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A Symbolic proof of Euler's Addition Theorem
for Elliptic Functions.

By W. SADDLER.

{Received 5th October 1925. Read 5th June 1925).

§1. Let aa x* + 4 «! Xs + 6 o2 x
2 + 4 as x + a4 = a* = bx

4 be a binary
quartic; then I propose to show symbolically that the solution of
Euler's differential equation

dy dz

Ja* Jo,/
can be written in the form

where

i = (a by = 2 (a0 a4 - 4 Oj as + 3a2
2) and A, A, /i

are otherwise arbitrary.
Let hx* •=(ab)°az°b^ be the Hessian of the quartic, and first let

y and z satisfy a$ a? = 0, namely the second polar of the quartic in
y, with respect to z.

Since (y z) (o b) = aybz- az bv,

therefore (y zf (a bf a* 6/ = (a, 62 - a, brf a / 6/,

= a* b; b? - 2 a* az b* b. + < a,« V.

= - 2 ( a / O 2 ,

since a,,2 a2
a = 0 (i)

Thus (y s)2 (a bf af 6/ = - 2 (a/ a2)
2,

and similarly (y a)2 (a 6)2 a/ 6,5 = - 2 (a2
3 a,)2,

whence

From (i), by differentiation, Oj â  o,2 + -j— a, aj,2 az = 0

2 Vol. 44

https://doi.org/10.1017/S0013091500034301 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500034301


14

or {a, a.3 - a.2 au a? «a) + - ^ - (a/ ot° - a., z.2 a, af) = 0

or («, a3 - a3 a> a2 «2) - -^-i o2 ?2 as a / = 0.

Similarly - a, as a? y.2 + -~ (a? a, - a., y2 af a2) = 0.

Since y2 and sa are introduced to make the functions homo-
geneous we may replace them by unity. By subtraction we obtain

«,«,»--*!» a,'«.-(>.

Thus -^L_ = 4 ^ o r ^ , dz>

Let yj.x =kf+ A A = A;ax
4 + X Ax

4, and next let y and a satisfy
ka,"af + AAZ

2hf = 0. Since the Hessian of kf+Xh* is

where i" = (a 6)4, j = (a ft)2 (b cf (c a)s, choose A:2 - £ A° t = 0.

Then ' = + —j^- where y and z are connected by

§ 2. Again, if y and z satisfy,

where /u is a constant and

then by proceeding as before,

(y zf (a bf a,2 b* = - 2 (a/ a2)
2 + /i (y «)2 a,\

thus
(y 2)

2{(« 6)2 a,2 b* - /. < } = - 2 («/ a2)2;
similarly

(y zf{(a bf a? b} - /»a/} - - 2 (a/a,)2.

*6RACB and ¥OU>G, Algebra of Invariants, p. 198,
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Hence ,.-4'- '—t = ± ,, 4" * „.

Differentiating afa? = ~(y zf,

we obtain

Multiplying by y,, we have

Using a , « ^ - ^

- 2 Oj y2 ay a,2 + 2 a / o, ^ - - 2 a.2y2 o,8 a, -p-
aVi aVi

Similarly on multiplying by «,,

2 o,a,3 - 2aaz2a, a,' - 2 a'atZia, •£- =n(ziZi-y1z, -p- ) (y «).
ayi \ oyi /

Then, subtracting and replacing y, and «„ by unity,

or — • = + —

In particular, if /i o0 = o0 a2 - a^, the quartic is depressed to a
cubic, while if f* is one of the roots of

the equation (iii) reduces to the rational form

quadratic quadratic'

*OBAO> and YOUNG, loco, eit., p. 198.
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§3. Now let/ tx = A/+A.A,
and let k, X, fi satisfy

L2 / *

By substituting in equation (iii), with the notation

we have

whence

then

proved

if

dz1

jF(z)

^-A/x-i

dz1

dyi

jF(y)'

XH = 0,

dVi

has an integral of the form

ka?a,? + Xh?h;-- -£• (yz)2 = 0

where

5; 4. Canonical Form of the binary cubic.
Consider the binary cubic

The Hessian is hx = (a 6)2 ax bx, and the first polar with respect to
a;' is ax

2ov

Then if y and z are connected by -the relation

a,1 a, = 0,

by methods exactly similar to § 1 we obtain
di/i dzl dyl rfa,

—'•— = or = - .

»•/ 2 a ,«*2 V '2K2

In particular, if hx = (x - a) (x — /3),

dy , dz

has an integral of the form

" > ' '-constant.

But af at = 0 was the relation between y and a.
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Hence ay
2az can be written in the form

which reduces to a sum of two cubes, the well known canonical
form of the cubic when y — z.

Not only so, for if we take the form as,

k a,3 + A tz*

where t/ is the cubicovariant of ax,

then if k ay ax° + \ty tx
2 = 0,

it follows that since the Hessian of k ax + X tx
s

is

where A is the discriminant of the cubic, the cubic covariant has
an exactly similar canonical form.

§ 5. Application to Double Integrals.

Consider a double binary (2, 2) form,

/=aI
so . f

s = o00ar!f + 2 a01 a;2£ +2 a10 X £* +4 a n x £

+ a02 ar + Ojjo f + 2 o , 2 a;+2a2I

which takes the form ka?g* + I(x2 + ?) + 4mx£ + k*
for the canonical case.

The (1, 1) transvectant £ J=\{ab)(o.f3)axbxoLt fa

sy
3 xx d X-L 9 £2

or in canonical form,

* Prof. H. W. TUBSBULL, Proe. Boy. Soc, Edinb., 44 (1924), 23-50.
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Let y and * be cogredient variables, likewise ?; and £.
Then the first polar of a,s a.̂ 2 with respect to z, ( is,

ayoz°Vxr o r non-syinbolically,

or in the canonical form,

n

Let au a. a.^ = — (y z) (?/ f). where p is a constant,

since
(y z) <{,). (a b) («. j8) â  6, a, ^ , - 2 a* % . 6, 62 /?„ )8f

then

(2/ *) (V 0 {(« *) (* ̂ ) «, 6, % A, - ^ / O = - 2 V % *f • *,
Similarly,

(V *) (V 0 {J*,t- Pf,,{} = - 2 a/ a, a, . 6, 6, # .

Hence ^ " ~ / > / y '" _ a'* ̂  a«"' b> h' ?*
J', r - PA t a? % «r • ,̂ *< /̂ f2

By the differentiation of at az a.^ a.{ = — (y z) (rj 0, (i)

with respect to y, considering zx as a function of y, and f, ?; as
independent of y, we obtain,

dzi o .. p . . dzl

Multiplying both sides by yj and using (i), we obtain,

Similarly,
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On subtraction

Similarly

Hence

Thus

where .,

I. Let/> = 0.

Then if a, az a.^ <xf =

and

<

* • * • • "

•o,

19

rep lac ing ya z2

1 t rfy '

, a. af
2 —i - ay i

y ct. OLJ" ct2 a.

dzx d£, dy,

= Of <f>^ - p af a.

dyx drj1 dzt

by

0 , 0

d^

2

unity, we obtain

Lf=0.

,s = 0.

which reduces to the result in § 1 when y = ij, z — £; a. —a:
or, in the canonical form, if,

then, ^

corresponding expression in z,f'

II. Since (JJ), ,1= %B.f*

where B = J (a 6) (6 c) (c a) (a 0) 08 y) (y a)

shewing that the relation between/and J is reciprocal,

then, if 0,0.4>,4>t-O,

* Proc. S.8.E., loco. cit.
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III . Consider now instead of a? a-f =f the form

where k, X, fi are constants, and p = p* *•/ = (f Q)i > 1 •

Then {F,F)l,l

This results from the use of the following transvectants,

If now

ka!lala.ta.Ji + \ dp 6,<f>v <£f + /J.pypt ir^7rf = — (y a) (f TJ)

then — —— = -= r;— .

Making the coefficients of 6, and p, vanish, then the integral of

•: a?°-*

one? 2 & A . - | .8/r5-/>/* = ().

Non-Symbolically:

7/" ^"(y, •>/) is a general double quadratic,

«oo y2'Z2 + 2 o 0 J y a 7;+ ... + o a 2 )

in turn independent variables (y, 7/), anrf i/" 6 (y, rj), p (y, 71) ore its

* The notation used is that of PEANO, quoted in Prcc. R. S. E., loco. tit.
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two (2, 2) covariants, then an algebraic solution, involving one arbi-
trary constant, of the differential equation

dy drj dz d(

f(y,v) f(*,Q
exists and is expressible as a quadrilinear relation between the

variables y, rj; z,(:

namely 2 kf + 2 X ff + 2 pp' = p(y-z)(v- £),

k, X, p, p being constants, connected by two relations involving
the invariants of / .

Here /,' 0', p' are the quadrilinear polar forms of f, 6, p,
respectively.
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