
THE DIMENSIONS OF IRREDUCIBLE 
REPRESENTATIONS OF LINEAR GROUPS 

R. C. K I N G 

1. Introduction. The theory of the relationship between the symmetric 
group on a symbols, 2a , and the general linear group in ^-dimensions, GL(w), 
was greatly developed by Weyl [4] who, in this connection, made use of 
tensor representations of GL(w). 

The set of mixed tensors 

•L (a)a -L a\a2-..aa 

forms the basis of a representation of GL{n) if all the indices may take the 
values 1, 2, . . . , w, and if the linear transformation 

a h 

T(0)& . 7-/(0)6 _ T T / / j \«*TT //^-1^^' T ^ ' ^ 
1 (a) a - * J- (a)a ~ H \A )ai L L \A JPj'J- (a')a 

1=1 j=l 

is associated with every non-singular n X n matrix A. The representation is 
irreducible if the tensors are traceless and if the sets of covariant indices (a)a 

and contra variant indices (/3)& themselves form the bases of irreducible 
representations (IRs) of 2 a and 26 , respectively. These IRs of Sa and S& 

may be specified by Young tableaux [n]a and [v]b in the usual way [4]. It has 
been shown in a previous paper [2] that it is convenient to specify the cor
responding IR of GL(n) by a composite tableau [v\ fx]a. 

The same composite tableau may be used to specify IRs of not only GL(w), 
but also of U(w), U(n — mym), SL(n), SU(w), and SU(n — m}m). The 
tensorial bases of the corresponding IRs of these groups are only distinguished 
by the properties of the transformation matrix A. These linear groups are 
denoted collectively by hni and SL„ is used to denote those Ln for which 
det A = 1. 

Jahn and El Samra [1] have derived a very simple and useful formula for 
the dimension, Dn{v, fx), of the IR of each hn specified by [v; tx]h

a. This formula 
fully exploits the composite tableau notation and takes the form 

(1) Dn{v]fx) = 
H(v)HQi) ' 

where H(v) and H(n) are the conventional hook length factors [3] associated 
with the tableaux [n]a and [v]b, and Nn(v; /x) is a polynomial in n containing 
just (a + b) factors. Two alternative schemes A and B were given for writing 
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LINEAR GROUPS 437 

down Nn(v, n). Scheme A was proved directly and the trivial derivation of 
scheme B from scheme A was also given. In this paper an alternative derivation 
of (1) is given which involves a direct proof of scheme B. 

2. Derivation of Dn(y\ n). Every inequivalent finite-dimensional IR of hn 

may be specified by a regular composite tableau of the form: 

(2) [V, /x]a = [viV2 • • • VT; MlM2 . . . Mp]a = (*>/ . . . V^V\\ M l W . . . / i / ) a , 

where 

and 

with 

V Q T S 

53 vt= 2 M/ = #, 53 "* = 53 "/ = *i 

Ml ^ M2 ^ . . . ^ MP > 0, Mi' ^ M/ è . . . ^ M/ > 0, 

£ = MI', g = MI, f = ^I ' , ^ = ^l, 

subject only to the restriction 

(3) p + r ^ n. 

The IR of the special linear group, SLW, specified by [v; /x]a is equivalent to 
the IR of SLW specified by the conventional regular Young tableau [X]c, where 

(4) [X]c = [XiX2...X»]c = (XiV ...K')c 

with 

!

s + fig if g = 1, 2, . . . ,p, 

s it g = p + l,p + 2, ...,n - r , 
5 — y„_„+i ifg = w — r + l , » — r + 2, . . . , w — ?/, 

and 
, (w - *>'_*+! if h = 1 , 2 , . . . 

A* U _ , if h = 5 + 1, 5 
» s, 
+ 2, . . . , ^ + g, 

so that 
t = n — vs

f, u = s + q, c = ns — b + a. 

Schematically, it is convenient to represent typical tableaux [v\ /i]a and [X]c 

by diagrams (a) and (b) of Figure 1. The IRs of Ln specified by these two 
tableaux are of the same dimension, so that 

(5) Dn(v;p) = Dn(\). 

Quite generally, for any tableau [X]c the dimension of the corresponding 
IR of Ln is given by (see [3]) 

(6) Dn(\) = G„(X)/H(X), 

where Gn(X) and -ff(X) are the products of the contents and the hook lengths 
of the boxes of [X]c. The content of the box in the gth row and the Mh column 
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438 R. C. KING 

of [X]c is defined to be (n — g + h), and the hook length of this box is defined 
to be (I + \g — h + \h' — g), so that 

(7) 

and 

(8) 

GnM =U(n-g + h) 

H{\) = I I (1 + K ~ h + X»' - g). 
g,h 

The content Gn(\) may be formed by taking the product of the c numbers 
in the array produced by inserting in each box of the tableau its corresponding 
content. It is clear from this array that 

(9) Gn(X) = Gn(p)Gn+s(n)Gn-p(cr), 

where the tableaux [p]d and [a]e are defined by: 

(10) [p]d = [pip2 • • • Pp]d = ( P I W • • • Ps')d 

with 
Pi = 5, i = 1, 2, . . . , p, p/ = p, I = 1, 2, . . . , s, 

so that d = ps, and 

(11) [a]e = [0-10-2 . . . <rt-p]e = (<rio-2 . . . cr/)e 

with 
is if m = 1, 2, . . . , n — p — r, 
U — Vn-v-m+i iim = n — p — r + 1, n — p — r + 2,. . . ,n — p — v8', 

a/ = n — p — o-'_z+i, I = 1, 2, . . . , s, 

so that e = ns — ps — b. Schematically, the tableaux [u]a, [p]d, and [a]e 

together form the tableau [X]c as shown in diagram (c) of Figure 1. The factor 
Gn(p) is then given explicitly by 

(12) Gn{P) = f l (» - * + I). 
i,l 

It is convenient to reverse the order of the elements in each row of the 
rectangular array corresponding to (12) to yield 

(n-l + s) ... (n-l + l) ... (n + 1) (n) 
(n-2 + s) ... 0 - 2 + /) . . . (n) (n - 1) 

(13) Gn{P) = 
{n — i + s) . . . (n — i + 0 ... (n-i + 2) (n-i + 1) 

{(n-p + s) . . . (n-p + l) ... (n-p + 2) (n-p + 1) 
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Similarly, the hook length factor H(\) may be formed by taking the product 
of the c numbers in the array produced by inserting in each box of the tableau 
its corresponding hook length. From this array, 

(14) H(\) = FMH^Hia), 

where H{fi) and H(a) are the hook length factors of the tableaux [/x]a and 
[a]e, respectively, and Fn(p) is given in terms of [fx]a and [v]b by: 

y,s 

Fn(p) =H(1 + s + ^g-g + n - v'8-h+1 - h). 

Hence 

(15) Fn(p) = f l (n - i + I + n - v/). 
i,l 

Once again, reversing the order of the elements in each row of the rectangular 
array corresponding to (15) yields 

•(n-l + s + fii-p,') ... in - 1 + / + m - v{) ... (» + 1 + Ml - „./) („ + Ml - „/) 
| {n - 2 + .v + M2 - v/) ... (n - 2 + / + M, - Vl

r) ... (» + ^ - „,') (n - 1 + M, - „/) 

( l b ) 1%t(-p) )(n-i + s + nt-p;) ... (n-i + l + vn-vS) ... (n - i + 2 + m - n') (» - * + 1 + va ~ vx') 

[(n - p-\~ s + nP- p/) . . . in - p + 1 + H - v{) . . . (n - p + 2 + y.v ~ v/) (n - p + 1 + MP - > i ' ) 

Substituting (9) and (14) into (6) and making use of the generality of (6) 
then yields 

(17) Dn(\) = Gn(p)Gn+sMDn-P(<r)/Fn(p)H(»). 

The IR of Ln-.p specified by [<r]e is the complement of the adjoint of the IR 
of hn-p specified by [v]b, so that these two IRs have the same dimension. 
Moreover, an IR and its adjoint have the same dimension. Therefore 

Dn-P(a) = Dn-P(v), 

and again making use of the generality of (6) yields 

(18) Dn(\) = Gn(p)Gn+s(»)Gn-p(v)/Fn(p)HMH(v). 

The form of (18) indicates that it is convenient to introduce the tableaux 
[6]a+d and [<£]*+* defined by: 

(19 ) Wa+d = [01#2 . . . Qp]a+d — (0 /02 ' • • -)a+d 

with 
et = s + fjiu i=l,2,...,p, 

and 

(20) W+d = foi**. • -]h+d = (*/ • • • 4>UiY+i 

with 
* / = P + vi, I = 1, 2, ...,s. 
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Schematically, [6]a+d and [(t>]b+d are composed of [p]d and [p]d together with 
[n]a and [v]b, respectively, as shown in diagram (d) of Figure 1. With these 
definitions, 

Gn(6) = Gn(p)Gn+s(ix) and Gn(<j>) = Gn{p)Gn-p(v) 

so that using (5) and (18) we have 

(21) Dn(v;v) = Gn(6)Gn(4>)/H(ji)H(v)Gn(p)Fn(p). 

In writing Gn{6) and Gn(<j>) as arrays of numbers it is convenient to order 
the elements so that 

: (n + Mi + s - 1) (n + Mi + * - -) 
I (n + M2 + -v ~ 2) in + M2 + .v - 3) 

(n + 1) (n) 
in) (7i-l) 

(22) G'„(0) = 
| (n + M/ + .v - /) (» + Hi + -v - i - 1) (» - * + 2) (» - i + 1) 

and 

(n + nP+s-p) (11 + n„ +s - p - 1) . . . ( » - / > + 2 ) ( » - p + l ) 

(n - v/ + s - p) . . . (w - 'V + I - P) . . . (n - v/ + .2 - />) (« - ^ ' + 1 - />) 
(n - vj + s - p + 1) . . . (« - */ + / - P + 1) . . . (« - «V + 3 - p) (» - »V + 2 - £) 

(» + 5 - 2) 
(n + s - 1) 

(n + l- 2) 
(» + I ~ 1) (») 

( « + 1) 

(23) GM = 

! (» - 1) 

[ (») 

It is to be noted that the rows of the arrays Gn(d), Fn(p), and Gn(p), and 
the columns of the arrays Gn(4>), Fn(p), and Gn{p) are labelled by indices i 
and /, respectively, ranging over the values 1, 2, . . . , p and 1, 2, . . . , 5. 
Moreover, they are counted in the same way as the rows and columns of [p,]a 

and [v]b, respectively, that is from top to bottom and from right to left. 
The notation used in (2) to define the composite tableau [v; p]l may be 

extended slightly so that jn/ = 0 for j > q and vk = 0 for k > r. Then if 

(24) / > VK ^ 0, 

it follows that the Zth column of [v]b does not intersect the /^th row of [v]b. 
Hence 

(25) Mz > v{> 

and therefore the ith row of \p\a does intersect the z>/th column of \\x\a so that 

(26) i ^ M , / . 
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Similarly, if 

(27) i > »VÏ ^ 0, 

it follows that 

(28) Mz < vi 

a,nd. 

(29) 
I ^ v w . 

Furthermore, if 

(30) 1 ^ Via and i S Hv/, 

it follows that 

Vi ^ v{ and v{ ^ /**, 

and therefore 

(3D Vi = V\> 

It is then possible to decompose the rectangle representing [p]d into three 
distinct regions a, (3, and y as shown in diagram (e) of Figure 1, where the 
regions a and /3 are defined by the tableaux 

(32) [a] = [aia2 . . . ap] = ( a / a / . . .) 

with 

oii = 5 — vw, i = 1, 2, . . . ,p, 

and 

(33) [0] = [ptf* . . .] = 08/ . . . /V/3/) 

with 
Pi = P - Vn'\ I = 1, 2, . . . , 5 . 

The important result which follows from (25) and (28) is that the regions 
a and ft are non-intersecting, and from (31) all the elements of y are such that 
Hi = *>/. The arrays (13) and (16) may therefore be decomposed similarly 
to yield 

Gn(p) = G:{p)Gl(P)Gl{p) and FM = K(p)F*n(p)Fl(p), 

where the various factors are formed by taking the product of the appropriate 
elements corresponding to the regions of the array signified by the superscripts. 
By virtue of (31), Gl(p) = Fl(p) so that 

(34) Gn(p)Fn(P) = An(p)Bn(P), 

where 

An{9) = TOGf-%) and Bn(P) = Ft{fi)G^{p). 
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It is straightforward, using (13) and (16), to write down arrays correspond
ing to An(p) and Bn(p). It is convenient to order the terms of An(p) in the 
same way as in (13) and (16), but to order the terms of Bn(p) in a way cor
responding to a reversal of the order of the terms in the columns of (13) and 
(16). 

From the expression, (16), and the définition (32), it follows that the product 
of the terms in the ith row of F%(p) may be evaluated by taking the product 
of the array of numbers formed by inserting in the box at the foot of each of 
the last (s — v^) columns of [v]b, counted from the right, the factor 
(n — i + p.i + the number of the column — the length of that column). In 
the &th row of [v]b, these numbers are thus distributed over the last (yk — vk+i) 
boxes which contain X in diagram (a) of Figure 2. In terms of the label k, it 
follows that Fn(p) may be written in the form: 

(35) FM = f i Î Ï ^ - ^ - ^ + ^ + ^ ) ! 
* i t-ii (n - i - k + fii + vk+1)\ 

Similarly, the product of the terms in the Ith column of Fn(p) may be 
evaluated by taking the product of the array of numbers formed by inserting 
in the box at the right-hand end of each of the last (p — p,'n>) rows of [/x]a, 
counted from the top, the factor (n + / — v{ — the number of the row + the 
length of that row). In the j th column of \p\a these numbers are distributed 
over the last (ju/ — Mj+i) boxes which contain X in diagram (b) of Figure 2. 
Hence, in terms of the label j , it follows that: 

(36) /*<p)=n n1 filii-'i'-"/^ • 
In the same way from (13) together with (32) and (33) it is clear that 

(37) cn ( P ) - n (n_i){ 

and 

(38) GTW=n Jn, \ l - %. 
From the arrays (22) and (23) and the expressions (37) and (38) it can be 

seen that 

Gn(fi) = En(6)G^y(p) and Gn(<t>) = En{<t>)GTXP) 
with 

and 

w *•(*>-n'-^zVJU-
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The arrays En(0) and En(<t>) are obtained from Gn{6) and Gn(4>) by retaining 
the first (s + ixt — vH) terms in the ith row of (22) and the first (p + v{ — p,H>') 
terms in the /th column of (23), respectively. 

The product of the terms in the ith row of En(6) may be evaluated in 
exactly the same way as the product of the terms in the ith row of F%(p) by 
taking the product of an array of numbers associated with diagram (a) of 
Figure 2. The only difference is that the ith row of En(6) includes an additional 
Hi terms arising from numbers placed in the boxes which contain O in the 
diagram. These boxes are not of course part of the tableau [v]b. Hence 

(41) En{6) = K(p)fl f t (n - i - k + M< + v* + 1). 
i=l k=l 

Similarly, the product of the terms in the Ith column of En(<j>) may be 
evaluated in exactly the same way as the product of the terms in the Ith 
column of F%(p) using diagram (b) of Figure 2. The only difference is that the 
Ith column of En{$) includes an additional v{ terms arising from numbers 
placed in the boxes which contain O in the diagram. These boxes are not 
part of the tableau \p\a. Hence 

(42) EM) = F*n{p) I I f l (» + I + J ~ "•' - H' ~ 1). 
1=1 j=l 

Thus 

with 

Gn(0) = An(p)P"n(v;p) and Gn(<t>) = Bn{p)Sv
n{v^) 

(43) «(*;/*) = f [ ft (n + 1 - i - k + uLt + vk) 
1 = 1 J c = l 

and 

(44) si(v- M) = n n (» - 1 + 1 + j - v{ - M/). 
1=1 3=1 

These results together with (21) and (34) yield 

(45) p w ( , f M ) = _ _ _ _ , 

that is 

(46) Dn(v]fx) 

= f f ff (* + ! " *' " J + /*« + yi)(w " 1 + k + l - »*' - v^ 
\h là (i-i-j + pa + M/)(I - k - i + vk + v() 

Comparison with (1) indicates that 

(47) Nn{v\n) = S9n(r,riPÏ(v;ri, 

and substituting into this expression (47), the product of the arrays corre
sponding to (43) and (44) yields exactly that form of Nn(v; n) defined by 
the scheme B of Jahn and El Samra [1]. 
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It should be noted that if |>]6 = [0]°, the factor Sn(v; n)/H(v) must be 
replaced by 1, and since in this case 

vk = 0 for k = 1, 2, . . . , Hi with i = 1 , 2 , . . . , / ? , 

a simple reordering of the terms in the rows of the array corresponding to (43) 
yields the identity 

^ ( 0 ; M ) =Gn(ji), 
so that 

(48) 

Similarly 

2?„(0;/*) = DM. 

Sn(v; 0) = Gn(v), 
so that 

(49) Dn(y;0) = Dn(v). 

This indicates that the formula (6) may be considered to be a special case 
of (45). However, in contrast to the fact that Gn(\) determines the correspond
ing tableaux [\]c uniquely [3], Nn(v; n) does not determine the corresponding 
tableau |V|M]a uniquely. For example, 
NH(v;n) = ( » - 5 ) ( » - 4 ) ( « - 2 ) ( « - l)2w2(ra+ 1)(» + 2)(» + 3)(» + 4) 

if [v, n)l is given by any one of the four distinct tableaux [23; 312]s, [3P; 2Z]\, 
[22; 3212]7 or [3212; 22]4

7. 

3. Example. As an example, it is instructive to calculate the dimension of 

the IR of ~Ln specified by the composite tableau: 

[»;M]a= [431; 2*1]? = (1223; 32)?. 

The other tableaux specified in this paper in terms of [u;/x]l are then given by: 

[X]e = [6254B-631]4re_3 = ((» - l ) (n - 2)2(# - 3)32)4„_3, 

[p]a = [48]i2 = (34)12, 

[a]e = [4*-631]4K_2o = ((» - 4)(» - 5)2(« - 6))4„_20, 
[0]a+d = [625]17 = (3«2)17, 
W+d = [4431]20 = (4526)20, 

[a] = [P]2 = (2)2, 

[|8] = [312]5 = (123)5. 
Thus 

Gn{p) = 

^ ( p ) 

1 (» + 3) 
| (» + 2) 

(n + 2) (n + 1) 
(n + 1) (n) 

(») 
(n-l) 
(n-2) (» + l) 1 (w) (w — 1) 

(») 
(n-l) 
(n-2) 

(» + 2) (n + 1) 
(» + 1) (») 

(» + 4) 
(» + 3) 

(» + 2) (n + 1) 
(» + 1) (») 

(n - 1)1 
(» - 2) 
(« ~ 4) ( » + l ) | (« - 1) (« - 2) 

(n - 1)1 
(» - 2) 
(« ~ 4) 
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where the boundaries of the regions a and fi are indicated. It follows that 

(n + 5) (n + 4) (» + 3) (n + 2) 0 + 1) 0) 
(» + 4) (n + 2,) (» + 2) 0 + 1 ) 0) (» — 1) 

GM (» + 2) ( » + l ) (n) 0 - 1 ) (n-2) 
An(p) (n + 4) (» + 2) (» + l) in) 

(» + 3) 0 + 1 ) (») ( n - 1 ) 
(n+1) (») (» -D 0 - 2 ) 

and cancelling the terms in the corresponding rows then yields 

((n + 5) (n + 3) 
P : ^ ; M ) = U » + 4 ) (n + 2) 

\(n + 2) 
Similarly, 

(») (» - 2) (n - 3) (» - 5) 
(« + 1 ) (« - 1) (n - 2) (n - 4) 
(n + 2) (n) (n -I) (n - 3) 
(n + 3) (« + 1) (n) (n - 2) 

(n + 2) (n + 1) (n - 1) 
g»(») (n) 
Bn(p) (n + 1 ) (n - 1) (» - 2) (* - 4) * 

(n + 2) (n+ 1) (») (n - 2) 
(» + 3) (n + 2) (n + 1 ) (n - 1) 

Cancelling the terms in the corresponding columns then yields 

Un) (n-2) (n - 3) (« - 5) 
5 » > ; M ) = < W (n~l) (n-S) 

t (n) 
Finally, combining these results to form the numerator of (45) and inserting 

the hook length factors in the denominator of (45) then yields [1 ; 4] 

(n) (n -2) (n- 3) (n - 5) (n + 5) (n + 3) 
(n) (n - 1) (n - 3) (n + 4) (n + 2) 

(n) (n + 2)  
1 3 4 6 4 2 

1 2 4 3 1 
1 1 

Dn(v,n) 
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tu 
r 

1 

— s >< g — > 

(a) 

/-/> 

« — t + p 

/ 

n— p— r 

p +r 

(d) 

t 
P 

IL brS 
(e) 

Schematic representations of typical tableaux (a) [v; n]a, (b) [X]c, (c) [//]„, [p]d, and [o-]e, 
(d) [d]a+d and [</>]6+di (e) [a], [|8]. The outline of each tableau is given. A complete tableau is 
obtained by dividing the interior region into rows and columns of undotted or dotted boxes. 
For example, [v; /x]0 consists of p rows and q columns of undotted boxes, and r rows and s 
columns of dotted boxes. These are arranged so that the ith. row, counted from the top of the 
region ju, and the jth column, counted from the left of the region /*, contain m and /*/ undotted 
boxes, respectively, whilst the &th row, counted from the top of the region v, and the Zth 
column, counted from the right of the region p, contain vk and vi dotted boxes, respectively. 

FIGURE 1 
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S — *V. - X vH 
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Q| 
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1 
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< i 

T 

> r i 
< i 

T 

> 
r i 
< i 

T 
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r i 
< i 

T 

X o 
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r i 
< i 

T 
X 

P-i 

r i 
< i 

T 

x|
x 

r i 
< i 

T 

X 
X 

O O 

> 

r i 
< i 

T 

[7 
IX 

o o o 

M/ 1 

«o 
(b) 

Schematic representations of some of the rows and columns of a typical tableau [v\ jj]a. The 
boxes of this tableau which contain X in (a) and (b) give contributions to the ith row of F^(p) 
and the Ith column of F%(p), respectively, and the additional boxes outside the tableau which 
contain O in (a) and (b) give contributions to the ith row of P%(v', p) and the Ith column of 
Sn(v; M), respectively. 

FIGURE 2 
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