THE DIVIDED CENTRAL DIFFERENCES OF ZERO

L. CARLITZ anxp JOHN RIORDAN

1. Put
1) Si(m) = 2 n* Tu(m) = 2 n""
n=1 n=1
In a recent paper (4), Lohne showed that
KK, (m+ s)!
(2) Si(m) = ;gzm,
_2m+1 XK, (mAs)!
(3) Tylm) == ;2s+1(m—s)'.’

where the coefficients K, are positive integers and form a numerical triangle

defined by

(4) K. = K7,1‘+1 =1,
(5) I<T+1.x = Kr,x—l + SQKH-
Tambs Lyche (7) showed that
LS e 20T 1)
(6) Krs‘ t2=2( 1) (S‘—t)'(S—i‘t)‘ (S}Q).

Formulas (2) and (3) closely resemble the well-known expressions for power
sums in terms of Stirling numbers of the second kind, namely

_s_ b )
;n - Szls—l—lA (m — s)! (r>1),

where the Stirling numbers A4,; are defined by 44 = 1 and
(7) Ap =4, =1, AH—l,x = Ar,s—l + sd,,.

It is accordingly of some interest to see how the coefficients K,, and . ,, are

related.
From either (2) or (3) we get (Lohne’s defining relation)

(8) it = Znglﬂ_j”_S—l)'.

(m — s)!

This can be rewritten as
741

(9) m™ = Y K,ym'm’ —1%) ... (m* — (s — 1)?)
s=1
= Krs [2S]v
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the last using the notation of Steffensen (6) for central factorials, defined
by (6, p. 8)
m" =mm+n/2 —1)(m+n/2—-2)...(m—n/2+1).

Equation (9) may be taken as the starting point. Note first its resemblance
to

T
= > A,mim —1) ... (m—s+1).
s=0
Next, since
QO[2s] — m[2s+2] + S2m[2s]’

equation (5) follows at once. For a general expression for K,,, introduce the
central difference §:

of(x) = flo + 1/2) — flx — 1/2)
and note that
Sxll = gyl

Then for any polynomial f(x) (6, p. 13)
fle) = 2 ="6%(0)/s!.
s=0
Used with equation (9), this shows that
(10) K, = 6250272/ (2s) ! ;

in words, the K,, are the divided central differences of zero, of even order.
Written out, (10) is the same as

(10a) K, = @ )'Z‘i (—1) (2S> (s — )+

(25).2 (—1) (25) (s — O™,

the second form by symmetry. The second form is similar to (6) and their
equivalence is readily verified. We remark that the Stirling numbers 4, are
the divided (ordinary) differences of zero.

Finally, the following results are immediate consequences of (9):

r+1

; (=1)((s — HD’K,, = 0,

T+1

z:jl (=)' +1HA+2) ...+ (s — DHK,, = (—-1)".

2. Turn now to generating functions. First, using (10a),

P 2742 2s z(s—1) —z(s—1)
X 1 _ ,<2s> <e + e _ >
L Kng 1oy = i (D 2 1
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so that
oS x27+2 1 N s
() LEnG i@~ 6>
Then from (11)
© © x2r+2y28
________ - inh 1x) —
(12) Z::O ;K” @ ¥ 91 cosh(2y sinh 1x) — 1.

These results may be compared with
(13) 2)4475907/7! = (¢ —1)°/s!, Ti:o i{)A,sx’ys/r! = exp(y(e® — 1)).
Again, returning to (4) and (5), and writing
K x) = ;}K”xr,

it is evident that
(1 = s)K,(x) = xK;_1(x),
Kl(x) (]- - x)_lv

I

so that
(14) Ki(x) =x7/(1 —x)(1 —2%) ... — s%),

which may be compared with (3, p. 175; 5, p. 43)

(15) i:A,SxT=x°'/(1 —x)(1 —2x%) ... (1 — sx).

The generating functions lead to relations of the numbers as follows. First,
by (11) and (13),

© 2r © r
¥ e ¥
TLZJIKT—].,S (27)! =€ rzzo/lr,‘ls 7’! y
which implies
2r
(16) K, = Z (—1)j<3-r>5jA/12r~j,‘zm
j=0

4 r—2j1-
(17) Ar,‘.!x = Z <2]>S QJE‘JI—LSY

2jLr

and, incidentally,
2r+1 ¢
0= (—1)](2’ + 1>sz2,+1_]-,2_V.
=0 J
Next, by (14) and (15),
ZKmeJr‘l = (—'1)§Z A/l”xrz A ls(_x)Lv
=0 =0 t=0

so that
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2r—s

(18) Kr—l,s = Z (_I)S-HA zsA2r—t,s-
—s

3. For relations with Bernoulli numbers, we recall that

m—1

nL=41”r = (Bra(m) — Bra)/(r + 1),

where By (x) is the Bernoulli polynomial of degree & (B;(0) = B;). Thus by (1)
Sr(m) = m**+1 + (Bapyo(m) — Barys)/ (27 + 2).
Comparing this with (2) we get

Baria(m) — Baygs
@2r 4+ 2)m

r+1K . . 2 2
St - - DY) =

Since
L (k
Bi(x) = Zﬂ (s >Bk-sx81

we find, equating coefficients of m,
r+1

(19) (2r + 1)By, = ; (=D (s — DNS K,

which may be compared with the corresponding representation in Stirling
numbers (5, p. 45)

_ Zo (=)' (s + 1),

From (19) and (10a) we get the explicit formula

s w1(s —1 — D! oo
200 @+ DBy = X E<U+“tﬁ$wp

t=—s

Since for # > 0, both B,y = 0 and §2°02+1/(25)! = 0, it follows that

@y +B = ¥ o3 ol

0<2s<r+2 t=—3§

4, The Stirling number polynomials

a.(y) = ; 4,9

are familiar. They are defined effectively by the second generating function
of (13), or by one of its consequences

(22) ar1(y) = yla(y) + 11" = Z (Z)yas(y)-

§=

Put a.(1) = a..
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Analogously we define
741

k27+2(y) = ;Krsy%y

whose generating function by (12) is

(23) cosh(2y sinh 3x) = 2 ko, (9)x™/(20)!  (ko(y) = 1).
=0
It is also convenient to define ks, ((y) by
(24) sinh (2y sinh 3x) = 2 Barpa ()™ /(2 + 1)1
so that
(25) exp(2y sinh 3x) = > B (y)x"/7!.
=0
Since, with D = d/dx,
v sinh(2y sinh 3x) = sech %x D cosh(2y sinh 3x)
zH—l
= SeCh sz k27+2(y) (27 + 1)‘

and

sech 3x = z 27y (20)!

=0

where the E,, are the Euler numbers in the even suffix notation, it follows
that

(2 1\ __o,
(26) yk2r+1(3’) = Z < T;; >2 2Ezsk27_23+2(y).

s=0

Differentiation of (25) gives
y cosh 1x exp(2y sinh 3x) = Z Eoi(y)x"/r!

and therefore

(27) kria(y) =92 ( )2 Phras(9),

2s<r

which may be compared with (22).
The first few values of k,(y) are

ko(y) =1, k() =% ka(y) = "+ 5%,
1 5
k) =y, kO =ty+y, kO =yt o0
Now let p be a fixed odd prime. Differentiating (25) p times we get

(28) D" exp(2y sinh 3x) = Z krp(3)x" /7!
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By the formula for derivatives of a composite function (5, p. 35) we find that
D? exp(2y sinh 3x) = V,(g1, ..., g) exp(2y sinh x)
with Y, the Bell multivariable polynomial, and

gr = D* (2y sinh Ix).

But, see (1),
Volgn, - » &) =& + g (mod p)
and
g, = ¥ 27 cosh $x = y cosh 1x (mod p),
g1? = »” (cosh 3x)? = 3*  (mod p).
Hence

D? exp(2y sinh 3x) = (D + »?) exp(2y sinh ix) (mod p)
and by (28) we get
(29) krp(¥) = krpa(y) + 37k (y) (mod p).

This congruence is of precisely the same form as the congruence satisfied

by the a.(y) defined above, namely, see (8),
arp(¥) = a1 (y) + 9%, (y)  (mod p).
It follows that the numbers k, = k,(1) have the same period as the a,; that
is, by the result given in (2)
(30) kryp =k, (mOd P)
where
P=@pr—1F—-1"

Some further properties of the numbers &, are as follows. First k., is integral,
while k2,41 has the denominator 227, Indeed it follows at once from (27) that

22kg, 1 =1 (mod 4);
more precisely
2%kori1 =1+ 4727 — 1) (mod 16).
To find the residue (mod 4) of k.., it is convenient to define

1
(31) k§r+2 = Z_IKN.

s odd

Then by (5)

K,s=K, 1,1+ K, 1,5 (mod 4) (s odd).
Summing this over odd s gives
(32) kbrye = ko, (mod 4).
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On the other hand
K,y=K, 1. (mod 4) (s even)
so that
korre — Ry = kb, (mod 4).
Using (32) this becomes

(33) korre = Rar + koo (mod 4).
Iteration of (33) shows that
(34) korp12 = ke, (mod 4).

Thus the period (mod 4) is 12, and

kir =1, Rirps = 2, kiays = 1:}

d 4
ki =1, kioris = 3, Riarp10 = 0. (mod 4)

This shows that the only even ks, are those of the form kg, 4.
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