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Abstract

In this work, we review some properties of twisted partial actions of Hopf algebras on unital algebras
and give necessary and sufficient conditions for a twisted partial action to have a globalization. We also
elaborate a series of examples.
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1. Introduction

Partial group actions arose in operator algebra theory in [25–27, 35], in order to
characterize C∗-algebras generated by partial isometries as more general crossed
products. The algebraic study of partial actions and related notions was initiated
in [19, 20, 27, 33, 39, 40], motivating further investigations. In particular, the Galois
theory of partial group actions developed in [23] inspired further Galois theoretic
results in [11, 15, 30, 34, 38], as well as the introduction and study of partial Hopf
actions and coactions in [16], which, in turn, became the starting point for further
research in partial Hopf (co)actions in [4–9].

The concepts of a twisted partial action and the corresponding crossed product,
introduced for C∗-algebras in [26] and adapted for abstract rings in [21], suggested
the idea of extending these notions for Hopf algebras, unifying twisted partial group
actions, partial Hopf actions and twisted actions of Hopf algebras. This was done
in [8], where such crossed products were related to the so-called partially cleft
extensions of algebras and examples were elaborated using algebraic groups.

One source of examples of partial actions of groups on algebras is by restricting a
global action to an ideal. More precisely, if a group G acts on a unital algebra B and
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e ∈ B is a central idempotent, there is a canonical partial action of the same group G
over the unital ideal A = eB viewed as a unital algebra. The same occurs in the theory
of partial actions of Hopf algebras: given a Hopf algebra (or simply a bialgebra) H
and a left H-module algebra B, if e ∈ B is a central idempotent, then the unital ideal
A = eB becomes a left partial H-module algebra. The globalization problem consists
in determining whether a given partial action originates from a global action by means
of a restriction.

The study of the globalization problem of partial group actions was initiated in the
PhD thesis of Abadie [1] (see also [2]), and independently by Steinberg in [40] and
Kellendonk and Lawson in [33]. Other globalization results were obtained in [6, 7, 10–
14, 17–19, 22, 24, 28, 29, 31, 36]. In particular, in [5] a globalization theorem for
the case of partial actions of Hopf algebras on unital algebras was proved, whereas
in [22] the globalization of twisted partial group actions on rings was investigated.
The importance of the globalization problem lies in the possibility of relating partial
actions with global ones and trying to generalize, for the partial case, results valid for
global actions.

As a first example of how the technique of globalization can be used to prove
results we mention [23], in which the globalization theorem was used to study the
Galois theory for partial actions of groups on commutative algebras. More precisely,
the authors prove an isomorphism between the invariant subalgebra with relation to
the partial action and the invariant subalgebra with respect to the global action. This
helped to generalize the Chase–Harrison–Rosenberg theory of Galois extensions of
commutative algebras to the case of partial actions. The second example of the
usefulness of the globalization theorem is given in [7], in which the analogue of the
version of the Blattner–Montgomery theorem for the partial smash product was done.
In the classical case, given a finite-dimensional Hopf algebra H and a left H-module
algebra A, we have the isomorphism (A#H)#H∗ � A ⊗ End(H). In the partial case, the
isomorphism is not valid anymore, but with the aid of the globalization theorem, we
can calculate the kernel and the image of the morphism Φ : A#H#H∗ → A ⊗ End(H).

The aim of this article is to go further in the investigation initiated in [8] by
considering the globalization of twisted partial Hopf actions. In Section 2 we
recall some basic concepts about twisted partial actions of Hopf algebras, which we
formalize now in the form which is most convenient for our purpose. We start with
the concept of a partial measuring map of a bialgebra (or Hopf algebra) H on a unital
algebra A, giving, in our examples, a complete characterization of these maps in the
case of H being the group algebra κG, the dual (κG)∗ of the group algebra κG of a
finite group G, and the Sweedler Hopf algebra H4 and A coinciding (in all three cases)
with the base field κ. Then we proceed with the concept of a twisted partial action of
a Hopf algebra (or, more generally, a bialgebra), in which we include all properties
needed to guarantee that the partial crossed product is associative and unital. Next
we consider the symmetric twisted partial Hopf actions and describe them in detail
for specific Hopf algebras. In particular, the case of a group algebra κG recovers
the theory of twisted partial actions of groups as developed in [21, 22]. For the
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Sweedler Hopf algebra H4, the only symmetric twisted partial actions are the global
ones. Furthermore, for the case of the dual of the group algebra (κG)∗ of a finite group
G, the partial cocycles appearing have remarkable symmetries and we relate them to
global cocycles of dual group algebras of quotient groups. We present in detail the
specific example for the Klein four-group K4, acting on the base field κ, and show that
the symmetric twisted partial actions of (κK4)∗ on κ are parameterized by the zeros
(x, y) ∈ κ2 of a polynomial in x, y of degree 2.

Section 3 is dedicated to the globalization theorem itself. The globalization of a
symmetric twisted partial action of a Hopf algebra H on a unital algebra A given
by a symmetric pair of partial cocycles ω and ω′ consists of the following data:
(1) an algebra B (not necessarily unital); (2) a twisted (global) action of H on B
with convolution invertible cocycle v : H ⊗ H → B; (3) an algebra monomorphism
ϕ : A→ B such that its image ϕ(A) is a unital ideal in B and the restriction of this
global twisted action is isomorphic to the original twisted partial action on A. The main
result of this paper can be formulated as follows: a symmetric twisted partial action
of a Hopf algebra H on a unital algebra A associated to the symmetric pair of partial
cocycles ω and ω′ is globalizable if and only if there exists a normalized convolution
invertible linear map ω̃ : H ⊗ H → A satisfying certain compatibility conditions for
intertwining the partial action of H on A and the restriction of the twisted action of H
on B. The question of the uniqueness of a globalization is not so straightforward to
address in this context as it is for partial actions of groups [19] and partial actions of
Hopf algebras [6]. Even the form of the algebra B cannot be given in a simple way for
the general case. We conclude the section with two examples. The first shows that the
example of a twisted partial Hopf action, constructed in [8] using the relation between
algebraic groups and Hopf algebras, is globalizable. The second is an explicit partial
cocycle for (κK4)∗ which leads to a globalizable symmetric twisted partial action.

2. Symmetric twisted partial actions

In this paper, unless otherwise explicitly stated, κ will denote an arbitrary
(associative) unital commutative ring and unadorned ⊗ will mean ⊗κ. We also omit
the sum in the Sweedler notation for the comultiplication of a Hopf algebra. In what
follows the symbol 1 will stand for the unit element 1κ of κ.

Definition 2.1. Let H be a κ-bialgebra and A a unital κ-algebra with unit element 1A.
We say that H partially measures A if there is a linear map

· : H ⊗ A→ A
h ⊗ a 7→ h · a,

satisfying the following conditions:

(PM1) 1H · a = a, for every a ∈ A;
(PM2) h · (ab) = (h(1) · a)(h(2) · b), for every h ∈ H and a, b ∈ A;
(PM3) h · (k · 1A) = (h(1) · 1A)(h(2)k · 1A), for every h, k ∈ H.
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The map · : H ⊗ A→ A is called a measuring map of H on A.

Note that if h · 1A = ε(h)1A, then we have the usual notion that H measures A.

Example 2.2. Note that every partial Hopf action in the sense defined by Caenepeel
and Janssen [16] is an example of a measuring map of a Hopf algebra H on a unital
algebra A. Indeed, if H is a Hopf algebra then a partial action of H on a unital κ-algebra
A is a linear map

H ⊗ A→ A,
h ⊗ a 7→ h · a,

which satisfies (PM1), (PM2) and

h · (k · a) = (h(1) · 1A)(h(2)k · a) for every h, k ∈ H, a ∈ A. (2.1)

It is readily seen that a measuring of a Hopf algebra on the base field is
automatically a partial action. In what follows we revisit three examples of such
measurings that appeared previously in [4, 9]: we provide more detailed versions
of [4, Example 3.7] and [9, Proposition 6.2] in Examples 2.3 and 2.4, respectively,
and in Example 2.5 we redo the calculations of [4, Example 3.8], regarding partial
actions of the Sweedler algebra on κ, in a simpler and more readable manner.

Example 2.3. Let G be a group and κ a field. One can classify all the partial measuring
maps of the Hopf algebra κG on the base field κ, which correspond to the partial actions
of G on κ. The map · : κG ⊗ κ→ κ can be viewed as a linear functional λ : κG → κ
given by λg = λ(g) = g · 1. Condition (PM1) implies that λ(e) = 1 (where e denotes
1G) and condition (PM2) means that λg = λgλg, which implies that either λg = 1 or
λg = 0. Consider now the following subset of the group G:

L = {g ∈ G | λg = 1}.

By (PM3), we have that λgλh = λgλgh; therefore, if g, h ∈ L then gh ∈ L. In the same
way, putting h = g−1, one can conclude that if g ∈ L then g−1 ∈ L and it follows that L
is a subgroup of G. Therefore, the partial measurings of the Hopf algebra κG on the
base field κ are classified by the subgroups of G.

Example 2.4. Let G be a finite group. We can classify all the partial measuring maps of
the Hopf algebra (κG)∗ on a field κ. By [9] they correspond to the partial G-gradings
of κ. Again, they can be classified by linear functionals λ : (κG)∗ → κ, defined by
λ(pg) = pg · 1, where {pg}g∈G is the canonical basis of (κG)∗. We know, from (PM1),
that

∑
g∈G λ(pg) = 1; then there are some g ∈ G such that λ(pg) , 0. Again, consider

the subset
L = {g ∈ G | λ(pg) , 0}.

Condition (PM3) reads
λ(pg)λ(ph) = λ(pgh−1 )λ(ph).
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This implies that, if g, h ∈ L then gh−1 ∈ L, therefore L is a subgroup of G. Moreover,
putting h = g, we obtain λ(pg) = λ(pe) for every g ∈ L. Finally, by (PM1), we have∑

g∈G

λ(pg) =
∑
g∈L

λ(pe) = |L|λ(pe) = 1,

which implies that char κ - |L| and

λ(pg) = λ(pe) =
1
|L|

∀g ∈ L.

Therefore, the partial G-gradings of the base field κ are classified by the subgroups
L ≤ G, whose order is not divisible by char κ and the linear functionals λL : (κG)∗ → κ
given by

λL(pg) =


1
|L|

if g ∈ L

0 if g < L.

Example 2.5. Consider the four-dimensional Sweedler Hopf algebra H4 = H =

〈1H , x, g | x2 = 0, g2 = 1H , gx = −xg〉 over a field κ, whose characteristic is not 2, with
comultiplication and counit given by

∆(g) = g ⊗ g, ε(g) = 1, ∆(x) = x ⊗ 1H + g ⊗ x, ε(x) = 0.

Let us classify the partial measuring maps of H4 on the base field κ. Each partial
measuring map is given by a functional λ : H4 → κ defined as λh = λ(h) = h · 1. By
(PM1) we have that λ1H = 1, and by (PM2) we conclude that λg = λgλg, then λg = 1 or
λg = 0. Assuming λg = 1, we have from (PM3) that

λgλx = λgλgx,

λxλg = λxλg + λgλxg,

λxgλg = λxgλ1H + λ1Hλx.

The first equality implies that λx = λgx = −λxg and the second leads to λx = 0.
Therefore, for λg = 1, the only solution is the global case λ = ε. Considering instead
λg = 0, we obtain from the above equations again that λx = λgx = −λxg and, in fact, no
other constraint appears. Therefore, for λg = 0 one can assign any value for λx ∈ κ and
each such functional λ gives rise to a partial measuring of H4 on κ.

The definition of a twisted partial action of a bialgebra (or Hopf algebra) H on a
unital algebra A was given in [8, Definition 1] in a rather general form. We shall use
the following version which already incorporates the normalization condition [8, (16)],
the 2-cocycle equality [8, (17)] and also (iii) of [8, Definition 2].

Definition 2.6. A twisted partial action of a bialgebra (or Hopf algebra) H on a unital
algebra A consists of two linear maps, · : H ⊗ A→ A and ω : H ⊗ H → A, satisfying
the following conditions:
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(TPA1) H partially measures A via the linear map;
(TPA2) (h(1) · (l(1) · a))ω(h(2), l(2)) = ω(h(1), l(1))(h(2)l(2) · a), for every h, l ∈ H and

a ∈ A;
(TPA3) ω(h, l) = ω(h(1), l(1))(h(2)l(2) · 1A), for every h, l ∈ H;
(TPA4) ω(h, 1H) = ω(1H , h) = h · 1A, for every h ∈ H;
(TPA5) (h(1) · ω(k(1), l(1)))ω(h(2), k(2)l(2)) = ω(h(1), k(1))ω(h(2)k(2), l), for every h, k,

l ∈ H.

The algebra A, in its turn, is called a twisted partial H-module algebra.

The map ω is called a partial 2-cocycle or twisting. If h · 1A = ε(h)1A, then this
partial measuring coincides with the usual definition as in [37] and the twisted partial
action, in this case, is merely a twisted action in the usual sense. On the other hand,
if the partial 2-cocycle satisfies ω(h, k) = h · (k · 1A), then it is called a trivial partial
cocycle and the resulting twisted partial action is the usual partial action, as defined
in [16].

Note that by [8, Proposition 1], Definition 2.6 implies

ω(h, l) = (h(1) · (l(1) · 1A))ω(h(2), l(2)) = (h(1) · 1A)ω(h(2), l), (2.2)

for every h, l ∈ H.

Example 2.7. A source of examples of twisted partial actions can be given by the
restriction to a unital ideal of a twisted action. More precisely, let H be a Hopf algebra
with invertible antipode and B a, possibly nonunital, algebra measured by H through
the linear map . : H ⊗ B→ B. In the nonunital case, we simply consider the condition

h B (ab) = (h(1) B a)(h(2) B b),

since there is no meaning for the expression h B 1B = ε(h)1B. A twisted action of H
on B is given by this measuring and a convolution invertible linear map u : H ⊗ H →
M(B), where M(B) is the multiplier algebra of B, such that

u(h, 1H) = u(1H , h) = ε(h)1M(B),

(h(1) B (l(1) B a))u(h(2), l(2)) = u(h(1), l(1))(h(2)l(2) B a),
(h(1) Bu(k(1), l(1)))u(h(2), k(2)l(2)) = u(h(1), k(1))u(h(2)k(2), l).

Note that the first and the third equalities above are identities of multipliers; 1M(B) is
simply the identity map in B. The map B : H ⊗ M(B)→ M(B) which appears in the
third identity requires a more detailed explanation. First, the multiplier algebra M(B)
can be viewed as a pullback [32]

M(B)
π1 //

π2

��

EndB(B)

λ

��
BEnd(B) ρ

// BHomB(B ⊗ B, B)
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where the map λ : EndB(B)→ BHomB(B ⊗ B, B) is given by λ(L)(a ⊗ b) = aL(b), the
map ρ : BEnd(B)→ BHomB(B ⊗ B, B) is given by ρ(R)(a ⊗ b) = R(a)b, and π1 and
π2 are the canonical projections. That is equivalent to the classical definition of
the multiplier algebra1 as the algebra generated by pairs (L,R) ∈ EndB(B) × BEnd(B)
satisfying the identity aL(b) = R(a)b. For simplicity, let us denote a multiplier
x = (L,R) such that L(a) = xa and R(a) = ax. Then we can use the universal property
of a pullback in order to define an action B : H ⊗ M(B)→ M(B). First, define two
linear maps Φ : H ⊗ M(B)→ EndB(B) and Ψ : H ⊗ M(B)→ BEnd(B) respectively by

Φ(h ⊗ x)(b) = h(1) B (x(S (h(2)) B b)),
Ψ(h ⊗ x)(b) = h(2) B ((S −1(h(1)) B b)x).

It is easy to see that Φ(h ⊗ x) really belongs to EndB(B), indeed

Φ(h ⊗ x)(ab) = h(1) B (x(S (h(2)) B (ab)))
= h(1) B (x((S (h(3)) B a)(S (h(2)) B b)))
= h(1) B ((x(S (h(3)) B a))(S (h(2)) B b))
= (h(1) B (x(S (h(4)) B a)))(h(2) B (S (h(3)) B b))
= (h(1) B (x(S (h(4)) B a)))(h(2)S (h(3)) B b)
= (h(1) B (x(S (h(2)) B a)))b
= (Φ(h ⊗ x)(a))b.

Similarly, one proves that Ψ(h ⊗ x) ∈ BEnd(B). Finally, λ ◦ Φ = ρ ◦ Ψ. Indeed,
consider a, b ∈ B, h ∈ H and x ∈ M(B). Then

λ ◦ Φ(h ⊗ x)(a ⊗ b) = a(h(1) B (x(S (h(2)) B b)))
= (h(2)S −1(h(1)) B a)(h(3) B (x(S (h(4)) B b)))
= h(2) B ((S −1(h(1)) B a)(x(S (h(3)) B b)))
= h(2) B (((S −1(h(1)) B a)x)(S (h(3)) B b))
= (h(2) B ((S −1(h(1)) B a)x))(h(3)S (h(4)) B b)
= (h(2) B ((S −1(h(1)) B a)x))b
= ρ ◦ Ψ(h ⊗ x)(a ⊗ b).

Therefore, by the universal property of M(B) as a pullback, there is a unique linear
map B : H ⊗ M(B)→ M(B) given by

(h B x)b = h(1) B (x(S (h(2)) B b))
b(h B x) = h(2) B ((S −1(h(1)) B b)x).

One can restrict this twisted action to an ideal A = 1A B, where 1A is a central
idempotent in B. This generates a twisted partial action of H on A given by the partial
measuring

h · a = 1A(h B a)

1The concept of a multiplier algebra first appeared in the context of C∗-algebras [3]. For abstract
algebras its detailed definition can be seen, for example, in [19].
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and the partial 2-cocycle

ω(h, k) = (h(1) · 1A)u(h(2), k(1))(h(3)k(2) · 1A).

The proof that this indeed defines a twisted partial action is basically the same as given
in [8].

We recall the definition of partial crossed product introduced in [8]. Given a twisted
partial action (H, A, ·, ω), there is an associative product defined on the vector space
A ⊗ H:

(a ⊗ h)(b ⊗ k) = a(h(1) · b)ω(h(2), k(1)) ⊗ h(3)k(2).

The algebra A ⊗ H is not unital in general. Nevertheless, it contains a subalgebra
A#ωH = (A ⊗ H)(1A ⊗ 1H) with unit element (1A ⊗ 1H), called the partial crossed
product. As a subspace of A ⊗ H, it is generated by the elements

a#h = a(h(1) · 1A) ⊗ h(2).

Given any global 2-cocycle v : H ⊗ H → κ, where κ has the global H-action,
h · 1 = ε(h), one usually transfers the algebra structure of the crossed product κ#vH
to H via the canonical isomorphism κ ⊗ H → H. This algebra is denoted by vH and
the product is given by

h •v k = v(h(1), k(1))h(2)k(2).

If (H, κ, ·, ω) is a twisted partial action then the canonical isomorphism κ ⊗ H ' H
defines on H the new product

h •ω k = (h(1) · 1)ω(h(2), k(1))h(3)k(2).

We will denote this algebra by ωH. The partial crossed product, which will be denoted
by ωH, can be identified with the subspace of H generated by the elements (h(1) · 1)h(2),
and the product of generators is given by

((h(1) · 1)h(2)) •ω ((k(1) · 1)k(2)) = (h(1) · 1)ω(h(2), k(1))h(3)k(2).

Later on, we will describe the algebra ωH when H = κG and H = (κG)∗.
Recall that a twisted partial action of a group G on a unital κ-algebra A is defined

in [21] as a triple
({Dg}g∈G, {αg}g∈G, {wg,h}(g,h)∈G×G),

where, for each g, h ∈ G, Dg is an ideal of A, αg : Dg−1 → Dg is a κ-algebra
isomorphism, wg,h is an invertible multiplier of DgDgh, and some properties are
satisfied. If each Dg is generated by a central idempotent 1g, then the twisted partial
action is called unital and, as was pointed out in [8], this matches our concept of a
partial action of the group algebra κG on A. In this case, 1g = g · 1A, and it is reasonable
to have under consideration partial actions of a Hopf algebra H on some unital algebra
A such that the map e ∈ Homk(H, A), given by e(h) = (h · 1A), is central with respect to
the convolution product. These partial actions are, in some sense, more akin to partial
group actions.
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Furthermore, in the case of a unital twisted partial group action the ωg,h are
invertible elements in DgDgh, for all g, h ∈ G. In particular, if the group action is
global, then every element ωg,h is invertible in A, which is automatically translated into
the Hopf algebra setting by saying that the cocycle ω ∈ Homk(H ⊗ H,A) is convolution
invertible. In the partial case, we have to consider more suitable conditions to replace
the convolution invertibility for the cocycle, and the idea is to define a unital ideal in
the convolution algebra Homκ(H ⊗ H, A), in which the partial 2-cocycle lives and has
an inverse [8].

Let A = (A, ·, ω) be a twisted partial H-module algebra. It is easy to see that
the linear maps f1, f2 : H ⊗ H → A, defined by f1(h, k) = (h · 1A)ε(k) and f2(h, k) =

(hk · 1A), are both (convolution) idempotents in Hom(H ⊗ H, A). We also have that e
is an idempotent in Hom(H, A) (and f1(h, k) = e(h)ε(k)). Notice that if f1 and f2 are
central in the convolution algebra Homκ(H ⊗ H,A), then the partial 2-cocycle ω lies in
the unital ideal 〈 f1 ∗ f2〉 E Homκ(H ⊗ H, A), thanks to (TPA3) and (2.2).

Definition 2.8 [8]. Let H be a κ-bialgebra (or Hopf algebra) and A be a unital
κ-algebra. A symmetric twisted partial action of H on A is given by the data
(H, A, ·, ω, ω′), such that:

(STPA1) (H, A, ·, ω) is a twisted partial action of H on A;
(STPA2) the above defined maps f1 and f2 are central in the convolution algebra

Homκ(H ⊗ H, A);
(STPA3) there exists a linear map ω′ ∈ 〈 f1 ∗ f2〉 such that ω ∗ ω′ = ω′ ∗ ω = f1 ∗ f2.

The algebra A is called a symmetric twisted partial H-module algebra.

Observe that the unit element of the ideal 〈 f1 ∗ f2〉 is the central idempotent
f1 ∗ f2 itself, which thanks to (PM3) reads f1 ∗ f2(h, k) = h · (k · 1A). Note also
that the centrality of f1 in Homκ(H ⊗ H, A), automatically implies the centrality of
e ∈ Homk(H, A). With the aid of the inverse ω′ one can rewrite condition (TPA2) in
Definition 2.6 as

h · (k · a) = ω(h(1), k(1))(h(2)k(2) · a)ω′(h(3), k(3)). (2.3)

Example 2.9. Any (global) twisted action of a Hopf algebra H on a unital algebra A
is automatically symmetric. Indeed, as h · 1A = ε(h)1A, we have f1(h, k) = f2(h, k) =

ε(h)ε(k)1A. Then both f1 and f2 are equal to the unit of the convolution algebra
Homk(H ⊗ H, A), which can be absorbed on the left or on the right. More generally,
given any (possibly nonunital) twisted H-module algebra B, with (global) twisted
action given by the measuring map B : H ⊗ B→ B and an invertible and normalized
2-cocyle u : H ⊗ H→ M(B), one can define a twisted partial action of H on any unital
ideal A E B, generated by a central idempotent 1A ∈ B, according to Example 2.7.
Moreover, if f1 and f2 are central in Homκ(H ⊗ H, κ), then this twisted partial action is
symmetric, with the inverse (partial) cocycle given by

ω′(h, k) = (h(1)k(1) · 1A)u−1(h(2), k(2))(h(3) · 1A).
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Remark 2.10. If H is co-commutative and A is commutative, then for every twisted
partial action of H on A the functions f1 and f2 are clearly central, because the
convolution algebra Homk(H ⊗ H, A) is commutative. Moreover, if the twisted partial
action is symmetric (i.e. satisfies (STPA3)), then the twisting disappears from equality
(2.3), which now simply means that h · (k · a) = (h(1) · 1A)(h(2)k · a), resulting in a
partial action of H on A. Thus in this case a symmetric twisted partial action
disassembles into a pair consisting of a partial action of H on A and a partial 2-cocycle
ω with (STPA3). A partial 2-cocycle now means a κ-linear map ω : H ⊗ H → A
satisfying conditions (TPA3)–(TPA5) from Definition 2.6.

Example 2.11. Let us consider the specific case of twisted partial actions of a group
algebra κG on a field κ. Then every twisted partial action of κG on κ is automatically
symmetric. Indeed, as we know from Example 2.3, the measuring maps are classified
by subgroups L ≤ G such that λg = 1 if g ∈ L and λg = 0 otherwise. One can classify
every twisted partial action of κG on κ, determining the possible values for the partial
2-cocycle ω. Equality (2.2) gives us

ω(g, h) = λgλhω(g, h) ∀g, h ∈ G.

Then automaticallyω(g,h) = 0 if one of its two entries does not belong to the subgroup
L. The cocycle condition (TPA5) in Definition 2.6 reads

λgω(h, k)ω(g, hk) = ω(g, h)ω(gh, k),

which, taking g, h, k ∈ L, transfers into the classical 2-cocycle condition for the group
cohomology of the group L with values in the trivial L-module κ∗:

ω(h, k)ω(g, hk) = ω(g, h)ω(gh, k).

Conversely, given a classical 2-cocycle ω : L × L→ κ∗, one may extend ω to κG ⊗ κG,
by setting ω(g, h) = 0 if g or h does not belong to L, and thus obtaining a partial 2-
cocycle. Hence the partial 2-cocycles of κG related to the given partial action of κG on
κ can be identified with the classical 2-cocycles of the subgroup L with values in κ∗.
Obviously, setting ω′(g, h) = ω−1(g, h) if and only if both g and h lie in L, we see that
the twisted partial action (κG, κ, ·, ω) is necessarily symmetric.

In order to describe the crossed product in this case, let v be a 2-cocycle of L and let
ω be its extension to κG as above. The vector space ωκG is generated by the elements
λgg, where λg = 1 if g ∈ L and zero otherwise, hence ωκG = κL as a vector space. It
also follows that ωκG = vκL as an algebra. Observe that vκL is the twisted group ring
of L over κ corresponding the 2-cocycle v.

Example 2.12. The only symmetric twisted partial actions of the Sweedler Hopf
algebra H = H4 on a κ-algebra A are the global ones. Indeed, for any linear function
φ : H4 ⊗ H4 → A, we have

f1 ∗ φ(x, g) = f1(x, g)φ(1H , g) + f1(g, g)φ(x, g) = (x · 1A)φ(1H , g) + (g · 1A)φ(x, g),

https://doi.org/10.1017/S1446788715000774 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788715000774


[11] Globalization of twisted partial Hopf actions 11

while, on the other hand,

φ ∗ f1(x, g) = φ(x, g) f1(1H , g) + φ(g, g) f1(x, g) = φ(x, g) + φ(g, g)(x · 1A).

Taking φ with (g, g) 7→ 1A, (x, g) 7→ 0, and (1H , g) 7→ 0, we obtain that x · 1A = 0 =

ε(x)1A, and for φ with (g, g) 7→ 0, (x, g) 7→ 1A, and (1H , g) 7→ 0, we get g · 1A = 1A =

ε(g)1A. Then by (PM3),

0 = g · (x · 1A) = (g · 1A)(gx · 1A) = gx · 1A,

so that gx · 1A = ε(gx)1A, and by linearity, h · 1A = ε(h)1A for all h ∈ H4. Consequently,
f1 is central in Homκ(H ⊗ H, A) exactly when the twisted partial action is global.

Example 2.13. The above example shows, in particular, that there is no symmetric
twisted partial action of the Sweedler Hopf algebra on the base field κ which is
not global. Nevertheless, we shall construct a partial cocycle defining a (nonglobal)
twisted partial action of H = H4 on κ.

As we have seen in Example 2.5, the truly partial measuring maps of H4 on κ are
given by functionals λ : H4 → κ such that λg = 0 (recall that λx may have any value in
κ and λx = λgx = −λxg). Taking such a partial measuring, the normalization condition
(TPA4) for the partial cocycle gives us

ω(1H , h) = ω(h, 1H) = λh ∀h ∈ H4,

which means that ω(1H , 1H) = 1, ω(1H , g) = ω(g, 1H) = 0, ω(x, 1H) = ω(1H , x) =

−ω(xg, 1H) = −ω(1H , xg) = λx. The axioms (TPA2) and (TPA3), combined, allow us
to write the identities

ω(h, k) = λh(1)ω(h(2), k) (2.4)

and
ω(h, k) = λh(1)λk(1)ω(h(2), k(2)). (2.5)

Then (2.4) gives

ω(g, h) = λgω(g, h) = 0 ∀h ∈ H4,

ω(x, x) = λxω(1H , x) + λgω(x, x) = λ2
x,

ω(x, xg) = λxω(1H , xg) + λgω(x, xg) = −λ2
x,

and (2.5) results in

ω(h, g) = λh(1)λgω(h(2), g) = 0 ∀h ∈ H4,

ω(xg, x) = λxgλxω(g, 1H) + λxgλgω(g, x) + λ1λxω(xg, 1H) + λ1λgω(xg, x)
=−λ2

x.

Moreover, (2.4) and (2.5) do not give any restriction on the value of ω(xg, xg).
Then, taking arbitrary ω(xg, xg) ∈ κ, it is readily seen that the map ω : H4 ⊗ H4 → κ
also satisfies (TPA3) and, consequently, (TPA2). A list of verifications certifies that
the cocycle identity (TPA5) holds for ω.
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Example 2.14. Given a finite group G and a field κ with char κ - |G|, in order to classify
the symmetric twisted partial actions of (κG)∗ on κ, one needs first to analyse the
centrality of f1 and f2. Consider a partial measuring map λ : (κG)∗ → κ determined by
the subgroup L, such that λ(pg) = 1/|L| if g ∈ L and λ(pg) = 0 otherwise. Take any
linear function φ : (κG)∗ ⊗ (κG)∗ → κ and g, h ∈ G. Then

f1 ∗ φ(pg, ph) =
∑
r,s∈G

f1(pr, ps)φ(pr−1g, ps−1h) =
∑
r∈L

λ(pr)φ(pr−1g, ph)

and
φ ∗ f1(pg, ph) =

∑
r,s∈G

φ(pgr−1 , phs−1 ) f1(pr, ps) =
∑
r∈L

λ(pr)φ(pgr−1 , ph).

Then the equality f1 ∗ φ = φ ∗ f1 is true for every φ if and only if the subgroup L is
contained in the centre of G. It is readily seen that in this case f2 is also central.

The second step is to define a normalized partial 2-cocycle ω : (κG)∗ ⊗ (κG)∗ → κ
which is invertible in the unital ideal generated by f1 ∗ f2. If ω ∗ f1 ∗ f2 = ω, then it is
easy to see that ω = ω ∗ f1 = ω ∗ f2. Take g, h ∈ G. Then

ω(pg, ph) = f1 ∗ ω(pg, ph) =
1
|L|

∑
r∈L

ω(pr−1g, ph).

Therefore, ω(pg, ph) = ω(pkg, ph) for any k ∈ L. For the identity ω = ω ∗ f2, we have

ω(pg, ph) = f2 ∗ ω(pg, ph) =
1
|L|

∑
r∈L

ω(pr−1g, pr−1h),

which leads to the conclusion that ω(pg, ph) = ω(pkg, pkh) for any k ∈ L. Joining these
two pieces of information, we obtain

ω(pg, ph) = ω(pkg, plh) ∀k, l ∈ L,

and considering the fact that L is a subgroup of the centre of G, then also

ω(pg, ph) = ω(pgk, phl) ∀k, l ∈ L.

Let us say that a κ-linear function ω : (κG)∗ ⊗ (κG)∗→ κ is L-invariant if ω satisfies the
above two equalities. Notice that the above computations show that a κ-linear function
ω : (κG)∗ ⊗ (κG)∗ → κ is L-invariant exactly when ω is contained in the ideal 〈 f1 ∗ f2〉
of Homκ((κG)∗ ⊗ (κG)∗, A).

Taking into account this L-invariance of the partial 2-cocycle, the first member of
the cocycle identity

(m(1) · ω(n(1), l(1)))ω(m(2), n(2)l(2)) = ω(m(1), n(1))ω(m(2)n(2), l),

for m = pg, n = ph and l = pk, reads

(m(1) · ω(n(1), l(1)))ω(m(2), n(2)l(2)) =
∑

r,s,t∈G

λ(pr)ω(phs−1 , pkt−1 )ω(pr−1g, ps pt)

=
∑
s∈G

∑
r∈L

1
|L|
ω(phs−1 , pks−1 )ω(pr−1g, ps)
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=
∑
s∈G

ω(phs−1 , pks−1 )
(∑

r∈L

1
|L|
ω(pg, ps)

)
=

∑
s∈G

ω(phs−1 , pks−1 )ω(pg, ps).

The second member, in turn, is

ω(m(1), n(1))ω(m(2)n(2), l) =
∑
s,t∈G

ω(pgs−1 , pht−1 )ω(ps pt, pk)

=
∑
s∈G

ω(pgs−1 , phs−1 )ω(ps, pk).

Therefore, the cocycle identity (TPA5) transforms into∑
s∈G

ω(phs−1 , pks−1 )ω(pg, ps) =
∑
s∈G

ω(pgs−1 , phs−1 )ω(ps, pk), (2.6)

for all g,h, k ∈G. It is readily seen that (2.6) means thatω is a global 2-cocycle of (κG)∗

with respect to the trivial action on κ. Let G\L be a full set of representatives of left
(= right) cosets of G by L. Then an L-invariant function ω ∈ Homκ((κG)∗ ⊗ (κG)∗, A)
satisfies (2.6) if and only if∑

s∈G\L

ω(phs−1 , pks−1 )ω(pg, ps) =
∑

s∈G\L

ω(pgs−1 , phs−1 )ω(ps, pk), (2.7)

for all g, h, k ∈ G\L.
Now let ω : (κG)∗ ⊗ (κG)∗ → κ be a partial 2-cocycle, so that our partial measuring,

determined by the central subgroup L of G, is a symmetric twisted partial action.
Then, taking v(pgL, phL) = |L|2ω(pg, ph) for g, h in G\L, we have, thanks to the
L-invariance of ω, a well-defined κ-linear map v : (κG/L)∗ ⊗ (κG/L)∗ → κ, which
in view of (2.7) satisfies the global 2-cocyle equality with respect to the trivial
action on κ. The normalization condition (TPA4) of ω directly implies that v is
normalized. Furthermore, since our twisted partial action is symmetric, there exists
ω′ : (κG)∗ ⊗ (κG)∗ → κ satisfying (STPA3). Taking u(pgL, phL) = |L|2ω′(pg, ph), we
compute that

(v ∗ u)(pgL, phL) =
∑

s,t∈G\L

v(pgs−1L, pht−1L)u(psL, ptL)

= |L|4
∑

s,t∈G\L

ω(pgs−1 , pht−1 )ω′(ps, pt)

=
|L|4

|L|2
∑

s,t∈G\L

∑
l,m∈L

ω(pgs−1l−1 , pht−1m−1 )ω′(psl, ptm)

= |L|2
∑
x,y∈G

ω(pgx−1 , phy−1 )ω′(px, py)

= |L|2(ω ∗ ω′)(pg, ph) = |L|2λ(pg)λ(ph) = ε(pgL)ε(phL),

showing that u is the convolution inverse of v. Consequently, v is a normalized global
convolution invertible 2-cocycle of (κG/L)∗.
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Conversely, given a normalized convolution invertible global 2-cocycle v of
(κG/L)∗ with respect to the trivial action of (κG/L)∗ on κ, define the κ-linear functions
ω,ω′ : (κG)∗ ⊗ (κG)∗ → κ by

ω(pg, ph) =
1
|L|2

v(pgL, phL) and ω′(pg, ph) =
1
|L|2

v−1(pgL, phL).

Then the above considerations imply that we obtain a symmetric twisted partial action
of (κG)∗ on κ.

Thus we have one-to-one correspondences between the following three sets:

• the partial 2-cocycles ω : (κG)∗ ⊗ (κG)∗ → κ with respect to the partial action of
(κG)∗ on κ, determined by the central subgroup L ⊆ G, which are invertible in the
ideal 〈 f1 ∗ f2〉;

• the L-invariant global 2-cocycles ω : (κG)∗ ⊗ (κG)∗ → κ with respect to the trivial
action of (κG)∗ on κ, which satisfy equalities (TPA4) and (STPA3);

• the normalized convolution invertible global 2-cocycles v : (κG/L)∗ ⊗ (κG/L)∗→
κ with respect to the trivial action of (κG/L)∗ on κ.

Now let ω : (κG)∗ ⊗ (κG)∗→ κ be a partial 2-cocycle such that we have a symmetric
twisted partial action (i.e. ω is as in the first item above), and let v : (κG/L)∗ ⊗
(κG/L)∗ → κ be the corresponding global 2-cocycle. Then the map

φ : v(κG/L)∗ → ω(κG)∗, pgL 7→
∑
x∈L

pgx

is an isomorphism of algebras. In fact, as a vector space, ω(κG)∗ is generated by the
elements ∑

x∈G

λ(px−1 )pgx =
1
|L|

∑
x∈L

pgx.

If G\L is a transversal for L in G then {ptL : t ∈ G\L} is a basis of v(κG/L)∗, and its
image under φ consists of the elements∑

x∈L

ptx (t ∈ G\L),

which form a basis of ω(κG)∗; therefore φ is a linear isomorphism.
Using the L-invariance of ω, we see that the algebra structure on ω(κG)∗ is defined

on basis elements by

pg •ω ph =
∑

r,s,t∈G

λ(pr)ω(pr−1gs−1 , pht−1 )ps pt =
∑
t∈G

ω(pgt−1 , pht−1 )pt.

From this expression, the L-invariance and the definition of ω, it follows that

φ(ptL) •ω φ(pt′L) =
∑
s∈G

∑
l,m∈L

ω(ptls−1 , pt′ms−1 )ps

= |L|2
∑
s∈G

ω(pts−1 , pt′ s−1 )ps
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= |L|2
∑

s∈G\L

ω(pts−1 , pt′ s−1 )
∑
x∈L

psx

= φ
(
|L|2

∑
s∈G\L

ω(pts−1 , pt′ s−1 )psL

)
= φ

( ∑
s∈G\L

v(pts−1L, pt′ s−1L)psL

)
= φ(ptL •v pt′L),

with t, t′ ∈ G\L. In addition, it is trivially seen that φ is unital.

Example 2.15. Consider the previous example for the specific case when the group G
is the Klein 4-group K4 = 〈a, b | a2 = b2 = e〉. Take the subgroup L = 〈a〉. Then the
values of the partial measuring map λ are λ(pe) = λ(pa) = 1

2 and λ(pb) = λ(pab) = 0.
As the group K4 is abelian, the subgroup L is automatically in the centre, then we
have no obstruction to the centrality of f1 and f2 (moreover, since K4 is abelian,
the Hopf algebra (κK4)∗ is co-commutative, and consequently the convolution algebra
Homk((κK4)∗ ⊗ (κK4)∗, κ) is commutative). The L-invariance of the partial 2-cocycle
reads

ω(pe, pe) = ω(pa, pe) = ω(pe, pa) = ω(pa, pa),

ω(pe, pb) = ω(pa, pb) = ω(pe, pab) = ω(pa, pab),

ω(pb, pe) = ω(pab, pe) = ω(pb, pa) = ω(pab, pa),

ω(pb, pb) = ω(pab, pb) = ω(pb, pab) = ω(pab, pab).

The normalization condition, ω(1H , h) = ω(h, 1H) = h · 1A, gives us three conditions:

ω(pe, pe) + ω(pe, pb) = 1
4 ,

ω(pe, pe) + ω(pb, pe) = 1
4 ,

ω(pe, pb) + ω(pb, pb) = 0.

This leads to ω(pb, pe) = ω(pe, pb) = −ω(pb, pb) and ω(pe, pb) = 1
4 − ω(pe, pe).

Therefore, we end up with only one independent value of the partial 2-cocycle,
x = ω(pe, pe). One directly checks that with these data, the 2-cocycle condition is
satisfied for arbitrary value of x. Similarly, ω′ is also L-invariant and normalized and
can be determined in a similar form in terms of y = ω′(pe, pe). Furthermore, a direct
computation shows that the condition ω ∗ ω′ = f1 ∗ f2 is equivalent to the equality

32xy − 6(x + y) + 1 = 0. (2.8)

Therefore the symmetric twisted partial actions of (κK4)∗ on κ are parameterized by
the points (x, y) ∈ κ2 satisfying (2.8).
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3. Globalization

As already seen, taking a twisted action of a Hopf algebra H on an algebra B and
then restricting it to a unital ideal A, one obtains a twisted partial Hopf action of H
on A. Now, given a twisted partial action of a Hopf algebra H on a unital algebra A, we
can ask what conditions must be satisfied in order to view it as a restriction of a global
action. The globalization problem was solved in several contexts. In particular, for
partial group actions on C∗-algebras the answer was given by Abadie (see [1] or [2]).
For the case of partial group actions on unital rings a criterion for the existence of a
globalization was given in [19], whereas for partial Hopf actions the globalization
always exists, as was shown in [6]. As to the twisted partial group actions, the
globalization is rather more involved, as can be seen in [22]. We recall briefly the
meaning of a globalization of a twisted partial group action. We denote by U(B) the
group of the invertible elements of an algebra B. Given a twisted partial action of G
on an algebra A,

{{Dg}g∈G, {αg : Dg−1 → Dg}g∈G, {wg,h ∈ U(DgDgh)}g,h∈G},

a globalization for this twisted partial action is a quadruple

{B, β : G→ Aut(B), ϕ, u : G ×G→U(M(B))}

where M(B) is the multiplier algebra of B, such that:

(1) (B, β, u) is a twisted action of G on B with cocycle u;
(2) ϕ : A→ B is a monomorphism of algebras and ϕ(A) E B;
(3) ϕ(Dg) = ϕ(A) ∩ βg(ϕ(A));
(4) B =

∑
g∈G βg(ϕ(A));

(5) ϕ intertwines the twisted partial action of G on A with the induced twisted partial
action on ϕ(A) obtained by the restriction of the twisted action β on B.

In this section we will follow some ideas present in [22] to construct a globalization
for a twisted partial action of a Hopf algebra H on a unital algebra A.

Definition 3.1. Let (A, (w,w′)), (A′, (v, v′)) be two symmetric twisted partial H-module
algebras. A map ϕ : A→ A′ is an isomorphism of symmetric twisted partial H-module
algebras if, for all h, k ∈ H and a ∈ A:

(i) ϕ is an algebra isomorphism;
(ii) ϕ(h · a) = h · ϕ(a);
(iii) ϕ(w(h, k)) = v(h, k), ϕ(w′(h, k)) = v′(h, k).

Definition 3.2. Let A be a symmetric twisted partial H-module algebra with the pair
(w,w′). A globalization of A is a pair (B, ϕ), where B is a (possibly nonunital) twisted
H-module algebra with invertible cocycle u : H ⊗ H → M(B) and ϕ : A→ B is an
algebra monomorphism such that:
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(i) ϕ(A) is an ideal in B;
(ii) ϕ : A→ ϕ(A) is an isomorphism of symmetric twisted partial H-module algebras,

where ϕ(A) has the structure induced by B.

If the algebra B is unital then we call the globalization unital.

Our main result is as follows.

Theorem 3.3. Let A be a symmetric twisted partial H-module algebra with the pair
(w,w′).

(1) If this partial action has a globalization then there is a convolution invertible
κ-linear map w̃ : H ⊗ H → A satisfying

(h(1) · w̃(k(1), l(1)))w̃(h(2), k(2)l(2)) = (h(1) · 1A)w̃(h(2), k(1))w̃(h(3)k(2), l) (3.1)

with w̃(1H ,h) = w̃(h,1H) = ε(h)1A, such thatω = ( f1 ∗ f2) ∗ w̃ andω′ = ( f1 ∗ f2) ∗
w̃−1, that is,

ω(h, k) = (h(1) · 1A)(h(2)k(1) · 1A)w̃(h(3), k(2)), (3.2)
ω′(h, k) = (h(1) · 1A)(h(2)k(1) · 1A)w̃−1(h(3), k(2)). (3.3)

(2) If there is a convolution invertible linear map w̃ as before, then A admits a unital
globalization.

Proof. (1) Suppose that the pair (B, ϕ) is a globalization of the twisted partial action
of H on A. Then there are a twisted action of H on B given by B : H ⊗ B→ B and
a normalized, convolution invertible cocycle u ∈ Hom(H ⊗ H, M(B)), as well as an
algebra monomorphism ϕ : A→ B such that ϕ(A) is an ideal of B. The monomorphism
ϕ also intertwines the partial action of H on A with the induced partial action of H on
ϕ(A), which is given by

h · ϕ(a) = ϕ(1A)(h B ϕ(a)),

and the induced partial cocycle is given by the expressions

v(h, k) = (h(1) · (k(1) · ϕ(1A)))u(h(2), k(2))
= (h(1) · ϕ(1A))u(h(2), k(1))(h(3)k(2) · ϕ(1A)),

v′(h, k) = u−1(h(1), k(1))(h(2) · (k(2) · ϕ(1A)))
= (h(1)k(1) · ϕ(1A))u−1(h(2), k(2))(h(3) · ϕ(1A)).

Therefore, we have ϕ(h · a) = h · ϕ(a), ϕ(ω) = v, and ϕ(ω′) = v′.
Define w̃ ∈ Hom(H ⊗ H, A) such that

ϕ(w̃(h, k)) = ϕ(1A)u(h, k).

As the map ϕ is a monomorphism, one can conclude that w̃ is well defined. First, note
that w̃ is normalized, for

ϕ(w̃(h, 1H)) = ϕ(1A)u(h, 1H) = ϕ(1A)ε(h) = ϕ(1Aε(h)).
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By the injectivity of ϕ, we have w̃(h, 1H) = ε(h)1A. Similarly, w̃(1H , h) = ε(h)ϕ(1A).
Also it is easy to see that w̃ is convolution invertible: defining w̃−1 by ϕ(w̃−1) =

ϕ(1A)u−1(h, k), then

ϕ(w̃(h(1), k(1))w̃−1(h(2), k(2))) = ϕ(w̃(h(1), k(1)))ϕ(w̃−1(h(2), k(2)))
= ϕ(1A)u(h(1), k(1))u−1(h(2), k(2))
= ϕ(1A)ε(h)ε(k)
= ϕ(1Aε(h)ε(k)).

Again, by the injectivity of ϕ, we get

w̃(h(1), k(1))w̃−1(h(2), k(2)) = 1Aε(h)ε(k).

The other inversion formula is obtained in a similar way.
The modified cocycle expression (3.1) follows from

ϕ((h(1) · w̃(k(1), l(1)))w̃(h(2), k(2)l(2))) = ϕ((h(1) · w̃(k(1), l(1))))ϕ(w̃(h(2), k(2)l(2)))
= (h(1) · ϕ(w̃(k(1), l(1))))ϕ(w̃(h(2), k(2)l(2)))
= (h(1) · (ϕ(1A)u(k(1), l(1))))ϕ(1A)u(h(2), k(2)l(2))
= (h(1) · ϕ(1A))(h(2) · u(k(1), l(1)))ϕ(1A)u(h(3), k(2)l(2))
= (h(1) · ϕ(1A))(h(2)Bu(k(1), l(1)))u(h(3), k(2)l(2))
(∗)
= (h(1) · ϕ(1A))u(h(2), k(1))u(h(3)k(2), l)
= (h(1) · ϕ(1A))ϕ(w̃(h(2), k(1)))ϕ(w̃(h(3)k(2), l))
= ϕ((h(1) · 1A)w̃(h(2), k(1))w̃(h(3)k(2), l)),

where in the equality (*) above we used the fact that the cocycle equation is an identity
between multipliers.

Finally, for expressions (3.2) and (3.3), we have

ϕ((h(1) · (k(1) · 1A))w̃(h(2), k(2))) = (h(1) · (k(1) · ϕ(1A)))ϕ(1A)u(h(2), k(2))
= (h(1) · (k(1) · ϕ(1A)))u(h(2), k(2))
= v(h, k) = ϕ(ω(h, k)),

which gives
ω(h, k) = (h(1) · (k(1) · 1A))w̃(h(2), k(2)).

The other equalities are obtained similarly.
(2) Consider the map

ϕ : A→Hom(H, A)
a 7→ ϕ(a) : h 7→ h · a.

From (2.1) one can easily see that ϕ is an algebra homomorphism. In addition, if
a ∈ Ker(ϕ), then

a = 1H · a = ϕ(a)(1H) = 0;

therefore, ϕ is an algebra monomorphism.
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We begin by proving that the algebra Hom(H, A) is a twisted H-module algebra,
then we show that there is a subalgebra B of Hom(H,A) which inherits the structure of
the twisted H-module and contains ϕ(A) as an ideal.

Let us prove that Hom(H, A) is a twisted H-module algebra. Firstly, H measures
Hom(H, A) by means of

(h B θ)(k) = w̃(k(1), h(1))θ(k(2)h(2))w̃−1(k(3), h(3)).

In fact, given h, k ∈ H and θ, φ ∈ Hom(H, A), we have

(h B (θ ∗ φ))(k) = w̃(k(1), h(1))(θ ∗ φ)(k(2)h(2))w̃−1(k(3), h(3))

= w̃(k(1), h(1))θ(k(2)h(2))φ(k(3)h(3))w̃−1(k(4), h(4))

= w̃(k(1), h(1))θ(k(2)h(2))ε(k(3)h(3))φ(k(4)h(4))w̃−1(k(5), h(5))

= [w̃(k(1), h(1))θ(k(2)h(2))w̃−1(k(3), h(3))]

× [w̃(k(4), h(4))φ(k(5)h(5))w̃−1(k(6), h(6))]

= (h(1) B θ)(k(1))(h(2) B φ)(k(2))

= (h(1) B θ) ∗ (h(2) B φ)(k).

It is also easy to see that 1H B θ = θ, for all θ ∈ Hom(H, A). Indeed,

(1H · θ)(h) = w̃(h(1), 1H)θ(h(2)1H)w̃−1(h(3), 1H)
= ε(h(1))θ(h(2))ε(h(3)) = θ(h).

The map η(k) = ε(k)1A is the unit of Hom(H, A); then one needs to verify that
(h B η)(k) = ε(h)η(k):

(h B η)(k) = w̃(k(1), h(1))η(k(2)h(2))w̃−1(k(3), h(3))

= w̃(k(1), h(1))ε(k(2))ε(h(2))w̃−1(k(3), h(3))

= w̃(k(1), h(1))w̃−1(k(2), h(2))

= ε(h)ε(k)1A = ε(h)η(k).

The twisted H-module structure appears when one expands the expression for
(h B (k B θ)):

(h B (k B θ))(l)
= w̃(l(1), h(1))w̃(l(2)h(2), k(1))θ(l(3)h(3)k(2))w̃−1(l(4)h(4), k(3))
= w̃(l(1), h(1))w̃(l(2)h(2), k(1)) ε(l(3))ε(h(3))ε(k(2))︸                ︷︷                ︸ θ(l(4)h(4)k(3)) ε(l(5))ε(h(5))ε(k(4))︸                ︷︷                ︸

× w̃−1(l(6)h(6), k(5))w̃−1(l(7), h(7))
= w̃(l(1), h(1))w̃(l(2)h(2), k(1)) w̃−1(l(3), h(3)k(2))w̃(l(4), h(4)k(3))︸                                 ︷︷                                 ︸ θ(l(5)h(5)k(4))

× w̃−1(l(6), h(6)k(5))w̃(l(7), h(7)k(6))︸                                 ︷︷                                 ︸ w̃−1(l(8)h(8), k(7))w̃−1(l(9), h(9))
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= [w̃(l(1), h(1))w̃(l(2)h(2), k(1))w̃−1(l(3), h(3)k(2))]
× w̃(l(4), h(4)k(3))θ(l(5)h(5)k(4))w̃−1(l(6), h(6)k(5))
× [w̃(l(7), h(7)k(6))w̃−1(l(8)h(8), k(7))w̃−1(l(9), h(9))]

= [w̃(l(1), h(1))w̃(l(2)h(2), k(1))w̃−1(l(3), h(3)k(2))](h(4)k(3) B θ(l(4)))
× [w̃(l(5), h(5)k(4))w̃−1(l(6)h(6), k(5))w̃−1(l(7), h(7))].

If we define u : H ⊗ H → Hom(H, A) as the map

u(h, k)(l) = w̃(l(1), h(1))w̃(l(2)h(2), k(1))w̃−1(l(3), h(3)k(2)),

then its convolution inverse is

u−1(h, k)(l) = w̃(l(1), h(1)k(1))w̃−1(l(2)h(2), k(2))w̃−1(l(3), h(3)),

and we have

(h B (k B θ))(l) = u(h(1), k(1)) ∗ (h(2)k(2) B θ) ∗ u−1(h(3), k(3))(l). (3.4)

The map u is truly a cocycle, that is, it satisfies the cocycle identity

(h(1) B u(k(1), l(1))) ∗ u(h(2), k(2)l(2)) = u(h(1), k(1)) ∗ u(h(2)k(2), l). (3.5)

In fact, beginning on the left-hand side and repeatedly using the definition of u, we get

(h(1) B u(k(1), l(1))) ∗ u(h(2), k(2)l(2))(m)
= (h(1) B u(k(1), l(1)))(m(1))u(h(2), k(2)l(2))(m(2))
= [w̃(m(1), h(1))u(k(1), l(1))(m(2)h(2))w̃−1(m(3), h(3))]u(h(4), k(2)l(2))(m(4))
= w̃(m(1), h(1))u(k(1), l(1))(m(2)h(2)) w̃−1(m(3), h(3))w̃(m(4), h(4))︸                           ︷︷                           ︸

× w̃(m(5)h(5), k(2)l(2))w̃−1(m(6), h(6)k(3)l(3))
= w̃(m(1), h(1))u(k(1), l(1))(m(2)h(2))w̃(m(3)h(3), k(2)l(2))w̃−1(m(4), h(4)k(3)l(3))
= w̃(m(1), h(1))w̃(m(2)h(2), k(1))w̃(m(3)h(3)k(2), l(1))

× w̃−1(m(4)h(4), k(3)l(2))w̃(m(5)h(5), k(4)l(3))︸                                            ︷︷                                            ︸ w̃−1(m(6), h(6)k(5)l(4))

= w̃(m(1), h(1))w̃(m(2)h(2), k(1))w̃(m(3)h(3)k(2), l(1))w̃−1(m(4), h(4)k(3)l(2))
= w̃(m(1), h(1))w̃(m(2)h(2), k(1))ε(m(3)h(3)k(2))

× w̃(m(4)h(4)k(3), l(1))w̃−1(m(5), h(5)k(4)l(2))
= [w̃(m(1), h(1))w̃(m(2)h(2), k(1))w̃−1(m(3), h(3)k(2))]

× [w̃(m(4), h(4)k(3))w̃(m(5)h(5)k(4), l(1))w̃−1(m(6), h(6)k(5)l(2))]
= u(h(1), k(1))(m(1))u(h(2)k(2), l)(m(2))
= u(h(1), k(1)) ∗ u(h(2)k(2), l)(m).

Finally, it is easily checked that u is a normalized 2-cocycle: if η denotes the unit
element of Hom(H, A), then

u(h, 1H) = u(1H , h) = ε(h)η.
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We will now show that ϕ(A) is an ideal in a twisted H-module subalgebra of
Hom(H,A). Define B as the subalgebra of Hom(H,A) generated by the elements of the
form h B ϕ(a), for all h ∈ H and a ∈ A, and by the functions u±1(h, k), for all h, k ∈ H.
Since u(1H , 1H)(h) = ε(1H)η(h) = η(h), B is a unital subalgebra of Hom(H, A).

It is easy to see that H B B ⊆ B, because of the law of composition (3.4) and the
cocycle identity (3.5). Therefore, B is a twisted H-module subalgebra of Hom(H, A).
One needs only verify that ϕ(A) is an ideal in B. This is accomplished by showing the
following identities:

(i) ϕ(a) ∗ (h B ϕ(b)) = ϕ(a(h · b));
(ii) (h B ϕ(b)) ∗ ϕ(a) = ϕ((h · b)a);
(iii) ϕ(a) ∗ u±1(h, k) = ϕ(aw̃±1(h, k));
(iv) u±1(h, k) ∗ ϕ(a) = ϕ(w̃±1(h, k)a).

For identity (i) we have, for a, b ∈ A and h ∈ H,

ϕ(a) ∗ (h B ϕ(b))(k) = (k(1) · a)w̃(k(2), h(1))(k(3)h(2) · b)w̃−1(k(4), h(3))
= (k(1) · a)(k(2) · 1A)w̃(k(3), h(1))(k(4)h(2) · 1A)(k(5)h(3) · b)
× (k(6)h(4) · 1A)w̃−1(k(7), h(5))(k(8) · 1A),

where the last factor appears because e(k) = (k · 1A) commutes convolutionally. Since
f1 and f2 are also central in Hom(H ⊗ H, A) (by (STPA2)) and ω = f1 ∗ f2 ∗ w̃, the
latter expression can be rewritten as

= (k(1) · a)ω(k(2), h(1))(k(3)h(2) · b)ω′(k(4), h(3))
= (k(1) · a)(k(2) · (h · b))
= k · (a(h · b)) = ϕ(a(h · b))(k).

Identity (ii) is obtained in a similar manner.
For identity (iii) we have, for a ∈ A and h, k, l ∈ H,

ϕ(a) ∗ u(h, k)(l) = ϕ(a)(l(1))u(h, k)(l(2))
= (l(1) · a)w̃(l(2), h(1))w̃(l(3)h(2), k(1))w̃−1(l(4), h(3)k(2))
= (l(1) · a)(l(2) · 1A)w̃(l(3), h(1))w̃(l(4)h(2), k(1))w̃−1(l(5), h(3)k(2))
= (l(1) · a)(l(2) · w̃(h(1), k(1)))w̃(l(3), h(2)k(2))w̃−1(l(4), h(3)k(3))
= (l(1) · a)(l(2) · w̃(h, k))
= l · (aw̃(h, k)) = ϕ(aw̃(h, k))(l).

In a similar way, we obtain the expression for u−1(h, k) and the identity (iv) as well.
Therefore ϕ(A) E B.

From identity (i) we conclude quickly that the map ϕ intertwines the partial action
on A with the partial action on ϕ(A), indeed

h · ϕ(a) = ϕ(1A) ∗ (h B ϕ(a)) = ϕ(h · a).
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The image of the partial cocycle ϕ(ω(h, k)) is the induced cocycle

v(h, k) = (h(1) · ϕ(1A)) ∗ u(h(2), k(1)) ∗ (h(3)k(2) · ϕ(1A))

for the twisted partial action of H on the ideal ϕ(A). In fact,

ϕ(ω(h, k))(l) = l · ω(h, k)
= l · [(h(1) · 1A)ω(h(2), k(1))(h(3)k(2) · 1A)]
= (l(1) · (h(1) · 1A))(l(2) · ω(h(2), k(1)))(l(3) · (h(3)k(2) · 1A))
= (l(1) · (h(1) · 1A))(l(2) · [(h(2) · 1A)w̃(h(3), k(1))(h(4)k(2) · 1A)])
× (l(3) · (h(5)k(3) · 1A))

= (l(1) · (h(1) · 1A))(l(2) · w̃(h(2), k(1)))(l(3) · (h(3)k(2) · 1A)).

Using equality (3.1) for w̃, we obtain

ϕ(ω(h, k))(l) = l · ω(h, k)
= (l(1) · (h(1) · 1A))w̃(l(2), h(2))w̃(l(3)h(3), k(1))
× (w̃−1(l(4), h(4)k(2)))(l(5) · (h(5)k(3) · 1A))

= (l(1) · (h(1) · 1A))u(h(2), k(1))(l(2))(l(3) · (h(3)k(2) · 1A))
= ϕ(h(1) · 1A) ∗ u(h(2), k(1)) ∗ ϕ(h(3)k(2) · 1A)(l)
= (h(1) · ϕ(1A)) ∗ u(h(2), k(1)) ∗ (h(3)k(2) · ϕ(1A))(l)
= v(h, k)(l).

In an analogous manner, it can be shown that

ϕ(ω′(h, k)) = (h(1)k(1) · ϕ(1A)) ∗ u−1(h(2), k(2)) ∗ (h(3) · ϕ(1A))
= v′(h, k)(l).

This concludes the proof. �

For the case of H being a co-commutative Hopf algebra, the H-submodule H B ϕ(A)
is a nonunital subalgebra of Hom(H, A) and it carries a globalization of the twisted
partial action on A.

This is because we can write, for a, b ∈ A and h, k ∈ H, using the co-commutativity
of H, the product (h B ϕ(a)) ∗ (k B ϕ(b)) as a linear combination in H B ϕ(A). Indeed,

(h B ϕ(a)) ∗ (k B ϕ(b)) = (h(1) B ϕ(a)) ∗ (h(2)S (h(3)) B (k B ϕ(b)))
= (h(1) B ϕ(a)) ∗ u−1(h(2), S (h(7)))

∗ (h(3) B (S (h(6)) B (k B ϕ(b)))) ∗ u(h(4), S (h(5)))
= (h(1) B ϕ(a)) ∗ u−1(h(2), S (h(9))) ∗ (h(3) B (S (h(8)) B (k B ϕ(b))))

∗ u(h(4), S (h(7))) ∗ u(h(5)S (h(6)), h(10))
= (h(1) B ϕ(a)) ∗ u−1(h(2), S (h(9))) ∗ (h(3) B (S (h(8)) B (k B ϕ(b))))

∗ (h(4) B u(S (h(7)), h(10))) ∗ u(h(5), S (h(6))h(11))
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= (h(1) B ϕ(a)) ∗ u−1(h(2), S (h(10))) ∗ (h(3) B (S (h(9)) B (k B ϕ(b))))
∗ (h(4) B u(S (h(8)), h(11))) ∗ u(h(5), S (h(6))h(7))

= (h(1) B ϕ(a)) ∗ u−1(h(2), S (h(7))) ∗ (h(3) B (S (h(6)) B (k B ϕ(b))))
∗ (h(4) B u(S (h(5)), h(8)))

= (h(1) B ϕ(a)) ∗ u−1(h(2)S (h(3)), h(4)) ∗ u−1(h(5), S (h(9)))
∗ (h(6) B (S (h(6)) B (k B ϕ(b)))) ∗ (h(7) B u(S (h(8)), h(10)))

= (h(1) B ϕ(a)) ∗ u−1(h(2)S (h(5)), h(6)) ∗ u−1(h(3), S (h(4)))
∗ (h(7) B (S (h(10)) B (k B ϕ(b)))) ∗ (h(8) B u(S (h(9)), h(11)))

= (h(1) B ϕ(a)) ∗ u−1(h(2), S (h(5))h(6)) ∗ (h(3) B u−1(S (h(4)), h(7)))
∗ (h(8) B (S (h(11)) B (k B ϕ(b)))) ∗ (h(9) B u(S (h(10)), h(12)))

= (h(1) B ϕ(a)) ∗ (h(2) B u−1(S (h(6)), h(7))) ∗ (h(3) B (S (h(5)) B (k B ϕ(b))))
∗ (h(3) B u(S (h(4)), h(8)))

= h(1) B (ϕ(a) ∗ u−1(S (h(4)), h(5)) ∗ (S (h(3)) B (k B ϕ(b))) ∗ u(S (h(2)), h(6))),

and this last expression lies in H B ϕ(A), because ϕ(A) is an ideal of the algebra B
obtained in the previous theorem.

And, again only for co-commutative Hopf algebras, given any h, k, l ∈ H, the
following expression in B,

θ(h, k, l) = u−1(S (h(3)), h(4)) ∗ (S (h(2)) B u(k, l)) ∗ u(S (h(1)), h(5)),

satisfies the relation
h(1) B θ(h(2), k, l) = ε(h)u(k, l).

Then, since θ(h, k, l) ∈ B and ϕ(A) is an ideal in B,we have, for any a ∈ A and h, k, l ∈ H,
that

ϕ(a) ∗ θ(h, k, l) ∈ ϕ(A),

which implies that

h(1) B (ϕ(a) ∗ θ(h(2), k, l)) = (h(1) B ϕ(a)) ∗ (h(2) B θ(h(3), k, l))
= (h(1) B ϕ(a)) ∗ ε(h(2))u(k, l)
= (h B ϕ(a)) ∗ u(k, l).

That is, the product (h B ϕ(a)) ∗ u(k, l) ∈ H B ϕ(A). Analogously, we obtain

h(1) B (θ(h(2), k, l) ∗ ϕ(a)) = u(k, l) ∗ (h B ϕ(a)).

Note that H B ϕ(A) is a nonunital algebra. The above computation shows that for any
k, l in H, the elements u±1(k, l) can be viewed as multipliers of the algebra H B ϕ(A)
since any product of elements of the form h B ϕ(a) and u(k, l) can be written as
an element of H B ϕ(A). This is the case for globalization of twisted partial group
actions as shown in [22]. In this case, for each g ∈ G, the algebra which carries the
globalization is B =

∑
g∈G βg(ϕ(A)), the subspaces βg(ϕ(A)) are ideals of this algebra,

and the 2-cocycle components ug,h belong to the multiplier algebra of B.
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Example 3.4 [8]. Let κ be an isomorphic copy of the complex numbersC and let S1 ⊆ C
be the circle group, that is, the group of all complex roots of 1. Furthermore, let G be
an arbitrary finite group seen as a subgroup of S n for some n. Taking the action of
G ⊆ S n on (κS1)⊗n by permutation of roots, consider the smash product Hopf algebra

H′1 = (κS1)⊗n o κG,

which is co-commutative. Let X ⊆ G be an arbitrary subset which is not a subgroup
and consider the subalgebra Ã = (

∑
g∈X pg)(κG)∗ ⊆ (κG)∗, and define the commutative

algebra A′ = κ[t, t−1]⊗n ⊗ Ã.
In order to simplify the notation, write

ti = 1 ⊗ · · · ⊗ 1 ⊗ t ⊗ 1 ⊗ · · · ⊗ 1, (3.6)

where t belongs to the i-copy of κ[t, t−1]. Then we have the elementary monomials in
κ[t, t−1], given by

tk1
1 . . . tkn

n = tk1 ⊗ · · · ⊗ tkn .

In turn, the generators of (κS1)⊗n can be written in terms of the roots χθ of unity as
follows:

χθ1,...θn = χθ1 ⊗ · · · ⊗ χθn ∈ (κS1)⊗n, (3.7)

where χθi ∈ S
1 is the root of 1 whose angular coordinate is θi and which belongs to the

i-factor of (κS1)⊗n.
Then with the notation established in (3.6) and (3.7), the formula

(χθ1,...,θn ⊗ ug) · (tk1
1 . . . tkn

n ⊗ ps) =


exp

{
i

n∑
j=1

k jθgs−1( j)

}
tk1
1 . . . tkn

n ⊗ psg−1 if s−1g ∈ X,

0 if s−1g < X,

where g ∈ G and s ∈ X ⊆ G, gives a left partial action · : H′1 × A′ → A′. As H′1 is
a co-commutative Hopf algebra and A′ is a commutative algebra, then thanks to
Remark 2.10 it is enough to give a partial 2-cocycle ω attached to our partial action,
which is invertible in the ideal 〈 f1 ∗ f2〉, that is, a κ-linear map ω : H ⊗ H → A
satisfying conditions (TPA3)–(TPA5) and (STPA3).

Assume that G is such that its Schur multiplier is nontrivial and take a normalized
2-cocycle γ : G ×G→ κ∗ which is not a coboundary (for a concrete such γ when G is
the Klein 4-group, see [8]). For arbitrary h = χθ1,...,θn ⊗ ug and l = χθ′1,...,θ

′
n ⊗ us in H′1,

set
ω(h, l) = γ(g, s)(h · (l · 1A′)).

Then, as explained in [8], the pair (α, ω) forms a twisted partial action of H′1 =

(κS1)⊗n o κG on A′. Moreover, taking

ω′(h, l) = γ(g, s)−1 (h · (l · 1A′)),

we readily see that it is symmetric.
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We now observe that this symmetric twisted partial action is globalizable. Indeed,
the auxiliary convolution invertible map w̃ : H′1 ⊗ H′1 → A′ can be given by

w̃(h, l) = γ(g, s)ε(h)ε(l),

where h = χθ1,...,θn ⊗ ug and l = χθ′1,...,θ
′
n ⊗ us. Direct verifications show that the

convolution inverse of w̃ is

w̃−1(h, l) = γ(g, s)−1ε(h)ε(l),

and w̃, w̃−1 satisfy all conditions of Theorem 3.3.

Example 3.5. Consider now the symmetric twisted partial action given in
Example 2.15, where H = (κK4)∗, the dual of the group algebra of the Klein 4-group
K4 = 〈a, b | a2 = b2 = e〉, and A is the base field κ, defined by the measuring map
λ(pe) = λ(pa) = 1

2 and λ(pb) = λ(pab) = 0. As was shown in this case, the partial 2-
cocyle ω and its partial inverse ω′ are fully determined by a pair (x, y) ∈ κ2 satisfying
the quadratic equation (2.8) where x = ω(pe, pe) and y = ω′(pe, pe). One readily notes
that the pairs ( 1

4 ,
1
4 ), ( 1

8 ,
1
8 ) are solutions for (2.8). Obviously, the first one gives the

trivial partial 2-cocycle ω(pg, ph) = ω′(pg, ph) = f1 ∗ f2 (pg, ph) = pg · (ph · 1). So we
take the second one and then we have

x = ω(pe, pe) = ω(pa, pe) = ω(pe, pa) = ω(pa, pa) = 1
8

and

ω(pe, pb) =ω(pa, pb) = ω(pe, pab) = ω(pa, pab)
=ω(pb, pe) = ω(pab, pe) = ω(pb, pa) = ω(pab, pa)
=−ω(pb, pb) = −ω(pab, pb) = −ω(pb, pab) = −ω(pab, pab)
=− 1

8 ,

and ω = ω′.
We shall prove that this symmetric twisted partial action is globalizable. In order to

consider the auxiliary map w̃, let us denote Xg,h = w̃(pg, ph), for g, h ∈ K4, so that w̃ is
determined by 16 variables. The normalization condition gives us∑

g∈K4

w̃(pg, ph) =
∑
g∈K4

Xg,h = ε(ph) =

{
1 if h = e,
0 if h , e,

(3.8)

and ∑
h∈K4

w̃(pg, ph) =
∑
h∈K4

Xg,h = ε(pg) =

{
1 if g = e,
0 if g , e.

(3.9)

From condition (3.1), we have, for g, h, f ∈ K4, the equations∑
r∈〈a〉
s∈K4

Xs, f h−1 sXr−1g,s−1h =
∑
x∈〈a〉
y∈K4

Xx−1y,hg−1yXy−1g, f (3.10)

https://doi.org/10.1017/S1446788715000774 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788715000774


26 M. M. S. Alves, E. Batista, M. Dokuchaev and A. Paques [26]

whereas from (3.2), we obtain

ω(pg, ph) =
∑

r,s∈K4

λ(pr)λ(ps)w̃(pr−1g, ps−1h) =
1
4

∑
r,s∈〈a〉

Xr−1g,s−1h, (3.11)

with g, h ∈ K4. Next, writing Yg,h = w̃−1(pg, ph), we also have the equations

(w̃ ∗ w̃−1)(pg, ph) =
∑

r,s∈K4

Xr,sYr−1g,s−1h

= ε(pg)ε(ph) =

{
1 if (g, h) = (e, e),
0 if (g, h) , (e, e),

(3.12)

as well as

ω′(pg, ph) =
∑

r,s∈K4

λ(pr)λ(ps)w̃−1(pr−1g, ps−1h) =
1
4

∑
r,s∈〈a〉

Yr−1g,s−1h, (3.13)

with g, h ∈ K4, the latter coming from (3.3). Direct computations show that

X1,1 = Y1,1 = X1,b = Y1,b = Xb,1 = Yb,1 = −Xb,b = −Yb,b = 1
2 ,

Xabi,b j = Yabi,b j = Xbi,ab j = Ybi,ab j = Xabi,ab j = Yabi,ab j = 0,

i, j = 0, 1, is a solution for (3.8)–(3.13), showing that our symmetric twisted partial
action is globalizable.
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