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Turbine–wake and farm–atmosphere interactions influence wind farm power production.
For large offshore farms, the farm–atmosphere interaction is usually the more significant
effect. This study proposes an analytical model of the ‘momentum availability factor’ to
predict the impact of farm–atmosphere interactions. It models the effects of net advection,
pressure gradient forcing and turbulent entrainment, using steady quasi-one-dimensional
flow assumptions. Turbulent entrainment is modelled by assuming self-similar vertical
shear stress profiles. We used the model with the ‘two-scale momentum theory’ to predict
the power of large finite-sized farms. The model compared well with existing results of
large-eddy simulations of finite wind farms in conventionally neutral boundary layers. The
model captured most of the effects of atmospheric boundary layer (ABL) height on farm
performance by considering the undisturbed vertical shear stress profile of the ABL as an
input. In particular, the model predicted the power of staggered wind farms with a typical
error of 5 % or less. The developed model provides a novel way of predicting instantly the
power of large wind farms, including the farm blockage effects. A further simplification of
the model to predict analytically the ‘wind extractability factor’ is also presented. This
study provides a novel framework for modelling farm–atmosphere interactions. Future
studies can use the framework to better model large wind farms.

Key words: atmospheric flows, general fluid mechanics

1. Introduction

Wind energy is a key technology for the renewable energy transition. To meet future
energy demands, wind energy capacity will need to increase rapidly, and individual farms
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will likely become larger (Veers et al. 2022). A key aspect for designing wind farms is
predicting their power output. However, it is difficult to model the aerodynamics of large
wind farms because of the multi-scale nature of flows involved (Porté-Agel, Bastankhah
& Shamsoddin 2020).

Traditionally, there are two main approaches to predicting wind farm performance at
a low computational cost. For the first approach, semi-analytical ‘wake’ models predict
the velocity deficit in the wake behind a turbine (e.g. Jensen 1983; Bastankhah &
Porté-Agel 2014). To model an entire wind farm, individual wakes are superposed using
different techniques (e.g. Katic, Hojstrup & Jensen 1986; Zong & Porté-Agel 2020). Wake
models are used commonly to optimise the layout of turbines in a farm. However, they
do not consider the atmospheric response to wind farms, thus they perform poorly for
extended wind farms (e.g. Stevens, Gayme & Meneveau 2016). The second approach uses
‘top-down’ models (e.g. Frandsen 1992; Frandsen et al. 2006; Calaf, Meneveau & Meyers
2010). Top-down models consider the response of an idealised atmospheric boundary
layer (ABL) to an infinitely large wind farm. They cannot, however, predict the impact of
turbine layout (placement of turbines within a farm) on farm performance. Recent studies
have coupled the wake and top-down models together (e.g. Stevens et al. 2016; Starke
et al. 2021). This approach, however, still has the limitations of the constituent models,
e.g. idealised ABL profiles and wake superposition methods.

More recently, models have been developed to predict the interaction between wind
farms and the atmosphere. Meneveau (2012) extended top-down models to finite wind
farms by considering the development of an internal boundary layer. Luzzatto-Fegiz &
Caulfield (2018) modelled the impact of entrainment on farm performance by using a
three-layer model. This model was extended to finite wind farms by Bempedelis, Laizet
& Deskos (2023). Smith (2010) predicted the impact of gravity waves on wind farm
performance by solving a two-layer model using fast Fourier transforms. This approach
was later extended to a three-layer model (Allaerts & Meyers 2018, 2019). The model was
extended further to include the impact of vertically varying free atmospheres (Devesse
et al. 2022). All of these approaches require solving differential equations numerically to
predict wind farm performance.

Nishino & Dunstan (2020) developed the ‘two-scale momentum theory’ to better
understand the power generation mechanism of large wind farms. This splits the
multi-scale problem of wind farm aerodynamics into ‘internal’ turbine/array-scale and
‘external’ farm/atmospheric-scale sub-problems. The sub-problems are coupled together
using the conservation of momentum. As farms become larger, one of the grand challenges
facing the wind energy community is to understand the impact of farm–atmosphere
interaction (Veers et al. 2019). Kirby, Nishino & Dunstan (2022) confirmed this by
performing large-eddy simulations (LES) of 50 different periodic turbine layouts. They
introduced the concepts of ‘turbine-scale losses’ due to turbine–wake interactions, and
‘farm-scale losses’ caused by the atmospheric response to the whole farm. For large
offshore farms, the farm-scale losses were found to be typically more than twice as large
as the turbine-scale losses. This highlights the importance of modelling farm-scale flows
to predict the performance of future large farms.

Unlike most large wind farm models, the two-scale momentum theory does not
assume any specific profiles of the ABL (such as a logarithmic law), allowing for the
external sub-problem to be modelled in various manners. For the external modelling, it
is crucial to predict accurately how the momentum available to the farm site increases
due to the presence of the turbines, i.e. the momentum availability. Recent studies
by Patel, Dunstan & Nishino (2021) and Legris et al. (2023) used ‘twin’ numerical
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Momentum availability model for large wind farms

weather prediction (NWP) simulations to calculate the momentum availability and thus
predict how farm-scale losses (including the so-called farm blockage losses) change with
atmospheric conditions. However, this approach would be too computationally expensive
for wind farm optimisation unless a sufficiently long set of twin NWP simulations (such
as those reported by van Stratum et al. 2022) has already been conducted for candidate
wind farm sites.

In the present study, we propose a simple analytical model to predict the momentum
availability for large wind farms. This model, together with the two-scale momentum
theory, allows us to predict the power of a large wind farm analytically. The model is
derived using quasi-one-dimensional (quasi-1-D) control volume analysis and assuming
self-similar vertical shear stress profiles. In § 2, we summarise the two-scale momentum
theory and the key wind farm parameters. Section 3 presents the derivation of the new
momentum availability factor model. In § 4, we compare the predictions of farm power
with existing finite wind farm LES. The model is discussed further in § 5, and concluding
remarks are given in § 6.

2. Two-scale momentum theory

By considering the conservation of momentum for a control volume with and without
a wind farm present, Nishino & Dunstan (2020) derived the non-dimensional farm
momentum equation

C∗
T
λ

Cf 0
β2 + βγ = M. (2.1)

Here, β is the farm wind-speed reduction factor, defined as β ≡ UF/UF0 (with UF
defined as the average wind speed in the nominal farm layer of height HF, and UF0 the
farm-layer-averaged speed without the presence of the turbines); C∗

T is the (farm-averaged)
‘internal’ turbine thrust coefficient, defined as C∗

T ≡ ∑n
i=1 Ti/

1
2ρU2

FnA (where Ti is the
thrust of turbine i, A is the rotor swept area, and n is the number of turbines in the farm);
λ is the array density, defined as λ ≡ nA/SF (where SF is the wind farm area); Cf 0 is
the natural friction coefficient of the surface, defined as Cf 0 ≡ τw0/

1
2ρU2

F0 (where τw0 is
the undisturbed bottom shear stress); and γ is the bottom friction exponent, defined as
γ ≡ logβ(τw/τw0) (assumed to be 2 in this study). Also, M is the momentum availability
factor, given by

M =
X − C −

[
∂p
∂xF

]
− ∂[ρU]

∂t

X0 − C0 −
[

∂p0

∂xF0

]
− ∂[ρU0]

∂t

, (2.2)

where U is the velocity in the hub-height wind direction (i.e. streamwise direction) xF, X
represents the net streamwise momentum injection through the top and side boundaries of
the control volume (due to advection and Reynolds stress), C is the streamwise component
of the Coriolis force averaged over the control volume, ∂p/∂xF is the pressure gradient
in the direction xF, and the subscript 0 refers to values without the turbines present. Any
imbalance between the momentum supplied to the control volume and total bottom drag
(i.e. turbine thrust and surface drag) will accelerate or decelerate the flow, giving the time
derivative terms in (2.2) (Nishino & Dunstan 2020). In this study, we ignore the Coriolis
terms and time derivative terms (i.e. we assume stationary atmospheric conditions) and
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use a fixed definition for the farm-layer height as HF = 2.5Hhub, where Hhub is the turbine
hub height, following Kirby et al. (2022).

The theoretical framework that Nishino & Dunstan (2020) used to derive (2.1) is
known as the ‘two-scale momentum theory’. The left-hand side of (2.1) is expected to
depend primarily on turbine-scale or ‘internal’ conditions. This includes turbine layout
and operating conditions, and the hub-height wind speed and direction. The right-hand
side of (2.1) is assumed to depend on ‘external’ farm-scale conditions.

The farm wind-speed reduction factor β can be calculated using (2.1) for a set of C∗
T , γ

and M. Using β, the average turbine power coefficients can be calculated using

Cp = β3C∗
p, (2.3)

where Cp is the (farm-averaged) turbine power coefficient, defined as Cp ≡∑n
i=1 Pi/

1
2ρU3

F0nA (with Pi the power of turbine i in the farm), and C∗
p is the

(farm-averaged) ‘internal’ turbine power coefficient, defined as C∗
p ≡ ∑n

i=1 Pi/
1
2ρU3

FnA.

3. Momentum availability factor model

The momentum availability factor M describes the increase in momentum supplied to the
farm site due to the presence of the turbines. In this study we model this as

M = MF

MF0
= 1 + �MF

MF0

= 1 + �MF,Advection

MF0
+ �MF,PGF

MF0
+ �MF,Entrainment

MF0
. (3.1)

We introduce new variables MF0, defined as the total net momentum flux into the farm
control volume without the turbines present, and MF, the total net momentum flux with the
turbines. Here, �MF is the change in momentum flux due to the presence of the turbines,
defined as �MF ≡ MF − MF0.

This �MF can be decomposed into the contributions from different physical
mechanisms. For this study, we will consider only the contributions from net momentum
advection, pressure gradient forcing (PGF) and turbulent entrainment as shown in (3.1),
which provides a new framework for modelling the impact of farm-scale flows.

In this study, we propose simple analytical models for the components of (3.1). For
each component, we consider a control volume of height HF around the farm. (Note that
this control volume can be different from the control volume used to derive (2.1).) The
height of the control volume can be chosen arbitrarily, but choosing HF allows terms to
be linked to farm wind-speed reduction factor β. We use a steady quasi-1-D analysis for
the advection and PGF terms. The entrainment term is modelled by assuming self-similar
vertical shear stress profiles (above the top turbine tip). However, the modelling framework
is not specific to the analytical models proposed in the following sections. Equation (3.1)
can be a starting point for future studies using more sophisticated approaches for each
component.

3.1. Net momentum advection
Figure 1 shows a rectangular wind farm control volume, where L is the length of the farm
in the hub-height wind direction, and W is the farm width. Using a quasi-1-D approach,
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Momentum availability model for large wind farms

UF0

ṁout(x)

UF0 βlocal (x)

x
x = 0 x = L

HF HF

W(b)(a)

Figure 1. Control volume analysis for net momentum advection calculation: (a) side view, and (b) front view.

we define the spanwise and vertically averaged wind speed throughout the control volume
as UF0βlocal(x). In our notation, x = 0 is at the front of the farm, and x = L is at the
rear. Note that in figure 1(a), βlocal(0) is not exactly equal to 1 since the wind speed
decelerates upstream of the farm due to the farm blockage effect. Our proposed model
of net momentum advection can therefore capture the impact of farm blockage.

By considering the conservation of mass of an elemental control volume (shown by the
bold box in figure 1), the mass flux out of the farm control volume at position x can be
expressed as

ṁout(x) = −ρHFWUF0
dβlocal(x)

dx
. (3.2)

Note that this could be mass flux out of the top or sides of the farm control volume, but
the flux out of the sides is negligibly small in this quasi-1-D approach (where W � HF).
The momentum flux into the control volume at the front surface (i.e. x = 0) is given by

ṁin,front Uin,front = ρU2
F0 βlocal(0)2 HFW, (3.3)

noting that a positive value represents a net inflow of momentum. The net momentum flux
through the rear surface (i.e. x = L) is given by

ṁin,rear Uin,rear = −ρU2
F0 βlocal(L)2 HFW. (3.4)

The momentum flux through the top surface is the integral of the mass flux and streamwise
velocity at each position x, i.e.

ṁin,top Uin,top = −
∫ L

0
ṁout(x) UF0 βlocal(x) dx. (3.5)

We substitute (3.2) into (3.5) and integrate to obtain

ṁin,top Uin,top = ρU2
F0HFW

[
1
2βlocal(L)2 − 1

2βlocal(0)2
]
. (3.6)

The total net momentum inflow into the control volume is given by the sum of (3.3), (3.4)
and (3.6), i.e.

�MF,Advection = 1
2ρU2

F0HFW
[
βlocal(0)2 − βlocal(L)2

]
. (3.7)

This expression relates the change in momentum advection to the velocity at the front and
rear of the farm.
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0 L
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Farm site

0 L
x
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Farm site

Without farm With farm

(b)(a)

Figure 2. Example variations of (a) local farm wind-speed reduction factor βlocal(x), and (b) pressure p(x),
with streamwise location.

3.2. Pressure gradient forcing
The LES results in the literature have shown that large wind farms can induce additional
pressure gradients across them (e.g. Allaerts & Meyers 2017; Wu & Porté-Agel 2017;
Lanzilao & Meyers 2022). When farms induce additional pressure gradients, commonly a
velocity reduction at the front of the farm is observed. This velocity reduction at the front
of the farm is known as ‘wind farm blockage’. Typically, a velocity increase and pressure
reduction at the rear of the farm can also occur. Figure 2 shows example streamwise
variations of βlocal(x) and pressure.

In this subsection, we propose a simple model for �MF,PGF. We apply Bernoulli’s
equation as an approximation to link the pressure increase to the velocity reduction at
the front of the farm. We neglect changes in gravitational potential energy. It is assumed
that changes in pressure are uniform up to the control volume height HF.

Our aim here is to model an increased pressure difference �p across the farm. The
physical mechanism increasing the pressure difference is not considered directly (e.g.
gravity waves) but is included implicitly in �p, which is composed of a pressure increase
�pfront at the front surface of the farm control volume, and pressure decrease �prear at the
rear surface.

The velocity reduction in front of the farm takes place over a distance Linduction. Without
the farm present, the background pressure force is balanced by the bottom shear stress over
this region, i.e.

h0 �p0 = 1
2ρCf 0U2

F0 Linduction, (3.8)

where h0 is the ABL height without the farm present. Therefore, the ratio of friction head
loss to dynamic pressure is given by Linduction Cf 0/h0. Although Linduction can be an order
of magnitude larger than h0, a typical value of Cf 0 for offshore sites is 0.002–0.003. The
dynamic pressure is therefore typically one to two orders of magnitude larger than the
friction head loss. As such, as a first-order approach, we consider only pressure changes
due to changes in dynamic pressure, justifying the use of Bernoulli’s equation.

Bernoulli’s equation is applied on a streamline from far upstream to the front of the
farm. The increase in pressure force on the front surface of the control volume is therefore
given by

�pfront HFW = 1
2ρU2

F0HFW
[
1 − βlocal(0)2

]
. (3.9)

We then assume that �prear = �pfront, and therefore �p = 2 �pfront. This is a strong
assumption, and in reality, this would depend on the atmospheric conditions. The LES
results of Wu & Porté-Agel (2017) and Lanzilao & Meyers (2022) show approximately
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Momentum availability model for large wind farms

Γ = 1 K km−1 Γ = 5 K km−1

Staggered Aligned Staggered Aligned

βlocal(0)2 + βlocal(L)2 1.519 1.579 1.361 1.473
1 + β2 1.639 1.696 1.548 1.611
Percentage error 7.99 % 7.40 % 13.7 % 9.37 %

Table 1. Percentage errors of approximation βlocal(0)2 + βlocal(L)2 ≈ 1 + β2 using data from Wu &
Porté-Agel (2017). Note that Γ refers to the free atmosphere stratification strength.

equal and opposite pressure changes at the front and rear of the farm, suggesting that
this approximation is valid. However, the LES of Allaerts & Meyers (2017) and Lanzilao
& Meyers (2023) suggest that this assumption is likely to be valid only for certain
atmospheric stratifications.

Then �MF,PGF is given by

�MF,PGF = �p HFW = 1
2ρU2

F0HFW
[
2 − 2βlocal(0)2

]
. (3.10)

Combining advection and PGF terms gives

�MF,Advection + �MF,PGF = 1
2ρU2

F0HFW
[
2 − βlocal(0)2 − βlocal(L)2

]
. (3.11)

Generally, the velocity at the front of the farm is close to the undisturbed value. The
velocity at the rear of the farm tends to be close to the farm-averaged value. As a simple
first-order approach, we assume that the small velocity reduction at the front of the farm,
1 − βlocal(0), is equal to the small increase at the rear (relative to the farm-averaged wind
speed), βlocal(L) − β. As such, we can say that βlocal(0)2 + βlocal(L)2 ≈ 1 + β2. Applying
this approximation to (3.11) gives

�MF,Advection + �MF,PGF = 1
2ρU2

F0HFW(1 − β2). (3.12)

To check the validity of this approximation, we used data from finite wind farm LES
performed by Wu & Porté-Agel (2017). We take the hub-height wind speed normalised
by the inflow value as a proxy for βlocal(x). Note that HF has been defined so that the
hub-height wind speed is approximately equal to the farm-layer-averaged speed (Kirby
et al. 2022). For the four farms simulated by Wu & Porté-Agel (2017), this assumption
gives an overestimation of the order of 10 % (see table 1).

Dividing by the initial momentum supply MF0 gives

�MF,Advection

MF0
+ �MF,PGF

MF0
=

1
2ρU2

F0HFW(1 − β2)

τw0LW
= 1

Cf 0

HF

L
(1 − β2). (3.13)

Although this is an approximation, (3.13) shows that when advection and PGF terms are
combined, the dependence on farm inlet and outlet velocities disappears. Interestingly, this
suggests that the impact of farm-scale flows may not depend directly on the wind speed at
the front of the farm.

3.3. Turbulent entrainment
Wind farms increase the turbulent mixing within the ABL. This increases the momentum
entrainment into the farm (Stevens & Meneveau 2017). This mechanism supplies
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Figure 3. (a) Vertical profiles of shear stress from horizontally periodic LES with and without the farm present
(Abkar & Porté-Agel 2013). (b) Normalised vertical profiles. Note that the legend gives the case names used
by Abkar & Porté-Agel (2013).

momentum to the control volume through the shear stress at the top surface. Then
�MF,Entrainment can be expressed as

�MF,Entrainment

MF0
= τtLW − τt0LW

τw0LW
= τt − τt0

τw0
, (3.14)

where τt is the shear stress at the top of the control volume.
The ABL can be stratified with different profiles of potential temperature, which

can change farm performance (Porté-Agel et al. 2020). In this study, we consider
conventionally neutral boundary layers (CNBLs) because many wind farm LES studies
adopted ABLs with these profiles. The CNBLs have self-similar vertical shear stress
profiles (Liu, Gadde & Stevens 2021). Therefore, if the surface stress and the boundary
layer height are known, then the shear stress at any height can be determined. Note that
the height is normalised by h = h0.05/(1 − 0.052/3), where h0.05 is the height where the
shear stress is 5 % of the surface value.

The self-similarity of shear stress profiles can also be applied to large wind farms. Abkar
& Porté-Agel (2013) performed horizontally periodic LES of CNBLs with and without
turbines present. Figure 3(a) shows the vertical profiles of the shear stress (note that this
is the stress in the hub-height wind direction, xF). Above the turbine top tip (126.5 m in
Abkar & Porté-Agel 2013), the vertical profiles have a similar shape. This suggests that the
stress profile above the turbines is equivalent to an ‘empty’ CNBL with a higher surface
stress.

The black dashed lines in figure 3(a) show the stress profiles above the turbines
extrapolated to the surface (using a second-order polynomial regression). This corresponds
to the total bottom stress, i.e. surface shear stress and turbine thrust. When the stress
profiles of Abkar & Porté-Agel (2013) are normalised by the total bottom stress and
new ABL height, they fall onto the same curve (figure 3b). This shows that the CNBLs
containing wind farms also follow approximately the same self-similar shear stress profile.
Figure 3(b) shows that wind farms increase the total bottom stress and boundary layer
height of CNBLs.

The self-similarity of stress profiles can be used to predict momentum entrainment into
large finite-sized wind farms. As a first-order approach, we consider the vertical shear
stress profile horizontally averaged across the farm. Figure 4 shows a schematic of the
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τw0 Mτw0

HF
h0

h

HF

h0

h

z (m) τt0 τt

τa

Without farm

With farm

τxFz (m2 s–2)

Figure 4. Schematic of vertical shear stress profiles with and without the wind farm.

shear stress profile with and without the farm present. Here, h is the ABL height with the
farm present averaged across the farm site. With the farm present, the shear stress is scaled
by M and the heights are scaled by h/h0.

To determine τt, we need to calculate the undisturbed shear stress at height HFh0/h
(denoted as τa). This is found by linearly interpolating the stress between the top of the
control volume and the surface, i.e.

τa = τw0 − (τw0 − τt0)
h0

h
. (3.15)

Whilst the shear stress profile is not strictly linear, it is approximately linear away from the
top of the ABL. Then τt can be expressed in terms of M and the undisturbed shear stress
profile:

τt = Mτa = M
(

1 − h0

h

)
τw0 + M

h0

h
τt0. (3.16)

Equation (3.16) can be substituted into (3.14) to calculate �MF,Entrainment:

�MF,Entrainment

MF0
= (τt − τt0)LW

τw0LW
= M + M

h0

h

(
τt0

τw0
− 1

)
− τt0

τw0
. (3.17)

The different sources of momentum increase can be summed to calculate M.
Substituting (3.13) and (3.17) into (3.1), we obtain

M = 1 + 1
Cf 0

HF

L

(
1 − β2

)
+ M + M

h0

h

(
τt0

τw0
− 1

)
− τt0

τw0
, (3.18)

which can be rearranged to give

M =
1 + 1

Cf 0

HF

L

(
1 − β2) − τt0

τw0

h0

h

(
1 − τt0

τw0

) . (3.19)

Using (3.1), we can simply sum the different sources of momentum increase. The result
is a single equation to model the impact of farm-scale flows on farm performance. Equation
(3.19) is an approximate expression for M as a function of β and h/h0. Different models
could be used to predict h/h0 in this formula for M. In the next subsection, we present a
simple first-order model for h/h0 as a function of β.
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Farm site

δ(x) δ(x) +
dδ(x)

dx
�x

�x
Boundary layer

height δ(x)

h0

x = 0 x = L
x

Figure 5. Quasi-1-D control volume analysis for ABL flow over a wind farm.

3.4. Boundary layer height increase
In this subsection, we present a simple model for increase in ABL height h/h0 in response
to a wind farm. We use a quasi-1-D analysis of a boundary layer flow over a farm (see
figure 5). Here, δ(x) is the ABL height at streamwise position x. We assume that there is
no mass flux between the boundary layer and the free atmosphere above. The quasi-1-D
approach neglects the effect of flow bypassing around the sides of the farm.

We consider the conservation of mass across a control volume encompassing a section
of the ABL (in bold in figure 5). The velocity averaged over the height of the ABL at
position x is denoted UA(x). We assume that the streamwise variation of UA(x) is the
same as the streamwise variation of βlocal(x). This is strictly not true, but could give a
reasonable first-order approximation of UA(x). Therefore UA(x) = UA0 βlocal(x), where
UA0 is the velocity averaged throughout the undisturbed ABL. The mass flux in through
the left-hand side of the control volume is given by

ṁin = ρUA0 βlocal(x) δ(x) W. (3.20)

Taking the limit as �x approaches 0, the mass flux out of the right-hand side is given by

ṁout = ρ

[
UA0 βlocal(x) + UA0

dβlocal(x)
dx

dx
] [

δ(x) + dδ(x)
dx

dx
]

W,

ṁout = ρUA0 βlocal(x) δ(x) W + ρUA0 βlocal(x)
dδ(x)

dx
dx W

+ ρUA0
dβlocal(x)

dx
dx δ(x) W,

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

(3.21)

whilst neglecting second-order terms. From the mass conservation, ṁin = ṁout, we have

ρUA0 βlocal(x)
dδ(x)

dx
W = −ρUA0 δ(x)

dβlocal(x)
dx

W,

dδ(x)
δ(x)

= −dβlocal(x)
βlocal(x)

.

⎫⎪⎪⎬
⎪⎪⎭

(3.22)

Both sides of (3.22) can be integrated from far upstream to a given position, resulting in

δ(x) = h0

βlocal(x)
, (3.23)

using the condition that far upstream, δ(x) = h0 and βlocal(x) = 1. To find h, δ(x) is
averaged between x = 0 and x = L (as h is the ABL height averaged across the wind

976 A24-10

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
3.

84
4 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2023.844


Momentum availability model for large wind farms

Γ = 1 K km−1 Γ = 5 K km−1

Staggered Aligned Staggered Aligned

1/β 1.250 1.200 1.349 1.281
1
L

∫ L

0

dx
βlocal(x)

1.253 1.202 1.354 1.285

Percentage error 0.244 % 0.160 % 0.414 % 0.248 %

Table 2. Percentage errors of approximation in (3.24) using data from Wu & Porté-Agel (2017).

farm site):
h
h0

= 1
L

∫ L

0

dx
βlocal(x)

≈ 1
β

, (3.24)

where the relationship between β and βlocal(x) is given by β = ∫ L
0 βlocal(x) dx. If βlocal(x)

is constant, then the left-hand side of (3.24) is equal to 1/β, which we assume to be true
generally. In reality, the more βlocal(x) varies, the less accurate this assumption becomes.
If βlocal(x) is close to zero at any point, then the approximation in (3.24) becomes less
accurate. To check the validity of this assumption, we again use the LES data from
Wu & Porté-Agel (2017). For the four farms simulated by Wu & Porté-Agel (2017), the
maximum error of this assumption was approximately 0.4 % (see table 2). Therefore, the
approximation is reasonable for realistic profiles of βlocal(x).

The derivation of (3.24) neglects horizontal flow deflections around the farm. This
assumption is reasonable so long as the mass flux through the top surface of the farm
control volume is much greater than through the sides. The mass flux through the top
surface is given by ρwLW (where w is the average vertical velocity through the top
surface). The mass flux through the side surfaces is given by 2ρvLHF (where v is the
average lateral velocity at the side surfaces). If we assume that v and w are of similar
magnitudes, then neglecting horizontal deflections is reasonable so long as W � HF.

Substituting (3.24) into (3.19), we get the following expression for M:

M =
1 + 1

Cf 0

HF

L
(1 − β2) − τt0

τw0

β

(
1 − τt0

τw0

) . (3.25)

Equation (3.25) is a single algebraic equation to predict the impact of farm-scale flows on
farm performance. It includes the effects of net advection, PGF and turbulent entrainment.
The only environmental parameter needed is the undisturbed shear stress profile. Equation
(3.25) can be used with the two-scale momentum theory to predict farm power. In § 4, we
compare the predictions of farm power output with the results from finite wind farm LES
reported in the literature.

4. Comparison with finite wind farm LES

The two-scale momentum theory presented in § 2 can be used to predict wind farm power.
For arrays of actuator discs (or aerodynamically ideal turbines operating below the rated
wind speed), C∗

p = αC∗
T , where α ≡ UT/UF (with UT the streamwise velocity averaged
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over the rotor swept area). We can estimate α using the expression α =
√

C∗
T/C′

T , where

C′
T ≡ Ti/

1
2ρU2

T,iA is a turbine resistance coefficient describing the turbine operating
conditions. (Note that this is strictly valid only for infinitely large regular arrays of turbines
where the thrust of each individual turbine is identical to farm-averaged turbine thrust.).
The Cp of an actuator disc is therefore given by

Cp = β3C∗
p = β3C∗

T
3/2C′

T
−1/2

. (4.1)

Note that when we are considering an isolated turbine, C′
T is related to the classic turbine

thrust coefficient by the relation C′
T = CT/(1 − a)2 (where a is the turbine induction

factor). Generally, C∗
T depends on the turbine layout, but its upper limit may be predicted

by using an analogy to the classical actuator disc theory (Nishino 2016), as

C∗
T = 16C′

T
(4 + C′

T)2 . (4.2)

Note that (4.2), like the classical actuator disc theory, is valid only for induction factors
up to 0.5. Since this model predicts an upper limit of C∗

T for a given C′
T , it can be used

to predict an upper limit to farm performance (Kirby et al. 2022). Using this model with
β = 1, the power coefficient of an isolated turbine Cp,Betz can also be retrieved as

Cp,Betz = 64C′
T

(4 + C′
T)3 . (4.3)

It is important to note that (4.1) and (4.2) are strictly valid only when UT,i is the same for
all turbines. However, in this study, we consider only wind farms in which C′

T is the same
for all turbines, and in this case, (4.1) and (4.2) can be applied in an approximate manner
even when UT,i varies throughout the farm.

We used the new model of M (3.25) with the two-scale momentum theory (2.1) with
γ = 2 to predict wind farm power, i.e. solving

(
C∗

T
λ

Cf 0
+ 1

)
β2 =

1 + 1
Cf 0

HF

L
(1 − β2) − τt0

τw0

β

(
1 − τt0

τw0

) (4.4)

for β, which is then substituted into (4.1) to calculate Cp. The definitions of Cp, C∗
T and

C′
T are summarised in table 3.
We compared the predictions against finite wind farm LES results from Wu &

Porté-Agel (2017), Allaerts & Meyers (2017) and Lanzilao & Meyers (2022). We selected
these studies because they simulated large wind farms (longer than 15 km in the
streamwise direction). They published the undisturbed vertical shear stress profile, which
is a required input to the model for M. These studies were also selected because the results
are normalised by the power of an isolated turbine rather than the front row turbine power.
The three studies performed LES of four farms with staggered turbine layouts, and six
farms with aligned layouts.

Kirby et al. (2022) reported that C∗
T varied with turbine layout due to turbine–wake

interactions. The upper limit of C∗
T was predicted well by (4.2). Staggered layouts will tend

to have C∗
T values close to this upper limit; hence (4.2) and (4.4) can be used to predict
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Symbol Name Formula Note

Cp Average turbine power coefficient
∑n

i=1 Pi
1
2 ρU3

F0nA
UF0 is the undisturbed

farm-layer-averaged wind
speed.

C∗
p Average ‘internal’ turbine power coefficient

∑n
i=1 Pi

1
2 ρU3

FnA
UF is the farm-layer-averaged

wind speed with the turbines
present.

C′
T Turbine resistance coefficient

Ti
1
2 ρU2

T,iA
UT is the wind speed averaged

over the rotor swept area.

C∗
T Average ‘internal’ turbine thrust coefficient

∑n
i=1 Ti

1
2 ρU2

FnA
Determined by turbine operating

conditions and layout.

Table 3. Summary of turbine power and thrust coefficients.

their Cp and give a direct comparison with staggered wind farm LES. Kirby et al. (2022)
also showed that turbine–wake interactions could reduce C∗

T by up to approximately 20 %,
depending on turbine spacings and wind direction. However, the effect of turbine spacing
on C∗

T was not studied explicitly for any specific wind direction; therefore, we cannot make
a direct comparison with LES of aligned layouts. Nonetheless, we used a 20 % reduced C∗

T
value to predict a lower limit for Cp (with the largest turbine-scale loss expected for aligned
layouts with a small turbine spacing). This allows a qualitative comparison with LES of
aligned wind farms, showing whether our model can capture correctly the observed trends
of farm performance under different ABL conditions.

We used the analytical model to predict the farm-averaged power normalised by the
isolated turbine power, i.e. Cp/Cp,Betz. Allaerts & Meyers (2017) and Lanzilao & Meyers
(2022) used an actuator disc no-rotation model for the turbines, with C′

T = 1.33. For these
studies, we used C∗

T from the actuator disc theory (4.2) as an upper limit for C∗
T in (4.4), and

then used the expression Cp/Cp,Betz = β3. For this C′
T value, the actuator disc theory gives

C∗
T = 0.75. Wu & Porté-Agel (2017) used an actuator disc with rotation implementation

for the turbines. As the value of C′
T was unknown, we used the published thrust coefficient

curves (Wu & Porté-Agel 2015) to find an upper limit for C∗
T . For the lower limit, we used a

20 % reduced C∗
T value in (4.4) and then the expression Cp/Cp,Betz = β30.81.5 (assuming

that C′
T is unaffected by the turbine layout). Note that this expression comes from (4.1)

using a C∗
T value that is 80 % of the upper limit.

Lanzilao & Meyers (2022) normalised the turbine power by the power of an imaginary
turbine row 10 km upstream of the farm. However, small reductions in wind speed were
observed 10 km upstream for the stratified boundary layer. We instead normalised farm
powers from this study by the imaginary upstream power for the neutrally stratified
case. This is because the neutrally stratified case had a much smaller reduction in wind
speed upstream of the farm. The imaginary upstream turbine power of the staggered and
aligned farms in the stratified boundary layer were 6.24 MW and 6.17 MW, respectively
(L. Lanzilao, personal communication 2023). For the staggered farm in the neutrally
stratified case, it was 6.61 MW (L. Lanzilao, personal communication 2023).

A summary of comparisons between the model predictions and LES is shown in
figure 6. Generally, the staggered LES results are close to the upper limits predicted by
the two-scale model. The aligned layouts are close to the lower limit of the predictions,
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�1 �5 S1 S2 S4 CA & CS NS
0

0.2

0.4

0.6

C
p/

C
p,

Be
tz

Wu & Porté-Agel (2017) Allaerts & Meyers (2017) Lanzilao & Meyers (2022)

Staggered LES

Aligned LES

Two-scale prediction

Figure 6. Comparison of farm-average performance predicted by the two-scale model and results from LES.
The upper end of each black line corresponds to the upper limit of farm performance predicted by the two-scale
model (i.e. without ‘turbine-scale loss’), whereas the lower end corresponds to the lower limit predicted
assuming that the turbine–wake interaction causes a 20 % reduction of C∗

T .

Wu & Porté-Agel (2017) Lanzilao & Meyers (2022)

Γ = 1 K km−1 Γ = 5 K km−1 CS NS

λ 0.0160 0.0160 0.0314 0.0314
Cf 0 0.00557 0.00501 0.00314 0.00314
HF/L 0.00875 0.00875 0.0188 0.0188
τt0/τw0 0.571 0.391 0.475 0.475
βmodel 0.847 0.816 0.821 0.821
Mmodel 2.41 2.40 5.74 5.74
Cp,model/Cp,Betz 0.607 0.543 0.554 0.554
Cp,LES/Cp,Betz 0.639 0.521 0.585 0.570
(Cp,model − Cp,LES)/Cp,LES −5.00 % 4.33 % −5.39 % −2.87 %
(Cp,model − Cp,LES)/Cp,Betz −3.20 % 2.25 % −3.15 % −1.63 %

Table 4. Model parameters and percentage errors in predicting the average power of staggered wind farm
LES.

except for the results from �1 in Wu & Porté-Agel (2017), where the LES power is
higher than the model predictions. The analytical model predicts well the decrease in farm
performance with decreasing capping inversion layer height (1000 m, 500 m and 250 m for
cases S1, S2 and S4, respectively) observed by Allaerts & Meyers (2017). For the results of
Lanzilao & Meyers (2022), the staggered wind farms had very similar performances in the
neutral (NS) and conventionally neutral (CS) boundary layers. The two-scale predictions
are exactly the same for these two cases because the shear stress profiles were identical.

Note that we made direct comparisons between the two-scale model predictions (without
turbine-scale losses) and LES for staggered layouts because these layouts are close to
‘optimal’ and give a C∗

T value close to the theoretical value given by (4.2) (irrespective of
turbine spacing). For the aligned layouts, the exact value of C∗

T depends on turbine spacing,
therefore a direct comparison is not currently possible. Table 4 shows the percentage error
in farm power predicted for the four staggered farms. When normalised by the farm power
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predicted by LES, the error was typically approximately 5 % or less. Normalising by the
isolated turbine power predicted theoretically gave errors of approximately 3 % or less.

5. Discussion

This study proposes a novel framework for modelling farm–atmosphere interactions.
Equation (3.1) is a general expression for the farm momentum increase as the sum of
contributions from different mechanisms. This allows each mechanism to be modelled
separately. In this study, we considered contributions from net momentum advection
(including farm blockage), PGF and entrainment. Equation (3.1) could provide a
framework for combining different or improved models of each mechanism in the future.

We have proposed simple analytical models for each mechanism increasing farm
momentum supply. The models make quasi-1-D and steady flow assumptions. The simple
momentum availability factor model can be coupled with the two-scale momentum
theory to predict farm power. The predictions for staggered farms had a typical error of
approximately 5 % or less. The model predictions are for the average power of a finite-sized
farm rather than just the power in the fully developed region, i.e. the model captures the
effect of the development region and the farm size.

The only environmental parameter required as an input to the model is the undisturbed
vertical shear stress profile of the ABL. The model seems to capture most of the impact
of ABL height. The proposed model also considers the effect of farm blockage (or the
reduction of wind speed upstream of the farm) as part of the advection modelling. This is
a physics-based approach to predicting instantly the power of a finite-sized farm without
tuning or empirical coefficients.

Our model derivation suggests that the effects of farm blockage and increased PGF
could (at least partly) counteract. Note that this is a direct result of our assumption
that the pressure changes at the front and rear of the farm are of equal magnitude.
A strong free-atmosphere stratification reduces the wind speed in front of the farm (Wu &
Porté-Agel 2017; Lanzilao & Meyers 2022). This reduces the net advection of momentum
into the farm. When this occurs, an additional pressure gradient tends to be induced
across the farm, which increases the momentum supply to the farm. This suggests that
the negative effect of farm blockage on the farm power could be somewhat counteracted
by the increased PGF. The extent to which these effects counteract will likely depend
on atmospheric conditions. For cases NS and CS in Lanzilao & Meyers (2022), the
atmospheric conditions are kept constant except for the free-atmosphere stratification. The
CNBL case (CS) showed a much greater farm blockage, yet both cases had a similar
farm-averaged power, supporting the above argument. The very recent LES study of
Lanzilao & Meyers (2023) also suggests that farm blockage often occurs with an increased
PGF. However, the degree to which these effects counteract remains unclear. Hence
the relationship between farm blockage and PGF seems important and requires further
investigation in the future.

Our model can provide physical insight into how farm efficiency changes with
atmospheric conditions. Figure 7 shows the predicted values of M and β for the LES
studies considered. The model predicts an approximately linear relationship between M
and β for a given atmospheric condition, as observed previously by Patel et al. (2021). The
linear relationship is explained further in Appendix A. For the results of Allaerts & Meyers
(2017), S1 had the highest initial inversion layer, and S4 the lowest. Figure 7 shows that
the momentum increase (or the value of M) is relatively insensitive to the initial inversion
layer height. However, to achieve a certain momentum increase, a lower inversion layer
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1 − β
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M
 −
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�1

�5

S1 S2 S4 Wu & Porté-Agel (2017)

Allaerts & Meyers (2017)

Lanzilao & Meyers (2022)

Staggered LES

Aligned LES

Figure 7. Predicted values of momentum availability factor M and farm wind-speed reduction factor β. Here,
β is calculated using (4.4), and M using (3.25), for the flow conditions and farm configuration used in the LES.
Note that the lines are calculated using (A5).

0 1 2 3 4

τxz/τw0 τxz/τw0

0.5

1.0

z/h0

HF/h0

HF/h0

0 1 2 3 4

0.5

1.0 Without farm

With farm
�MF,Entrainment

MF0

(b)(a)

Figure 8. Contribution of entrainment to farm momentum availability factor M for (a) thin initial ABL and
(b) thick initial ABL.

has a greater wind-speed reduction (i.e. a larger value of (1 − β) in figure 7). The lower
wind speed results in S4 having a lower farm efficiency than S1 (see figure 6).

A thicker ABL can increase the farm momentum supply with a smaller wind-speed
reduction. To illustrate this, we consider the momentum response of two ABLs: a thin
ABL (with HF/h0 = 0.75) and a thick ABL (with HF/h0 = 0.25). For both ABLs, we use
a typical value for large offshore farms of (1/Cf 0)(HF/L) = 7.5, and set M = 4 (which
means physically that the ‘internal’ conditions of the farm are adjusted to achieve M = 4).
The value of β can be calculated using (3.25) for both scenarios. The new and undisturbed
shear stress profiles are shown in figure 8. The thin ABL has a smaller entrainment of
momentum at the top of the control volume. The top of the control volume is closer to
the top of the boundary layer where the velocity shear is lower. Therefore the thin ABL
is less efficient at entraining momentum into the farm. With less momentum entrainment,
more momentum has to be supplied through advection and PGF in order to achieve the set
level of M (see figure 9). These mechanisms increase the momentum supply by reducing
the farm-averaged wind speed (3.13). In thicker ABLs, more momentum is supplied to the
farm through entrainment, and the advection and PGF supply less momentum. Thicker
ABLs can therefore sustain higher wind speeds in the farm and thus have a higher farm
efficiency.

This study presents only a preliminary comparison with wind farm LES. To fully
validate the proposed model, a comparison with a larger set of LES would be required,
which will be the focus of future work. A comparison of model predictions with
field observations (such as SCADA data) could also be investigated in future studies.
A limitation of the proposed model is that the quasi-1-D analysis captures only the
first-order effects. However, the model still gave a close agreement with LES results. More
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Thin ABL Thick ABL
0

1

2

3
M

 −
 1

1

Cf 0

HF

L
(1 − β2)

�MF,Advection

MF0

MF0

+
�MF,PGF

MF0

�MF,Entrainment

Figure 9. Decomposition of farm momentum availability factor M into entrainment, and advection and PGF
terms for (a) a thin initial ABL and (b) a thick initial ABL. Note that the heights of the green bars in this figure
correspond to the widths of the green bars in figure 8.

detailed flow physics was not considered explicitly (e.g. gravity wave excitation) but could
be included in future studies. Future work will also aim to predict C∗

T for different turbine
layouts and operating conditions. As an example, Legris et al. (2023) and Kirby et al.
(2023) used a wake model to predict C∗

T for different farm designs. Future studies will also
focus on the farm–atmosphere interaction under more realistic atmospheric conditions.

It should also be noted that in reality, the assumption of scale separation is not expected
to be strictly valid. The entrainment of momentum into the wind farm could depend on
the exact turbine layout and not just the farm-average wind-speed reduction. Therefore,
to capture higher-order effects, the entrainment component of the model may need some
parameters that depend on the internal (turbine-scale) conditions.

6. Conclusions

In this study, we proposed an analytical model of the momentum availability factor for
large wind farms. This is a simple model to predict instantly the impact of farm-scale
flows on farm performance. This study considered changes in net advection, PGF and
turbulent entrainment as the factors contributing to the momentum availability. We derived
the model using a steady quasi-1-D control volume analysis and assuming self-similar
vertical shear stress profiles. The only environmental parameters required as input to the
model are the undisturbed vertical shear stress profiles. We used the new model with
the two-scale momentum theory (Nishino & Dunstan 2020) to predict large farm power
production. The model compared well with existing LES of finite wind farms in CNBLs.
The model captured the impact of ABL height and farm size on farm performance.
A direct comparison with LES of staggered farms showed a typical error of 5 % or less.

This study also provides a new framework for modelling farm–atmosphere interactions.
The momentum availability factor is expressed as the sum of contributions from different
physical mechanisms. As such, the different mechanisms can be modelled separately. We
used first-order analytical models for the different components. Despite the simplicity,
the model predicts farm power with close agreement to finite wind farm LES. Only
one algebraic equation needs to be solved analytically to calculate the farm wind-speed
reduction factor β and thus predict farm performance. It also provides a physics-based
method to predict farm blockage effects and the impact of ABL height. Future studies
could use more advanced models for the different components of the momentum
availability factor. This could provide more accurate predictions of wind farm power
production.
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Appendix A. Approximate expression for wind extractability factor ζ

Patel et al. (2021) used twin NWP simulations to calculate M for a realistic wind farm site.
They found, for most cases, that M varied almost linearly with the farm induction factor
(1 − β). As such, M can be modelled as

M = 1 + ζ(1 − β), (A1)

where ζ is the ‘wind extractability factor’ (which is identical to what Nishino & Dunstan
(2020) originally proposed as the ‘momentum response factor’). Kirby et al. (2022)
reported that ζ varied with atmospheric conditions and decreased exponentially with wind
farm size. The analytical model of M developed in this study can be used to derive an
approximate expression for ζ , as (3.25) can be expressed as

M = 1
β

+
1

Cf 0

HF

L

1 − τt0

τw0

(1 − β)(1 + β)

β
. (A2)

This can than be expressed in terms of farm induction factor (1 − β), e.g.

M = 1
1 − (1 − β)

+
1

Cf 0

HF

L

1 − τt0

τw0

2(1 − β) − (1 − β)2

1 − (1 − β)
. (A3)

The functions of (1 − β) in (A3) are approximately linear for a realistic range of (1 − β)

(see figure 10). The analytical model of M (3.25) developed in this study therefore
predicts the quasi-linear momentum response observed in NWP simulations. We use linear
interpolation for (1 − β) between 0 and 0.2 (a realistic range) to find linear approximations
to the functions of (1 − β). As such, M can be approximated by

Mapprox = 1 + 1.18(1 − β) +
2.18
Cf 0

HF

L

1 − τt0

τw0

(1 − β). (A4)
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Figure 10. Linear approximations for terms (a) 1/(1 − (1 − β)) and
(b) (2(1 − β) − (1 − β)2)/(1 − (1 − β)) in M expression (A3).
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Figure 11. Percentage error of (a) ζapprox and (b) Mapprox.

Equation (A4) can be used to derive an approximate expression for ζ , i.e.

ζapprox = 1.18 +
2.18
Cf 0

HF

L

1 − τt0

τw0

, (A5)

using the expression ζ = (M − 1)/(1 − β). Equation (A5) predicts the inverse
relationship of ζ with farm size reported by Kirby et al. (2022). This expression can
be simplified further by assuming that the vertical shear stress profile is linear up to the
boundary layer height (as assumed in the discussion of figure 8 earlier). The expression
for ζapprox then becomes

ζapprox = 1.18 + 2.18h0

Cf 0L
, (A6)

where we refer to L/h0 as the farm size ratio.
The minimum value of ζ depends on the response of the ABL. If the ABL height

is constant (i.e. with a rigid lid), then ζ tends to zero for an infinitely large farm. The
minimum value of ζ is non-zero even for an infinitely large farm if the ABL height
increases in response to the farm. Differentiating (3.25) (with L = ∞) gives

ζ = d(M − 1)

d(1 − β)
= 1

β2 , (A7)

which gives ζ = 1 for (1 − β) = 0, and ζ = 1.56 for (1 − β) = 0.2. Note that to derive
(A6), we performed a linear regression for 0 < (1 − β) < 0.2, giving a minimum value of
ζapprox of 1.18. Therefore, the minimum value of ζ for realistic ABLs is expected to be 1.
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Figure 12. Sensitivity of farm-averaged power coefficient Cp to farm size ratio L/h0 for low (λ = 0.008) and
high (λ = 0.03) array densities, for (a) low and (b) high surface roughness values, for a fixed turbine resistance
coefficient C′

T = 1.33.

The discrepancy between ζapprox and the ‘true’ ζ (obtained without the linear
approximations) is a function of only ζapprox and (1 − β). Figure 11(a) shows the
percentage error of ζapprox for a realistic range of ζapprox and (1 − β). The maximum error
is approximately 10 %, and this occurs for low values of (1 − β). However, for low values
of (1 − β), the value of Mapprox is relatively insensitive to the value of ζapprox. Figure 11(b)
shows the percentage error of Mapprox, which is typically less than 5 % for realistic farms.

Appendix B. Sensitivity of farm performance to farm length L

Depending on the farm layout, the streamwise farm length L could vary with wind
direction. Hence it is useful to know how the farm power changes with increasing the farm
size ratio L/h0. Equations (2.1), (A1) and (A6) are solved for β, which is then substituted
into (4.1). The results are shown for a low surface roughness in figure 12(a), and for a high
roughness in figure 12(b). Note that the results in figure 12 are for a C′

T value 1.33 and
C∗

T calculated using (4.2). Here, L/h0 varies from 10 to 100, corresponding to a 10 km
long farm in a 1 km ABL height, up to a 30 km long farm in a 300 m ABL height, for
example. Figure 12 shows results for farms with both a high array density (λ = 0.03) and
a low density (λ = 0.008). This corresponds to farms with average turbine spacings 5D
and 10D, respectively.

Figure 12 shows that for all scenarios, the farm power decreases with increasing the
farm length. The farm power is most sensitive to the farm length for small farm size ratios
(i.e. shorter wind farms or thicker ABLs). This suggests that as wind farms become larger,
the performance could become less sensitive to wind direction. It should also be noted
that the farm power is generally higher when the surface roughness is higher, even though
the wind extractability factor decreases as the surface roughness increases (see (A6)). This
is because the effective array density λ/Cf 0 decreases as the surface roughness increases
(Nishino & Dunstan 2020).
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