
SOME REMARKS ON LIMITS IN CATEGORIES 

J . M. M a r a n d a 

( r e c e i v e d F e b r u a r y 8, 1962) 

1. In t roduc t ion . The object of th i s p a p e r i s to give 
s imp le c r i t e r i a for the e x i s t e n c e of d i r e c t l i m i t s in c a t e g o r i e s 
and for the p e r m u t i n g of a functor with d i r e c t l i m i t s . 

The not ion of d i r e c t l i m i t of a d i a g r a m that we sha l l u s e 
h e r e i s e s s e n t i a l l y tha t of Kan (4), which i s m o r e g e n e r a l than 
the u s u a l not ion of d i r e c t l i m i t of a d i r e c t e d d i a g r a m . 

Our t r e a t m e n t i s b a s e d on the fact ( L e m m a 2) that the 
u s u a l p r o c e s s for c o n s t r u c t i n g the d i r e c t l im i t of a d i a g r a m of 
m o d u l e s , which c o n s i s t s in taking a d i r e c t sum of the m o d u l e s 
in the d i a g r a m and then c o n s i d e r i n g a c e r t a i n h o m o m o r p h i c 
i m a g e of t h i s d i r e c t sum (3 , p . 220), i s e s s e n t i a l l y , once 
c e r t a i n no t ions have been p r o p e r l y g e n e r a l i z e d , the only 
p r o c e s s for c o n s t r u c t i n g the d i r e c t l im i t of any d i a g r a m in 
any c a t e g o r y . 

It fol lows quite n a t u r a l l y f rom th i s tha t in a c a t e g o r y 
e v e r y d i a g r a m h a s a d i r e c t l imi t if and only if e v e r y family 
of ob jec t s h a s a d i r e c t sum and e v e r y p a i r of m a p s has a 
c o k e r n e l ( T h e o r e m 1), and tha t a functor p e r m u t e s with d i r e c t 
l i m i t s if and only if i t i s r ight exact and p e r m u t e s with d i r e c t 
s u m s ( T h e o r e m 2). 

The dua l s of t h e s e r e s u l t s c o n c e r n i n g d i r e c t l i m i t s , 
be ing j u s t the s a m e r e s u l t s for the dual c a t e g o r i e s , a r e not 
m e n t i o n e d . 

The p a p e r ends wi th a t h e o r e m on d i r e c t l i m i t s in 
c a t e g o r i e s of modules tha t i s not d u a l i z a b l e . 
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Except for t r ivial a l tera t ions , this mate r ia l was presented 
by the author in the course of a se r ies of lec tures given at the 
Seminar of the Canadian Mathematical Congress in August 1961. 

2. The existence of direct l imits in ca tegor ies . The 
categories considered all have the property that the c lass of 
maps from one object to another is a set. In a category X 
the objects and maps will be denoted by the le t te rs X and x , 
with or without subscripts or supersc r ip t s , respectively. 
A category Y will be called proper if the c lass of its maps 
is a set. The functors from such a proper category Tf to a 
category DC will be called the 3^-diagrams of X'. The If-
diagrams of X and their natural t ransformat ions obviously 
form a category X^9 The embedding functor 

> " 
X-+ X 

if 

ass igns to each object X of X the constant 7/^diagram that 
maps each object of if onto X and ass igns to every map 
x:X -* X* in X the natural t ransformation 
E y (x) : E y (X) - E^(X ! ), where {Ey(x))y = x for each V € T, 

Definition 1 (Kan). If K€ X , if Xe X and if 

k:K -*" E_(X) is a natura l t ransformat ion, then k is a direct 
l imit of K if for any natural t ransformation k! :K -** E (X1 ), 

XT c X', there exists one and only one map <p :X -** X1 such 
that kf = E (p)k . 

We notice that a natural t ransformation k:K -*» E (X) is just 

a family of maps { k _:K(V) -* X} such that for every map 

v:V -> V! of If s k = k K(v), and that k is a direct l imit 

of K by Definition 1, if given any other such family { k! } „„ 

there exists one and only one map Ç? :X -*- X1 such that 
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k« =C?k for all Vc if. 
V ' v 

We now make a list of different interesting special cases 
corresponding to different types of proper categories v . 

1) The cokernel of a family of pairs of maps . There is a 
par t icular object V of If such that the set of non-identity 
maps of If consists of one pair of distinct maps from V to 
V for each V 4 V. Then a V -d iagram K: Y -* DC is completely 
determined by the family of pairs of maps 
{ ( f v , g v : X v"~ x v ) } v € Y,v4v w h e r e fv a n d gv a r e t h e 

images by K of the two maps from V to V. A natural 
transformation k:K -* E^(X) is completely determined by the 
map k^ : X> -+ X which has the property k~f = k~g for 

all Ve y . It is a direct limit of K if and only if for any 
map h : X~ -*• X* with the same property, there exists a 

unique cp :X -»• Xf such that h = Ç>k~. We will then say that 

k~r is a cokernel of the family of pairs { (£ , gy)} V £ y V ^ V' 

One can easily show that such a cokernel is an 'epimorphism. 

2) Quasi-ordered d iagrams. For any two objects of Y, 
there is at most one map from one to the other. In this case , 
If is essentially a quasi-ordered set; V < V1 meaning that 
there is a map from V to V . A 2f-diagram K: Y-* DC is 
completely determined by the family { f } 7/. where 

f = K(v), v being the only map from V to V! . All the 
v , v 

following cases considered are special cases of quasi-ordered 
d iagrams. 

3} Direct sums. All the maps of Y a re identity maps so 
that V is essentially a set. Then a 2^-diagram K: V-+ DC is 
just a family { X } . In this case a direct limit of K is 

called a direct sum of the family { X,.} -_ 7/-

4} Direct sums with amalgamated maps. If If is a quasi-
ordered set with the property that there exists an element V 

of 1f such that V < V1 implies that V = V , then a 
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^ - d i a g r a m K: 2 -̂*- X i s completely determined by the family 

W ^ V e ^ V 4 V w h e r e f v i s t h e i m a g e bY K of the only 
o 

map from V to V, A natura l t ransformation k:K -+ E JX) 
o « 

is completely determined by the family {k } . , . 
o 

If k is a direct limit of K, then {k } . . will be 
V V € V , V ^ V 

o 
called the direct sum of { K(V)} ,T . „„ , , r where the maps 

j v € ẑ , v 4 v 
o 

f a re amalgamated. 

5) Directed d iagrams . This is the case where l/~ is a 
directed set. 

LEMMA 1. In a category vT, let { (f. f g.:X. -* X)} . 

be a family of pa i rs of maps where I is a set, let {k.:X. -*• X* }. 

be a direct sum of { X.} and let f, g:Xf -*• X be the only 

maps for which f. = fk. and g. = gk. for all i c i . Then 
l i i i 

ÇP:X -»• X,f is a cokernel of { (f., g.)}. if and only if it is a 

cokernel of the pair (f, g). 

Proof. Let us a ssume that <p is a cokernel of (f, g). 
Then for each ie I, cp f = <pfk. = <pgk. = <pg. and if \\t :X -* X , n 

is such that 41 f. = 4"g. for all ie I, then ^ fk. = ^gk. for all 
i l i l 

ie I so that i\> î = \\>g and therefore there exists a unique 
^ÛX" - Xnf such that ^ = pC <p. 

The converse argument is just as easy. 

COROLLARY. If every family of objects of a catego ry X 
has a direct sum, then every family of pa i r s of maps has a 
cokernel if and only if every single pai r of maps has a cokernel . 

LEMMA 2. Let K: 1/ — X be a V -d iagram and let 
{ky :K(V) - X} V e r be a d i rect sum of { K ( V ) } y € ^ . If 

<p:X ~+ X1 is a cokernel of the family of pa i r s 
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{ ( k v , k v , K ( v ) ) } v : V ^ v i v e r ( i ) 

then {a? k 1 ,„ „ , is a direct limit of K. T V V € 1/ 

If h:K -*> E J X 1 ) is a direct limit of K and if <p is the 

only map from X to X' such that h = <f> k for all V € If, 

then çp is a cokernel of the family of pai rs (1). 

Proof. Assume first of all that cp is a cokernel of the 
family of pai rs (1) and let k1 :K -+ E7/(X") be a natural 
transformation. Then there exists a unique 4<:X-* Xn such 
that k1 = v|ik for each V € V. Then, for each v:V -* V1 

in Y, 

^ k v = k ^ = k ^ K ( v ) = ^ ( k v i K ( v ) ) 

so that there exists a unique ^ : X ' -* Xn such that vp = ^ p . 
Then, for each V€ V, k^ = v|i k y v ^ p k y ) , i . e . { ^ k ^ ^ y 

is a direct limit of K. 

Now assume that h:K -*• E J X ' ) is a direct limit of K 

and that <p is the only map from X to X1 such that 
h = ^>k for all VeT". Then, for all v:V -* V1 in V , 

? ? k v = h v = h v ! K ( v ) = 9 ? ( k v ! K ( v ) ) . 

If V J J : X - * X " is such that + k^ = \\> (k y t K(v)) = ( ^ k y i ) K(v) 

for all v:V -* V in if, then there exists a unique ?C :Xl -*• X" 
such that ipk = ^ h ^ = F ? \ f ° r a 1 1 V * ^ so that ^ = ^ 9 

and therefore <̂? is a cokernel of the family (1). 

THEOREM 1. In a category OC , every diagram has a 
direct l imit if and only if every family of objects has a direct 
sum and every pair of maps from one object to another has a 
cokernel. 
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Proof. Assume that every family of objects of $~ has. a 
direct sum and that every pair of maps from one object to 
another in 3? has a cokernel. Let K: 7/"-* QC be a diagram 
in *£<2f > let { k :K(V) -*> X} ~ be a direct sum of 

{ K ( V ) } . and let J2? be a cokernel of 

{ ( V V K ( v ) ) } v : V ^ v , i V e ^ 

Then by Lemma 2, { ç?k } >- is a direct l imit of K. 

This Theorem may be applied for example to prove that 
the category of topological spaces and continuous functions has 
direct l imi ts . For any family of topological spaces (which is a 
set) has a direct sum which is known as the topological union 
of the given spaces and also, any pair of continuous maps 
f, g:X -*- X1 has a cokernel. To establish this last statement 
one considers the intersect ion R of all those equivalence 
relations on X' for which f(a) = g{a) for every a € X. Then, 
the projection h of X1 onto the quotient space X1 /R is a 
cokernel of (f, g). 

Similar arguments apply to the category of all groups 
and homomorphisms and in general to the category of all sets 
with a cer tain type of s t ructure and all functions that p rese rve 
this type of s t ructure (see 1). 

If <£ is an additive category, then we notice that a 
cokernel h of a pair (f, g:X -*• X! ) is just a direct sum of X 
and Xr with 0 and f-g amalgamated (or also a cokernel of 
f-g in the ordinary sense) so that in par t icu la r , it is a direct 
limit of a quas i -ordered diagram. Therefore , we conclude 
that in an additive category every diagram has a direct limit 
if and only if every quas i -ordered diagram has a direct limit. 

3. Functors permuting with di rect l imi ts . If S, T: «2T~* J 
and U: ^ -*• ? a re functors and if a:S -+• T is a natural t r a n s ­
formation, then { U(a )} y i s a natural t ransformation 

X X € tJC* 
from US to UT which we denote by U(a). 
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Definition 2. If ^ is a class of proper categories and 
if T: «2T-* & i s a functor, then we say that T is *6 -admissible 
if given any diagram Ke X^ where V e &, if k:K -*• E (X) 

is a direct limit of K, then T(k):T(K) -> TE (X) = Ey(T(X)) 

is a direct limit of TK. 

A £f-admissible functor T will be said to 

1) commute with direct l imits , if ë is the class of all proper 
categories 

2) commute with cokernels , if & consists of those proper 
categories that a re described in 1) of section 1. 

3) be right exact, if it commutes with cokernels of single 
pa i rs of maps 

4) be of type 1SE or commute with direct sums, if S is the 
c lass of all t r ivial proper categories in which all maps are 
identity maps 

5) be of type LE*, if & is the class of all directed sets 

6) be of type UE**, if o is the c lass of all quasi-ordered 
sets . 

LEMMA 3. If a functor T: X-* y is right exact and of 
type L2 and if in the category J2T every family of objects has 
a direct sum, then T permutes with cokernels. 

Proof. Let <2>:X-*Xn be a cokernel of { (f , g. :X -* X)} 
' l l l i € I 

If { k :X -* X1 } is a direct sum of { X.} . T and if f and 
i l i c i i i € I 

g a re the only maps from XT to X for which f. = fk. and 
g. = gk. for all i€ I, then by Lemma 1, <p is a cokernel of 

the pair (f, g). Since T is right exact, T(Ç?) is a cokernel 
of (T(f), T(g)). But since T is of type LS, { T(k.)}. i s a 

direct sum of {T(X.)}. . Then, since for each i€ I, 
1 16 I 

T(f.) = T(fk.) = T(f) T(k.) and T(g.) = T(g) T(k.), again by 
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Lemma 1, T(<p) is a cokernel of { (T(f.), T(g.))} . . 
T 1 1 1 € I 

THEOREM 2. Given a functor H\X -* tf, where in X 
every family of objects has a direct sum, T commutes with 
direct l imits if and only if it is right exact and of type UZ. 

Proof. Assume that T is right exact and of type UE, 
let k:K -* E (X) be a direct limit of KtX^ and let 
{k^:K(V) - X ' } V € 2 / . be a direct sum of (K(V)} y ^ ̂  By 

Lemma 2, if y:X ! •• X is the only map for which k = y k* 

for each V € Z^, then y is a cokernel of 

{ ( k V , k V , K ( v ) ) } v ; y ^ y l ) V 6 ^ 

Since T is right exact, T( y ) is a cokernel of 

{ ( T { ^ ) . T ( ^ ) K ( v H } v : V ^ v l i T | a r 

Since T is of type L 2 , { T{k' )} w. is a direct sum of 

{ T(X )} »r Therefore , again by Lemma 2, 

is a direct limit of TK, 

Definition 2 may be extended readily to functors of more 
than one var iable . For example, if 1(£ ,&) is a functor of 
two var iables taking its values in ? , and if u is a c lass of 
proper ca tegor ies , then we say that T is ^ - a d m i s s i b l e if 
given two direct l imits k:K -* E^(X) and h:H -* E (Y), 

where K e ^ H c ^ and V. *S* t?, then { T (k y , h ^ } y £ ^ ^ ^ 

which is a natural t ransformation from T(K, H) € 2^. YAA0 

E (T(X, Y)), is a direct limit of T(K,H). It should be 

noticed that this does not mean that T, considered as a functor 
from JT x 2/ to % is ^ - a d m i s s i b l e or even ^ x ^ - a d m i s s i b l e . 
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However, with this definition one can show that T(J£T, i') 
is Q -admissible if and only if for each Xe J2T and each 
YcZ", the partial functors T(X, £/} and T(,2?,Y) are 
£f-admissible. That this condition is necessary is obvious. 
So let us assume that T(X, fy) and T(«2?,Y) are £f-admissible 
for all Xejr and all Y € ^ / , let k:K - E (X) and h : H - E (Y) 

be direct limits of K.€«£\ "and He ^ * where ^ and Z^x^are 

i n and consider a family 

{ < r V j W : T ( K ( V ) , H ( W ) ) ^ Z } V e ^ W £ ^ 

where for each v:V -»• V1 in 2^ and each w:W -*• W! in Z^/^, 

ffv,w = r v ,w T ( K ( v ) , H { w ) ) (1) 

F o r each We Z^T <r = <r T(K(v),H(W)) for every 
V , W V , W 

v:V-*V! in 2^, and since T(.T, H(W)) is £f-admis sib le, 
there exists a unique pT :T(X, H{W)) -* Z such that 

W 
°"tr = P^rT(k^r'H(w)) for each v € ̂ *. Then, for each V, W W V 
w:W -*• W1 in ^ 

PwT(kv,H(W))=crVfW=crVjWfT(K(V),H(w)) 

= PWi T(\> H(W» )) T(K(V), H(w)) = p w , T(X, H(w)) T(ky, H(W)) 

so that p w = p„r f T(X, H(w)). Then, since T(X,$T)is 

<e- admissible, there exists a unique r:T(X,Y) -* Z such that 
pTir = rT(X,h ) for each Wc ?tr, so that for each V e 7f and 
w w 

each We^A, 

<r VtW = p w T ( i v H t w » s » ' T ( x ' V T ( V H ( w , , s r T ( W 

With these remarks it is clear that Theorem 2 extends 
to any functor of two or more variables. For categories of 
modules, because the functor ® is right exact and of type 

A 
L.2, Theorem 2 permits one to conclude immediately that it 
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p e r m u t e s with a l l d i r e c t l i m i t s . S i m i l a r l y , by dua l i ty , s ince 

HOM A i s left exac t and of type I 

p e r m u t e s wi th a l l i n v e r s e l imi t s* 

HOM A i s left exac t and of type R7T, one c o n c l u d e s tha t it 

T H E O R E M 3. Given t h r e e func to r s S, T, U: X -* ^ , 
if a,p:S -*• T and y : T -*• U a r e n a t u r a l t r a n s f o r m a t i o n s and 
if for each XeJT, v i s a c o k e r n e l of [a , p ), then if S 

X X X 
and T a r e o - a d m i s s i b l e , so i s U. 

Proof . L e t k:K — E (X) be a d i r e c t l i m i t of K e ^ T , 

w h e r e 2^ € <*f. We m u s t show tha t U(k):UK — E (U(X)) i s a 

d i r e c t l i m i t . 

E (S(X)) 

S(k) 

SK: 

E(«x> 

E ( P x ) 

E ( V 
3 E (T(X)) 

T(k) 

-*E (U(X)) 

U(k) 

3 TK -> UK 

Le t h:UK -*• E - i Y ) be a n a t u r a l t r a n s f o r m a t i o n . Then , 

h-y:TK -*• E „ ( Y ) is a n a t u r a l t r a n s f o r m a t i o n and s ince T(k) 

i s a d i r e c t l i m i t , t h e r e e x i s t s a unique ^>:T(X) -* Y such tha t 
h Y = E^ty?)T(k) . Then 

E ^ ( ^ a x ) S ( k ) = E y ( ^ ) E (ûrx)S(k) = E ^ j»)T(k)a = h Y « = hY(3 = 

E ^ ( ^ ) T ( k ) p = E ^ ( f ) E ^ ( P x ) S ( k ) = E ^ ( ^ P x ) S ( k ) 

and s ince S(k) i s a d i r e c t l i m i t , E ( p o ) = E (ÇP[3 ) so tha t 

fs> or = <J£ (3 . Then , s ince y i s a c o k e r n e l of (a , p ), t h e r e 
A A X X X 

e x i s t s a unique <4J:U(X) -* Y such tha t <p =I)JV so tha t 
' X 

hy = E ^ ) T ( k ) = E^(4;Y x )T(k) = E^{4i)E^ ( Y x ) T ( k ) = E ^ ) U ( k ) Y 
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and s ince y i s an e p i m o r p h i s m for each X! € SC , 

h = E ^ ) U ( k ) . 

JLEMMA 4 . If K: V -* & i s a d i r e c t e d d i a g r a m of 

R - m o d u I e s and if k:K -* E . (X) i s a n a t u r a l t r a n s f o r m a t i o n , 

then k i s a d i r e c t l i m i t if and only if 

1} X i s the s e t - t h e o r e t i c a l union of a l l the i m k , V e ^ 

2) If a e K(V) i s such tha t k ^ a ) = 0, then t h e r e e x i s t s 

V1 >_ V such tha t f (a)=0, w h e r e f i s the i m a g e by 
V , V V , V 

K of the only m a p f r o m V to Vf . 

Proof . A s s u m e f i r s t of a l l tha t k i s a d i r e c t l i m i t . 
T h a t X i s the m o d u l e - t h e o r e t i c a l s u m of the i m k i s 

obvious by L e m m a 2. Tha t it i s the s e t - t h e o r e t i c a l s u m of 
the i m k follows f rom the fact tha t if V, VT€ 2^ , t h e r e e x i s t s 

V " € ^ such tha t V < V " and V ! < V " so that ^ = k f 

and k y f = k v n f y | v n and therefore, i m ^ C i m k ^ and 

b* V £ton ky!t. 

Now a s s u m e tha t a e K(V) i s such tha t k - ( a ) = 0 and 

k^:K(V) - X' } 

Then , by L e m m a 2, 

le t { k^ :K(V) - X ' } v ^ b e a d i r e c t sum of { K(V)} y f r 

k L ( a ) = ( ^ - k ^ t f v t V f ) ( a 1 ) + . . . + 0 ^ - ^ , f v j V ! ) ( a n ) (2) 
1 l l ' l n n n n 

w h e r e for e a c h i , a.€ K(V.) and V. < V! . But t h e r e e x i s t s 
l l i — i 

V such tha t V < V and V. < V for each i. Then , if 
o — o l — o 

2^ deno te s the q u a s i - o r d e r e d subse t of if cons i s t i ng of a l l 

V < V , { ! _ _ _ } _ _ _. i s a d i r e c t l i m i t of the r e s t r i c t i o n 
~~ o V, V V < V 

o — o 
of K to V and i t i s c l e a r f r om (2) tha t f- ^r (a) = 0 . 

o V, V 
o 
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C o n v e r s e l y , a s s u m e tha t cond i t i ons 1) and 2) a r e 

s a t i s f i ed and le t h:K -* E„ (X1 ) be a d i r e c t l i m i t of K. T h e n 
y 

t h e r e e x i s t s v'.X1 -* X such tha t k = E (v)h. If a e X, by i ) 

t h e r e e x i s t s Vc Y such tha t a = k ^ ( a ), w h e r e a € K(V), 

If a - k , ( a ), w h e r e V € fr and a € K ( V ), t h e r e 

e x i s t s Vfl€ Y such tha t V < V " and V1 <_ V " , and we have 

V ( f v , v" (V " £ v , v» ( av ) } s W " V (av< ] = ° 

so t ha t by 2) , t h e r e e x i s t s V m > V11 such t h a t 

0 = f (f (a ) - f (a )) = f (a ) » f (a 

vn ,v t r i v,v f l v v ! , v n vf v ,v l , ! v v1 , v i n v ! 

and t h e r e f o r e , 

h (a ) = h f (a ) = h f (a ) = h (a ) . 
V V V , r l V V l , ! V V , , f V1 V!ff V* v 1 V1 

It i s t h e n e a s y to ve r i fy t ha t the c o r r e s p o n d e n c e a -*• h (a ) 

i s an i n v e r s e R - h o m o m o r p h i s m of -y. 

T H E O R E M 4 . Given t h r e e f u n c t o r s S, T, U: X -» £ / , 
w h e r e ^ i s a c a t e g o r y of R - m o d u l e s , if a:S -*• T and (3:T -*• U 
a r e n a t u r a l t r a n s f o r m a t i o n s and if for e a c h X€<2T> a i s a 

X 

k e r n e l of p , t hen if T and U a r e £ * - a d m i s s i b l e , w h e r e 

the p r o p e r c a t e g o r i e s in Q a r e d i r e c t e d s e t s , so i s S. 

Proof . L e t Ke«2? , w h e r e ^ € c?, and l e t 

k:K -* E (X) be a d i r e c t l i m i t of K. Us ing L e m m a 4 , we wi l l 

show tha t S(k) i s a d i r e c t l i m i t of SK. 
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X 
S(X) * T { X ) 

S(kv , ) 

U(X) 

T(ky) Utl^,) / | Udy) 

TK(V) • *UK(V) 

T(fv,v.> 

K(V« ) / / K K ( V ) 

SK(V» ) >TK(V ) • : > UK(V» ) 

^ V . W 

Let a c S(X). T h e r e e x i s t s Vc V such that <* (a) = T(k )(b ), 

w h e r e b €TK(V) .* Since 

U(V W V = W V = px.x(a) = 0 

t h e r e e x i s t s V > V such that U(f )(3 (b ) = 0. Then , 

P K ( V , .T(f y y ) )(by) = 0 so that t h e r e e x i s t s a y | e SK(V« ) such 

tha t T(fv> y i ) ( b y ) = « K ( v , ) ( a v , ) and t h e r e f o r e 

a x S ( k v , ) ( a v , ) = T ( k v , ) a K ( y i ) { a y , ) = T ^ , )T(fv> y , ) ( b y ) 

= T ( k v ) ( b v ) = a x ( a ) . 

Since or i s a m o n o m o r p h i s m , a = S(k ){a ). 

Now a s s u m e tha t S(k )(a ) = 0, w h e r e Vc 3 ^ and 

a v £ K ( V ) . Then , ?i\)*K{y)i*y) = « x ^ V ^ V * = ° S ° t h a t 

t h e r e e x i s t s V1 :> V such tha t 0 = T(f ) a K f v / a V ^ 

= û r K ( V M S ( f v , v ) ( a v ) a n d t h e r e f o r e > s i n c e * K ( V ' ) i s a 

m o n o m o r p h i s m , S(f ) ( a
v ) = 0. 

V , V V 
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From this theorem one may immediately deduce that the 
functor Z of (2) is of type LS*. The dual of this theorem 
is then certainly not valid since it would imply that the functor 
Z1 of (2) is of type R7T* which is not t rue as is noticed in 
(2). This means that Theorem 4 cannot be generalized to 
abs t rac t ca tegor ies . 
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