of the Mellin
transform.

The integral equations (1.1) and (1.2) appear in Burlak's (2) investigation of
dual integral equations

r (1.3)

=g(x), x > l . (1.4)

The integral equations (1.1) and (1.2) are of convolution type and as is usual for
such equations Burlak uses Laplace transforms for their solution. The solution
obtained is however valid only for —1</?<0 and the formal solution found
using Laplace transforms yields wrong answers for /? ̂  0. For example,
consider the integral equation

f
Jo

-P2)}dp = sin x, 0 ̂  x<oo. (1.5)

The solution using Burlak's results is

Hx) = V« 4- [X P sin p(x2-p2)-*Il{y/K(x2-P
2)}dp. (1.6)

"x Jo
111
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Integrating by parts we find that

(1.7)

and since
C* 1

cos tl0{yJ K(X — l )}dt = — sin (x,/(l —K)), (1.8)
Jo v' '

it easily follows that

•K*) = VK[C 0 S (XV(1 ~ K))~ cos xl- (1-9)
However

/— f * / / 5 T
JK {cos(pJ(l — K)) — cos P}J0{JK(X — p )}dp

Jo
= ^^[sin x — y/(l+K) sin ( X ^ I + K))] (1-10)

and therefore I/J(X) given by (1.6) is not a solution of the equation (1.5).

2. The solution of the equations (1.1) and (1.2) given here depends on
Sonine's integral (3)

j * (cos 0)"+ '(sin 0)v+1 JJia cos 9)Jv(b sin 6)dd
Jo

^ > + i2))i ^ > - l , v > - l . (2.1)

We consider the cases (i) —1</?<0, (ii) )S = 0 and (iii) /?>0 separately. We
give the detailed solution of the equation (1.1) and only mention the final
result for the equation (1.2).

For — 1 <j3<0, to solve the integral equation (1.1), we consider the integral

-i:F(t) = I xm(x)(t —x)~™ 'J- { l—K(t—x)\dx (2 2)

If we now put the value of m(x) in terms of î  from the equation (1.1) we find on
changing the order of integration that

= P
(2.3)

By a trivial change of the variable the equation (2.3) can be put in the form

['2 (sin ey+• (cos ey"
O

= f' Mp)(t2- P2f

JpQ<t2-p2) sin 6)J-a+P)(J-K(t2-p2) cos 9)d6dp. (2.4)
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Using the relation (2.1) we now get

F\t) = * * ' ( - K ) - * ( 1 + « P iP(j>)dp, (2.5)
Ja

from which it immediately follows that

The above solution is in agreement with that found by Burlak.
If p = 0, we proceed by taking into account the integral

r-P d
(2.7)

Simple integration by parts leads to the equation

F(t) = JKm(t) + K pm(p)(t2 — p2) ^I^JKit2 — p2)}dp. (2.8)
Ja

If we replace m(p) by its expression in (1.1) in terms of \j/, we obtain the equation

Ja Jy J(t2~P2)

which leads to the equation
_ _ ft

F(o = JKm(t)+JK\ My){i-Jo(-jK(t2-y2))dy, (2.10)
Ja

finally giving the solution as

(2.11)

In case ^ ^ 0, we have to perform successive reduction by introducing

(2.12)

and integrating by parts till - 1 </?' ^ 0, where /?' is the order of Bessel Function
involved in the integral equation. For example, the equation (1.1) is equivalent
to the equation

which can in turn be reduced to the equation
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As an illustration consider the equation

sin (jK(t2-x2))i//(x)dx = tJt(t), 0^t<ao. (2.15)
Jo

If we put

<AiO) = K* I H«)du, (2.16)
Jo

then we find that ij/^x) satisfies the equation

(2.17)

which can be written in the alternative form

Fn x f' , , , , ;—5 r
/ - K* xi/'1(x)(r-x2)"4/_,(>/K(r-x2))rfx = fJxCO, (2.18)

V2 Joand therefore has the solution

xtyi(x) = - JC* —

i.e.

The integral in the equation (2.19) can be evaluated using convolution
theorem for Laplace transforms. It is easily shown that

•K*) = ~ cos (xV(l - K)). (2.20)
/

Using the relation (37), p. 27 of (4) we can verify that ip(x) satisfies the equation
{2.15).

In a similar manner we can show that for —1</?<0, the solution of the
equation (1.2) is given by the relation

1+^)\V V r ))UX. \4..Z1)

The equation r I K{pl - x2)}dp = m(x) (2.21)
«/ x

has the solution

"AW = ~ I " 4 " C W ' 2 - * 5 ) ) * . (2.22)

For j?>0 the process of successive reduction is employed to give an integral
equation such that the Bessel function involved is of order v, where — 1 < v g 0.
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3. Define for v>0,

f
Px2-+\t2-xy-*jv_^J^t2-x2))f(x)dx (3.1)
Jo

'2--2Xx2-12)*-V,_lUK(x2-t2))f(x)dx. (3.2)

Using Sonine's formula it is easy to verify that

•3>i+v,/i,i-K-3f,, V i K = 3 , , v+/x,i (3 .3 )

and that

&n, v , K ^ I I + » , ( I , J - K = -^ 7 , / i + v , / - ( 3 - 4 )

We observe that
3, j V , o = A;, v> (3-5)

*,,,,„ = .£,,„ (3.6)
where /,, v and A", v are Erdelyi-Kober-Sneddon operators of fractional
integration. If we put K = / and \x = 0 formally in the equations (3.3) and
(3.4) we find that 3,_ 0> 0 and ft, 0 0 should behave as identity operators and
that the inverses should be given by the relations

i,, V > K )
 =

v, - v , - K

V , - V , - K) = ^ + ( 3 - 8 )
We therefore define for v = 0,

3,,o,» = r2" f' i (x2y(x))J0(V/c(f2-x2))^, (3.9)
Jo " *

«,.o,. = t2" r ± (x-2'f(x))J0(jK(x2-t2))dx (3.10)
J« "x

and for v<0, 3 , , v , K(/) and ft,v,K(/) are defined to be respectively the
solutions of the integral equations

3,+ v ,_v ,_K0=/ (3.11)
and

5Vv,_v ,_Kg=/. (3.12)

4. A generalised Mellin transform
Now we give a formal generalisation of the well-known Mellin transform

defined by the relation

JoJo
with the inversion formula

<m-lQ¥) = KP) = - L fC+>°° V(s)p-'ds, (4.2)
2j"Jc-ioo

valid under fairly general conditions. The present generalisation is heuristic
and no attempt is made to determine the precise conditions under which the
inversion formula holds.
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We define a generalised Mellin transform of a function î (p) by means of the
relation

= f
Jo

4 , -Kp<0. (4.3)
o

Multiplying both the sidesof the above equation by 2is~ ' r ^ / c " * 5 and consider-
ing the inverse Mellin transform with respect to s, we get using the relation
((4), (13), p. 329), the equation

air 1 = f" ( P 2 -

The equation (4.4) is of the form (1.2) and its solution is given by the
equation (2.21). Hence

dplni J
c_i00

x ["x'-^-p'r^^V-d+wM^-p2)^*. (4.5)
JP

By a change of variable and taking into account the relation ((5), (20), p. 24)
we can easily show that

f
It therefore follows that

,/,(p) = _ p-'-i'K-f-ts-iQcpyvWds. (4.7)
2 ™ Jc-ioo
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