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TENSOR PRODUCTS OF FUNDAMENTAL 
REPRESENTATIONS 

GEORGE KEMPF AND LINDA NESS 

Let G be a reductive group over a field of characteristic zero. Fix a Borel 
subgroup B of G which contains a maximal torus T. For each dominant 
weight X we have an irreducible representation V(X) of G with high
est weight X. For two dominant representation Xx and X2 we have a de
composition 

V{XX) ® V(X2) = e m+VW). 

This decomposition is determined by the element 

of the group ring of the group of characters of T. 
The objective of this paper is to compute r(Xx, X2) for all pairs Xx and 

X2 of fundamental weights. This will be used to compute the equations for 
cones over homogeneous spaces. This problem immediately reduces to the 
case when G has simple type; An, Bn, Cn, Dn, E6, El9 Es, F4 and G2. We will 
give complete details for the classical types. For the case An we will work 
with GLn. Here the result may be easily deduced by the well known 
Hardy-Littlewood formula but the casual reader may get the general idea 
of our proof from this simplest case. We do not know when a generaliza
tion of Littlewood-Richardson to the other classical groups will be avail
able, but my results show that the situation is much more complicated 
than the general linear case. 

1. Statement of the results for classical groups. Let (t{,.. ., tn) be the 
diagonal n X n matrix with given coefficients. These elements form a 
maximal torus T of GL(n). Let 

4 = n tj 

be characters of T. Then dx,.. . , dn_x are fundamental weights for GLn. 
Let rn(di9 dj) be r(di9 dj) for GL(n). Then 
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634 G. KEMPF AND L. NESS 

THEOREM (GL(n) ). If 0 ^ i ^ j ^ n9 then 

rrXdv dj) = 2 drdj+i_r 

where d* = 0, if * > n. 

Let (fj, . . . , tn, t\ , . . . , / f ) be the diagonal 2/z X 2/z matrix with given 
coefficients. These elements form a maximal torus T of Sp(2n). Let 

4= n /, 
be characters of T. Then dl9. . . 9dn are fundamental weights for Sp(2n). 
Let /•„(</., ^ ) be r(di9 dj) for 5/7(2/1). Then 

THEOREM (Sp(2n) ) . If 0 ^ i ^ j ^ n, then 

rn(di9 df) = 2 2 44+I-_r_2* 

where d* = 0 if * > n. 

Let (/„ . . . , / „ , 1, f"1, . . . , ff1) be the diagonal (In 4- 1) X (2/i + 1) 
matrix with given coefficients. These elements form a maximal torus T of 
0(2w + 1). Let 

4 = I l (, 

be character of T. Let T7 be the inverse image of T in the universal 
i / ^ 

covering group G of 0(2« + 1). Let spinw be the character dn of T. 
Then d{9 . . . , dn_x and spin„ are the fundamental weights of G. Let 

rn(di9 dj)(rn(dir s p i n j , rw(spinw, s p i n j ) 

be 

r(di9 dj)(r(di9 s p in j , r(spin„, s p i n j ) 

for G. 

THEOREM (0(2/I 4- 1) ). (a) If 0 ^ i ^ j ^ n9 then 

rn(di> dj) = 2 2 drdy + j-r-^},, 

where 

{x}n = xifx^n 

and 

{x}n = In + 1 — x if x > n. 
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FUNDAMENTAL REPRESENTATIONS 635 

(b) rn(di9 spin„) = 2 ds spin„ 

(c) ^(spin^, s p i n j = 2 ds. 

Let (tl9.. . 9tn9t~
l
9.. . 9t^~l) be the diagonal In X In matrix with given 

coefficients. These elements form a maximal torus T of (P(2n). Let 

and let d€
n = dn__xf^ where e = + or —. Let T be the inverse image of 

T in the universal covering group G of 0(2n). Let 

spin; = « ) 1 / 2 

be a character of T. Then dl9.. . , dn_l9 spin^, spin" are the fundamental 
weights of G and 

spin+ spin; = dn_v 

Let 

rn(di9 dj)(rn(di9 spin*), rw(spinj, spin*2) ) 

be r(di9 dj) (etc.) for G. 

THEOREM (0(2W) ). (a) I/O ^ i ^ j: ^ n - 1, then 

rn(di9 dj) = 2 2 ' ^ + y - r - 2 , ] n 

where [x]n — x if'x = n and [x]n = 2n — x if'x > n and the prime means 
replace the term drdn by (drd^ + drd~). 

(b)lf0^i^n- 1, then 

rn(di9 d
€

n) = 2 C 2 ( 8 " + „ - r - 2 5 H ^ + „ - r - ^ 

where the € means dn = d\ and S* = 1 if * ^ n and 0 if * > n. 

(c) /•„(<£, o = 2 ^ 

(d) /•„(<£, 4 ) = 2 dpdq 
O^p^q^n 

p=q^n«2)) 

where dn = d€
n. 

(e)lf0^i^n- 1 then 
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636 G. KEMPF AND L. NESS 

rn(di9 spin*) = 2 dt_s spin£(c) 

where 8s(e) = e if s is even and = — e if s is odd. 

(f) rn(spin<, spin;6) = dn_x + 2 dn_x_2x. 
l^x^((«- l ) /2) 

(g) /*„(spin6, spin€„) = d\ + 2 dn_2x. 

2. The proof for GLn. We will proceed by induction on n. We embed 
GLn_x in the upper left-hand part of GLn. We will use the notation of [1] 
except that x(*P) = e - \f/ where the previous notation was x(^) = * * Vty). 
By the main result of [1] we have 

rnW\, *2> = X o M o Ltyx(t) • ̂ 20O ) 

where L is a definite linear operator from the group ring of two copies of 
the weights to itself and M is the linear operator such that 

M(HO • H*) ) = *i • *2-
Now let ' denote the analogous operations for GLn _ x. Then x " X' = X 

and L = Lï o H where H is the product 

^ ( M , / I - 1 ) ° * ' • ° ^(«,1)-

Thus 

'«Wi, h) = XOX'oMoL'o HihityMs) ). 

Hence 

(A) rn(xPh xp2) = 2 CkXfrn-fa, t)k) ) 

where 

This formula may be derived directly from the fibering argument men
tioned in [2]. We will use formula (A) for our induction on n. 

The representations with weight d0 or dn = det are one dimensional. 
Therefore 

rn(d*, $) = $ ' d* if * = 0 or n. 

As di: = 0 if / > n, our formulas are true when i = 0 or n or j: = 0 or n. 
In particular the formulas are true for GLX. Thus by induction we 
may assume n > 1 and the formulas are true when n = n — 1. For any 
1 ^ / ^ n — 1 by the formula for H we have 

H{dt{t)^s)) = dfiyiKs) + d^x(t)xP(s)sn. 
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Now let / â j â n — 1. Then by induction 

rn_l(di9dj)= 2 dA+i-r a n d 

rn-i(d;_l9 djtn) = 2 ^ _ 1 + 7 _ r ^ . 

i - l + y - r ^ w - 1 

Here 

x ( ^ - i ( ^ , 4 ) ) = rn_x(di9 dj) and 

xfrn-iWi' djO) = di+j-ndn 

if / + j' ^ n and is zero otherwise as the terms of rn_l(di_l, djtn) are 
singular except when / — 1 + j — r = n — 1. Therefore by (A) 

rn(di> dj) = 2 drdt+j_r + edrdi+J_r 

i+j — r'â-n—l 

where e = 0 if / + y < « and liîi+j — r = n. Hence 

rn(di> dj) = 2 drdt+:r 

i+j — r^n 

and our theorem is true for GLn. 

3. The proof for Sp(2n). Here we do the same type of calculation but 
the notations are from [2]. L, H and x have different meanings. In fact 

H = ^(i,2«-i) ° • • • ° ^(i,i) 

and we regard Sp(2(n — 1) ) are contained in the center square of Sp(2n). 
Then we still have the inductive formula A with the new H and x- We 
assume that 0 ^ i ^ j ^ n. Again the case i = 0 is trivial. So assume 
i > 0. If n = 1, then Sp (2) = SL(2) and the formula follows from the 
GL(2) case. Assume that n > 1. If i = 1, //(*/,-, *//) is 

dt(tws) + ^ ( O K ^ r 1 + ^•+i(o^>r1. 
If i > 1 it is 

4(/>K*) + ^ ( o ^ r 1 + rfl.+1(/>K5>r1 + rf,.(/>Kj>r2. 
Now when we do the induction we will have to remember that d* gives 
the character d*_x on Sp(2(n — 1) ). We will assume that « > 1 and the 
formulas are true for n = n — 1. Then formula A becomes 

(A') if / = 1 then 
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638 G. KEMPF AND L. NESS 

rn(di9 dj) = x(rn-i(di9 dj)) + x(>*„-i(4-i, <*/i *) ) 

+ xfo-M-+i,#i *)) 
^ - 2 x 

and if / > 1 we need to add x(r
n-\(^r djh ) )• 

First we will need to compute some Euler characteristics. If 1 = i = 
j = n then 

Xididj) = dtdr 

Also x(djdjt^ ) = 0 unless i = 1 in which case it equals d0dj. Next 

X(^/r2) = o 
unless / = 2 in which case it equals ~d0dj or i = j = 1 where it equals 
d0d0. Further 

xc^/r1) = o 
unless j = 1 in which case it equals d0d0. 

The main term in the formulas is x(r
n-\(dp dj) ). It equals 

XI 2J 2a r̂-h 1̂0'— l)4-(/— 1)4-1 —r—2̂  I 

by induction. Therefore 

(1) x(rn-i(di9dA) = 2 2 rfrrf/+/_r-2s. 

By the same reasoning and the x formula 

(2) X(rn-X(di9 djt^2)) = - 2 d0di^_2_2s + ed0d0 

where € = 0 if i < j and equals 1 otherwise. 

If i > 1 then 

(3) x^-M- i^ /r 1 ) ) 

= X\ 2a 2a ^r41^0'-2) + (/-l)4-l-/— 2s'1 

= 2J d0di+j_2-2s' 

If / = 1 then 

x(^-i(di-u djhX)) = x(d0djt^1) = ed0d0. 

If i + 1 ^ j then 
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x ( ^ - i W + i ^ / i *)) 

X\ 2J 2a ^r-h l^/-h(/— 1) + 1 —r—Zŝ l 

2a d0di+j_ls. 

If i = j then 

X(rn-i(di+l,djt^1)) 

= X\ 2j 2a drJrXdr:_^ + i+X_r_2s
t\ 

= 2a d0di+j_2s-

Thus in any case 

(4) x f o - i W + i , djh1)) = 2 dodi+j-2s - ed0d0. 

To prove our formula we have three cases; /' = 1 = j = 1; i = 1 and 
j > 1 ; / > 1. In the first case we get the answer 

dxdx + d§d§ + d§d§ 4- JQ^2 ~~ ^o^o 

= 2a 2a drd2-r-2s-

In the second case we get the answer 

d\ ' d\+j-\ + 4)<*l+y + d0d\+j~2 

2a 2a drdx+j_r_ls' 

In the last case we get the answer 

2 2 drd^,r^ls + e^o 

^ dÇ)di+j-2-2s + 2li d0di+j_2-2s 

+ 2 d0di+j-2s ~ « W D 

2a 2a drdi+j_r_2s' 

Thus the formula is true. 
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4. The proof for (9(1 + 2n). We proceed by induction on n. If n = 1 
then 0(3) is the projective group PGL(X) and its double cover is SL(2). 
Then spin is the fundamental weight of SL(2) and dx is its square. The 
formulas are in this case 

rx(dx, dx) = d0d{2]i + d\d{\)x + dod{0)x 

= d0dx + dxdx + d0d0, rn(dx, spin) 

= d0 spinj + Jj spnij and 

^(spinj, spin^ = d0 + ^ . 

These formulas are easily proved by many methods including ours. 
We will assume that n > 1 and embed 0(\ + 2(« — 1) ) in the center 

square of (9(1 + In). When we do this d* corresponds to d*_x in 
0(\ + 2(n - 1 ) ) and we use the identity {x}n = {x — l}n-X + 1 
repeatedly without mention. Also spin„ corresponds to spin„_!. The 
operator x differs a little bit from the last example but it has the same 
form but L^nX^ now has a different meaning [see 2]. We will prove the 
formulas by induction on n. 

First we will do the formulas involving spin„. For any character \^ we 
have 

H(spinn(t) xKs)) = spin„(0 • ̂ ) + spih„(0 • ^ K 1 . 

Therefore 

r„(spin„, if/) = x(^-i(spinw , *//)) + x(^-i(spin„, ff1) . 

In particular 

/•«(spin,,, dt) = rw_1(spin„, dt) + xfo,-i(spinn, dt)tx
x). 

By induction 

rn_ !(spinw, dt) = 2 ^ +1 spin„. 

Hence 

X(^_i(spinn, dt)tx
l) = d0 spin„ 

and hence the formula (b) is true. For (c) we have 

r„(spin„, s p i n j = rn_x(spinn, s p i n j + x0*„-i(spin„, spinoff1) 

where 

rn_x(spmn9 s p i n j = 2 ds+x. 

As 
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Xfo-^spin,,, spmn)tx
 l) = d0 

the formula (c) is true. 
It remains to prove (a). If 1 ^ / ^ j and / < n then the same argument 

as in Section 3 applies. One simply replaces dkdl by dkdtn . 

Thus we need only compute rn(dn, dn). First of all 

H(d„(t)dn(s)) = d„(t)dn(s) + dn(t)dn(s)s - 1 

+ dn(t)dn(s)sx
 2 + dn_x(t)dn(s)sx \ 

Therefore 

rn(dn> dn) = X f o - i K , , dn)) + x O * „ - l ( ^ , dn)XX l) 

+ X(rn-X(d„ dn)(tx
2) + X(rn-i(dn-h dntx

X)). 

Now 

xfa-i(4,, dn)) = rn_x(dn, dn) 

= 2s 2J dr+xd<2n-\-r-2s}n 

= 2a 2J drd{2n-r-2s}' 

Next 

X(rn-x(dn> dn)hl) = 2 d0d{2n-X-2s}n 

O^s^n-X 

2-t d0d(2n-2s}n-
O^s^n-X 

The last equations follow from direct calculation of {*}„. Also 

X(rn-X{d„ dn)tx
2) = - 2 d0d{2n-2-2s}n + <W>-

Lastly 

So 

rn-x(dn-V dn) = ^ ^ dr+\d{2n-2-r-2s}„-
0^s^n-2 0^r^n+2-s 

X(rn-x(dn-X> dn) ) = 2 J 0 J ( 2 w 

Therefore combining all equations 

0 S , S „ - 2 ' { 2 " - 2 - ^ > -
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642 G. KEMPF AND L. NESS 

drd{ln - I - * } . 

,}„ + 4A> - 2 d0d{2n- •2- -2s), 

- 2 * } , = = 2 2 drd{2n 
s 

— r -2s 

r„{d,P d„) 

= 22 

+ ZJ d0d{2n-2s}n 

+ 2 d0d{2n-2 
O^s^n-2 

i.e., (a) is true. 

5. The proof for 0(2n). When n = 2 the double covering of 0(2nf is 
SL(2) X SL(2). Then spin^ and spin^ are the fundamental representa
tion corresponding to the two factors. Also 

d\ = (spin2)2 and dx = spin^ • spin^. 

For the sake of reality we will give the formulas in this case. 

r2(dl9 dx) = d0d2 + d0d2 + d\d\ + ^o4)> 

r2(dl9 4 ) = d0dx + dxd\, 

r2(d2, d2) = dxd{9 

r2(d2, d\) = d0d0 + d0d2 + </2</2, 

A*2(̂ I> spin2) = dx spin2 + d0 spin^€, 

r2(spin^, spin^) = dx and 

/*2(spin2, spin2) = J 2 + d0. 

These formulas are elementary and an irreducible representation of the 
product SL(2) X SL(2) is a product of irreducible representations of 
the factors which are well-known. 

We will assume that n ^ 3 and proceed by induction of n. Embed 
(9{2{n — 1)) as the central square in 0(2n). Then we have a slightly 
different operator % a n d 

H = ^(1, 2«-l) ° • • • ° ^(l,w + 2) ° ^(1,«-1) ° ' • • ° ^(1,1) 

where L^x n_ ^ has a new meaning. We begin with the spin representations. 
Let \p be a character. Then 

So 

/ / (spi<( / ) ^ ) ) = spi<(/) #* ) + s p i n / ( 0 Ks)s{
 l. 

^( sp i< , i//) = x(^-i(spint e , ^ ) ) + x ( ^ - i ( s p i n / , /, ]) ) 

as usual spin* corresponds to spin^_j on (P(2(n— 1) ) and d* corresponds 
to d*_x. 
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Take \p = dt with i ^ n — \. We have 

rn-\(di9 spin*) = 2 4-1-5+1 spin£(c) 

= 2 4 - , spin£<€> 

= X(rn-\(di9 spin*) and 

x f o - i ( 4 . s p i O ' f 1 ) = 4) spinJ- ' (-€ ) = 4 _ , spinj (c). 

Adding the two equations we get formula (e); i.e., 

rn(di9 spin*) = 2 4 - . spu# ( c ) . 

Take /̂ = spin*. We have 

rn_x(spm€
n, spin*) = 4 _ 2 + 1 + 2 4 -2 -2*+1 

l^x^((«-2)/2) 

or 

xO„-i(spin*, spin*„)) = rf„_! + 2 4,-1-2*-
l^*^((«-2) /2) 

Also 

x(^-i(spin^, spin;6)^"1) 

= x(k+ 2 4,-d'r1) 
V \ l ^ * ^ ( ( n - l ) / 2 ) / ' 

( n - 1 
= dn if 1 = « — 2x for 1 ^ x = ; n is odd 

0 2 

V = 0 if « is even. 

Summing the two x's we get 
r„(spin*, spin*) = £ / „ _ ! + 2 4 , -1-2* 

1 ^ J C ^ ( ( « - 1 ) / 2 ) 

which is (f). 
Finally take \p = spin"6. Then 

X(>*„-i(spin*, sp in^)) = d\ + 2 4,-2* a n d 

l ^ * ^ ( ( n - l ) / 2 ) 

X<>„-i(spin*, spinoff1) = d0 

if n is even and 0 if « is odd. Hence 
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r„(spii4 spin„e) = d\ + 2 dn_2x. 
1 S X S ( « / 2 ) 

This settles the spin representations. 
Next we will work on formula (a). If i: = n — 2 then the same argument 

as in Section 3 applies with the only changes that dkdt is replaced by 
dkdyX and dkdn by dkd„ + d ^ . Here one uses the identity [x]„ = 
[x — 1]„_! + 1 repeated. So we may assume that i = j = n — \. We 
find 

H(dn_x(t)dn_x(s)) = dn_x(t)dn_x{s) + d+(t)dn_x{s)sx-
x 

+ d;{t)d„_x{s)sx
l + d„_2(t)d„_x(s)sx-

1 

So 

+ d„_x(t)dn_x(s)sx
 2. 

rn(dn-\>d„-x) = x(r„-i(dn-x,dn_x)) + x(rn-i(dn-X,d„_x)tx~
l) 

+ x(r„-\(dn-2,dn_x)tx
x) + x(rn-x(dn_x,d+)tx-

x) 

+ X(rn-,(dn-X,d^)tx-
]). 

Now 

X(rn-X(dn_l9 dn_x)) = rn_x(d„_x, dn_x) 

— 2a 2a dr+xd[2n-3-r-2s]n 

— 2J 2a drd[2n-2-r-2s)' 

Hence 

Next 

So 

Now 

X(^n-\(dn-h dn-x)tx
 2) = - 2 d0d[2n_A_2s] + d0d0. 

rn-\(dn-2> dn-\) — 2a 2a ^ r + l 4 2 « - 4 - r - 2 s ] • 
0^s^n-3 0^r^n-3-s 

X(rn-x(dn_2, dn_x)tx *) = 2 ' dQd[2n_A_2s] 

rn-\(dn-\>dn) — 2a 2a 82n-2-r-2sdr+ xd2n_r_ 2s. 
0^s^n-2 0^r^n-2s 
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Hence 

X(^-\(dn-h dn)t\ l ) = 2 $2n-2-2sd0d2n- 2-2s-
O^s^n-2 

Therefore after cancellation our formula gives 

rn(dn_l9 dn_x) = 2 2 drd[2n-2-r-2s]n + dQd0 

+ 2J ^2n-2-2sd0d2n-2-2s 
0^s^n-2 

+ 2J ^2n-2-2sd0d2n-2-2s-
0^s^n-2 

Thus to prove the formula we need to show that the sum of the last three 
terms is 

o a l „ - i M2«-2-2,]„. 

If n is odd both expressions equal 

d0dQ + 2 dod2i + 2 dod2f 
\^i^((n-\)/2) l ^ / ^ ( ( « - l ) / 2 ) 

If n is even both equal 

d0d0 + 2 d0d2i + d0d+ + 2 d0d2i + d0<i~. 

This proves (a). 
To prove the rest of the formulas let i(/bea character. Then 

H(de
n(t)Us)) = d€

n(t)^(s) + dn_l(t^(s)s^1 + d-\t)^{s)s^2. 

Thus 

rnW> 4 ) ^X(^-l(X, dn)) + XO„-l(X, 4 , - l ) ' l ') 

+ x (^ -K*M„ £ ) ' i 2 ) -

Let ^ = 4 where i < n. Then 

Xfo-i(4> 4 ) ) = >*«-i(4> 4 ) 

= JL ^ ài-\+n~\-r-2sdr+\di-\±n-\-r-2s+\ 

= 2s 2J ài + n-r-2sdrdiJrn-r-2s-
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Next 

So 

Now 

rn-Mv dn-\) — 2J 2J dr+\d[i + n-2-r-2s]n-

X(fn-\(
dP dn-\)h l) = 2 d0d[i + n-2-2s]n' 

X(rn-X{di9 dnyx
 2 ) = - 2 e 8ni + n-2-2sd0di + n-2-2s-

0^s^i-2 

Therefore 

r«W'> dn ) = 2J 2J 8i + n_r_2sdrdi + n-r-2s 

+ 2li d0d[i + n-2s]n 
1 ^ ^ ^ i 

~ 2l( ai + n-2sdQdi + n-2s-

For the formulas (b) to hold the difference of the last two terms should 
be 

2a 8i + n_2s
d0di + n-2sd0di + n-2s> 

which equals 

2J d0di+n_2s. 
(i/2)^s^i 

The difference equals 

dOdn-i + 2J d0d[i + n-2s]n
 = ^ d0d[i + n~2s]n + dQdn~\ 

i; + n — 2s = n 

= 2J d0d_i+n+2s' 
0^s^(i/2) 

As the two expressions are equal, formula (b) is proven. 
For formula (c) take \p = d~e. Then 

+ X(r„-i(4,-i, O T ' ) + X(rn-x<d-n\ <0'i~2)-

https://doi.org/10.4153/CJM-1988-027-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1988-027-1


FUNDAMENTAL REPRESENTATIONS 647 

By induction 

2 d +xd +x = 2 dd 
0^p^q^n~\ X^p^q^n 

p^q = n-2({2)) p^q^n~X{{2)) 

Next 

X(rn-{(dn \ dn y x
 2) = X(h 1 2 d+xd + 1 

p = q^n-\{(2)) 

If n is even it equals 

- 2 4A+i = - 2 4A 
q=n-\((2)) q^n((2)) 

where d„ = d~e. If « is odd it equals d0d0. Now 

V - i ( 4 i - i » 0 

= 2J 2J 82n-2-r-2sdr+Xd2n-2-r-2s' 
0^i^n-2 0^r^n-2-i 

So 

X(rn-X(dn-h dn€)hX) = 2 ' $2n-2-2sd0d2n-2~2s 
0^s^n-2 

2 4)̂ 2£ 
/c^0((2)) 

\^k^(n/2) 

where dn = d~€. 
Lastly we want to use the triple sum to show that 

r„(4, O = 2 dpdq. 
O^p^q^n 

p^q = n~\((2)) 

If n is even this equals the first summand. Hence we want 

x(',-i(COr2) = -x(rn-x(dn_x, d~y^), 
which is true. If n is odd we want 

d0d0 + 2 d0d 
O^q^n 

*=#i-l((2)) 

= x(̂ -iK"£, 0'2~
2) + xfc,-i(4,-i, OT1) 
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which is true. Thus formula (c) is true. 
The proof of (d) is analogous so we will skip the details. Just use the 

formula 

rn{d% 4) = xO-„-,(4> 4)) + x(/-„-i(4,-i, Or 1 ) 

+ x(r„-1«,0'r2). 
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