A BIPARTITIONAL FUNCTION ARISING IN
HALL’S ALGEBRA

I. J. DAVIES

1. Introduction. Hall's algebra (3) is an algebra over the field V(p) of
rational functions in the indeterminate p with coefficients in the field V of
complex numbers. The basis of the algebra consists of elements G, which are
in one—one correspondence with the set of all partitions (\) and whose multi-
plication “constants’’ are the ‘‘Hall polynomials” gls(p), i.e.

GG = ; 22s(P)Gh,

where (), (8), and (M) are partitions of m, n, and m + = respectively. ghs(p)
denotes the number of subgroups F of type (8) in an Abelian p-group E of
type (A) which have a quotient group E/F of type («). Hall has proved the
following important result concerning the ghs(p), a result which indicates an
interesting connection with the Schur functions {\}, {a}, and {B8}. (Hall's
result is, in fact, stated in more general terms.)

THEOREM 1. If e} is the coefficient of {\} in the product {a}{B}, then ghs(p) =0
for all primes p if eds = 0. Otherwise ghs(p) is a polynomial in p of degree
ny — Mo — Mg, N, denoting

#1'(#1’ - 1)
2 e

(' being the partition conjugate to u) and the coefficient of the highest power of p
is precisely els.

The determination of the polynomial gis(p) for any given partitions (),
(a), and (B) is, as yet, an unsolved problem. The author has solved the prob-
lem in a particular case (1).

Bipartitional functions arise in Hall's algebra, just as they do in the classical
algebra of symmetric functions of which Hall's algebra is a generalization.
The bipartitional functions with which we are concerned can best be defined
as the bipartitional function Ry,(p) satisfying

A= Z‘; Rnu(p)Gy

(\) and (u) being partitions of an integer n, the summation being taken over
all partitions (u) of n. Ry.(p) is a generalization of the known bipartitional
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function connecting the Schur function {A} and the monomial symmetric
function M,, given when p = 1, i.e. we can write

{)\} = Z R)\n(l)Mn-

The Ry.(p) are polynomials in p derived from the Hall polynomials and
consist entirely of sums of powers of p, although this is difficult to prove in
general, and it would be of great interest to be able to find explicit expressions
for them in general. This is slightly different from the problem stated by
Green (3, § 3); his ®,,(¢) are, in effect, the elements of the matrix inverse to
the one formed by the R,,(p) for all pairs of partitions (\), (u) of n.

In § 2 we discuss how the polynomials R,,(p) can be calculated and prove
some general results concerning them. In § 3 we prove a result which gives
the polynomial R,,(p) when (M) is a hook partition but whose main interest
lies in the fact that it leads to a combinatorial rule for evaluating the poly-
nomials R),(p) in other cases.

2. Following Hall (4), we make the following definitions:

A4.* = Gy, HX = Z G\, summed over all partitions ()\) of 7,
by

A)\* = A;A;: oo ey H)\* = H;:H:: oo ey When ()\) = ()\1, )\2, “e )

Hall has identified the elements of his algebra and the elements of the algebra
of symmetric functions by means of the relationship 4, = p"—D24 * A,
being the elementary symmetric function. From this it is easy to show that
Ay = p™Ay*, where (\') is the partition conjugate to (\) and #, has been
defined in Theorem 1. Having chosen the above identification of the two
algebras, it is necessary to relate H, and H,* because of the form of the
identity connecting the A* and the H*. We thus also have H, = H,*.

We can now think of 4y as a product of terms such as G-, i.e. as a Hall
polynomial, so that we can write

Ay = Z’; Pr(p)Gyy

where the polynomial Py, (p) is derived from the Hall polynomials and Pj,(1)
is the known bipartitional function relating the elementary symmetric function
Ay and the monomials M,. The bipartitional functions P,,(p) are used in the
calculation of the Ry,(p) as follows.

We can expand a Schur function {A} as a determinant of elementary sym-
metric functions in the form (7)

N =2 bada
where (A\) and (@) are partitions of an integer #. We thus have

=X E® pD Pu($)Ga]
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where (u) is a partition of # and the summations are taken over all partitions
(a) and (u) of n. By changing the orders of summation, we obtain

N =2 [Z bePul®) |G
N B
so that
RM(P) = za: S?\aPan(P)’
where the sum extends over all partitions (a) of #. For n = 3, we have
A; = P3G13,
As = pGuG1 = plgh 1(p)Grs + gt 1(p)Ga1 + gi21(p)Gs]
= pl(®" + p + 1)Gus + Gul,
using the result for the polynomial g} = (p) (cf. 1),
Ap = Gidpe = Gi[(p + 1)Gr2 + G:], assuming the result for 42
= (p + 1)G:Gr + G1G,
=@+ D@+ o+ DG + 2p + 1)Gor + Gs.

Now
{13} 1 . 4
1 {={-1 1 .|| 4xn
{3} | 1 -2 1{[4s
[ 1 . P ) MG
=[-1 I . pP*+p+ 1) p || G
| 1 =2 1]+ D@*+p+1) @p+1) 1] .Gs

[ p3 . . |[Gus
= PZ + P P . G2] ]
L1 1 1| Gs

i.e. in tabular form, we have the polynomials Ry, (p) for n = 3 as

(1%) @) 3

(1% P .
21) p24+p .
(3) 1 11

It is quite obvious that this method of calculating the polynomials Ry, (p)
is not very practicable for large values of %, so it would be advantageous to
have some other method of finding them. Before discussing some such method,
we shall first prove some general results about the polynomials Ry, (p).
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In the proof of the theorem which follows, we shall require certain defini-

tions regarding the ordering of partitions. Let (a) = (a1, ...,@,) and
(8) = By, ...,Bs) be partitions of an integer n. We shall assume that
ar > ar>...and B1 > B2 > ... . Then in the “natural ordering” we say

that (a) precedes (B) (or (a) > (B)) if the first of the parts a; of (a) which
is different from B; is greater than 8;. Thus the partitions of 6 would have a
natural ordering

6, 51, 42, 412, 32, 321, 313, 23, 2212, 214, 16,
The partitions conjugate to these are respectively

16, 214, 2212, 313, 23, 321, 412, 32, 42, 51, 6,

which are not in reversed natural order. This second order will be called the
“conjugate ordering.” For n < 6, the reversed natural order and the con-
jugate order are the same.

THEOREM 2. (i) Ruy(p) = 0 if (u) > (\) in the natural order,
(i) Rw(p) = p"™,
(ii1) The lowest power of p in Ry.(p) 1s p™.

Proof. (i) We have
Ru(p) = Z BraPou(p).

By considering chains of subgroups whose quotient groups are elementary
abelian groups of orders p*, p*z2, ..., where (\) = (A1, Ay, ...), it can be
shown (3) that Py (p) = 0 if (u') > (\) in the conjugate ordering. Kostka
(6) has shown also that &, = 0 if (u) > (\) in the conjugate ordering.

Thus Ry, (p) = 0 for all partitions () satisfying both () > (A') and
(4") > (@) in the conjugate ordering. Ry, (p) = 0, therefore, when (u’) > (\')
in the conjugate ordering. If (u’) > (\’) in the conjugate ordering, then
(#) > (\) in the natural ordering, which is the required result.

(it) If (u) = (A), then

-R)\)\(P) = Za S)\aPa)\(P)r

which will be non-zero only when (a) = (\') because if (a) > (\') in the
conjugate ordering then &, = 0, and if (\') > («) in the conjugate ordering
then Pan(p) = 0.

When (@) = (\), &« = 1 and Run(p) = Pin(p). Now, from the definition
of Py.(p), we see that the highest power of p in

n)"
P Gl)‘lGl)\2 .
is
(ONEE I S )
P # - P ”v
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using Theorem 1, and the lowest power of p in Py, (p) is p™. Thus the only
power of p in Py (p) is p™ and, since it is clear that Py (1) = 1, we have
Pin(p) = p™ and the result follows.

(iii) It is clear that, if (A\) > (u) in the natural ordering, then n\ < n,.
Now, & = 0 if (o) > (\') in the conjugate ordering. If (\’) > («) in the
conjugate ordering, then (A\) > (&) in the natural ordering. The lowest power
of pin P, (p) is p" so that the lowest power of p in

E f)xapau(P):

a

which must be given when (&) = (), is ™, which is the required result.

3. This is as far as we can go in general at the moment but the next theorem
does take us a little nearer to the solution of the problem of finding the poly-
nomials R,,(p) in that it gives a formula for R,.(p) when (A) is a hook par-
tition. However, its interest in this context lies more in the fact that it leads
one towards a combinatorial rule for evaluating the polynomials in other
cases.

THEOREM 3. If \ isa hook partition with v parts and (u) is any partition with
s parts, (N\) and (u) being partitions of an integer n, then

s—1 s—2 s—r+1
R _ - (P = 19102 - ... -1
wp) =p -0 -1 %D
Proof. For convenience, we denote
@ —D... ¢ =1
@' =1D...0-1)

by [a, B8], putting [e, 0] = 1, and p*@ D72 by C(x).
By definition,

{)‘} = ; RM(P)GW

If (\) is of the form (k, 1771), it is known that

1) (N} =4 He o — {B— 1,17}
= Aer—l - Ar+lHIc—2 + Ar+2Hk—3 T e
s—7+1

= > (=D)7C(r +1i— 1)Grr+i-1Hy_s
i=1

We shall now prove that
GvH,r = Y, [t,7]Gs,
@

where (¢) is any partition of # and has ¢ parts.

Ger —r — Ger*_, = G1r E Gy'
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where (v) is a partition of # — r. Let the different partitions of # — 7 be
denoted by v;, 2 =1,2,...,m. Then

Gr 2 Gy = 24; [X: g“{r.w(P)]qu,

where (¢) is a partition of # and g},(p) is a Hall polynomial. Each subgroup
of type (17) in an Abelian p-group of type (¢) will have a quotient group of
type one of the (v;) so that every subgroup of type (17) is included in the sum

2 g'{'.n(p)‘

This sum is therefore equal to the number of subgroups of type (17) in an
Abelian p-group of type (¢), which, from the work of Yeh, Delsarte, and
Kinosita (12, 2, 5), is equal to [¢, 7] if the partition (¢) has ¢ parts and ¢ > 7.
Thus

GuH,—yr = 2, [t,7]G,.
¢

Using the expression (1) above, we see that the coefficient of G, in {A} is
s—741

Ru() = 2 (=1)7Cr+i—Ds,r+i—1]

s—7r+1

= ZI (=D7Cr+i—Ds,s —r—i+1]

s—r+1

= (=) X (-D7CG — i+ s, i — 1],

i=1

the last step following by reversing the order of the terms in the summation.
Now assume that

> (=D — i+ Dlsyi — 1] = (—1)°CCs — w+ Dfs — 1, % — 1],
Then

u+1

3 (=DCs =i+ Vs, i — 1] = (=1D)*Cls —u+ D)[s — 1,u — 1]

i=1

+ (=1)*C(s — u)[s, u]
= (—1)“C(s —u)[s — 1,u — 1]-

P:'—l_ s—u}
{p"—l ?

— (=1)"C(s — w)ls — 1,0 — 1]-1’—;;_:%

= (—=1)"C(s — u)[s — 1, u].
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The result is true for # = 1, 2 and so, by induction, we have

s—r+1

> (=DFCs — i+ Ds, 5 — 1]

i=1

(=D)C)[s—1,5s — 7]

(=D*C(Ns — 1,7 — 1],

so that Ry (p) = C(r)[s — 1,7 — 1], which is the required result.

In the Introduction, it was stated that the polynomials Ry, (p) are sums of
positive integral powers of p although the result was difficult to prove in
general. When (M) is a hook partition, the proof of this result follows from
Theorem 3. Sylvester (11) proved initially and, later, proofs were given by
MacMahon (9), and Riordan (10) that C(r)[s — 1, » — 1] is the generating
function for partitions into exactly » — 1 unequal parts, none greater than
s — 1; i.e. the coefficient of p" in C(r)[s — 1, r — 1] is the number of parti-
tions of weight n satisfying the given conditions so that this coefficient will
necessarily be a non-negative integer. For example, if » = 4, s = 6, the par-
titions into 3 unequal parts none greater than 5 are

321, 421, 431, 432, 521, 531, 532, 541, 542, 543

which are partitions of 6,7, 8,9, 8,9, 10, 10, 11, 12, so that, if (\) is any hook
partition of the form (k1%) and (u) is a partition of £ 4+ 3 with 6 parts, then

Ra(p) = p° + 7+ 2%+ 200 + 201 + p' + .

This presents us with a different way of considering the polynomials Ry, (p).
In fact, it appears that R,,(p) might be the generating function for a class
of partitions, defined by the partition (), subject to a ‘“‘condition,” defined
by the partition (u), and it is probable that this condition is one connected
with the numerical values of the parts in the partitions enumerated. What
class of partitions can we associate with the partition (A\)? When (\) is a hook
partition (k17), we have seen that the class of partitions associated with (\)
contains all partitions with exactly » unequal parts. What if (\) is not a hook
partition? We can answer this to a certain extent by introducing MacMahon’s
concept of the “‘lesser index’ of a lattice permutation (9) defined as follows.

An arrangement of the assemblage a®%’c*. .. is called a lattice permutation
if a line can be drawn between any two letters of the arrangement so that the
letters to the left of the line are an arrangement of a%bfcY..., where
a>B>~v>.... If in this arrangement, the r;th, r,th, rsth, ... letters
immediately precede letters which are later in alphabetical order, the ‘‘lesser
index’’ of the lattice permutation is defined as r; + 7.+ 73+ ... =7, so
that we can consider (ri7o73...) as a partition of rif ry > 7o > 73 > ..., e.g.

for the lattice permutation aababc of the assemblage a®b%c, the lesser index
is2+4+445=11.

If we enumerate the partitions of the lesser indices of the lattice permuta-
tions associated with a hook partition (A), say (\) = (k17), we find, in fact,
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that we have numerated the partitions with exactly 7 unequal parts none
greater than & 4+ r — 1, e.g. take (\) = (31%); we require the partitions of the
lesser indices of the lattice permutations associated with the assemblage
a®bcd. These are:

aaabed (543), aabacd (542), abaacd (541), aabcad (532), abacad (531),
abcaad (521), aabeda (432), abacda (431), abcada (421), abcdaa (321).

This, therefore, gives us a rule for finding the indices of p in the polynomials
Ry.(p) when (N) is a hook partition. We can adapt the rule for the cases in
which (\) is not a hook partition and (u) is a hook partition. As an example,
consider (\) = (42). The lattice permutations and the corresponding lesser
index partitions are:

aaaabd (4), aaabab (53), aaabba (3), aabaad (52), aababa (42),
aabbaa (2), abaaab (51), abaaba (41), ababaa (31).

For (u) = (1%), we consider partitions with no part greater than 5, i.e.
Rz ¢ (p) = p* + p* + 2p* + p° + 2p° + p7 + p°
For (u) = (21%), we consider partitions with no part greater than 4, i.e.
Rap 2*(p) = p* + p° + 2p* + p° + p°
Similarly
Rupsu(p) = p* + p* + 4,
Rz a2 (p) = P
Rurs(p) =0,
Ry 6(p) = 0.

We thus have the following rule for evaluating the indices of p in the
polynomial Ry, (p):

Enumerate the partitions of the lesser indices of the lattice permutations
associated with the partition (A).

(a) When (M) is a hook partition, consider only those partitions with no
part greater than s — 1, the partition (u) having s parts. Every such partition
of an integer gives one term p" in Ry (p).

(b) When (M) is not a hook partition, consider only those partitions with
no part greater than s — 1, (u) being a hook partition with s parts. Every
such partition of an integer n gives one term p" in Ry, (p).

There appear to be inherent difficulties in producing a rule which is success-
ful for general partitions (A) and (u). At the moment, the best one can hope
to do is to obtain a rule which is correct in the greatest possible number of
cases; the above rule appears to do this.
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