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NOTE ON THE SPACE BMOA

JUN SOO CHOA

ABSTRACT.  Let D be the unit disc in the complex plane. It is shown that
(1) for 0 < p < 2, there exists an analytic function f € BMOA for which

1@ = 127720 = | pu@] ) dxdy = 00 when|a] < 1.

and
(i) for2 < p < o0, there exists an analytic function f ¢ BMOA for which

sup [ 1f'@P(1 = |2 2P 720 = (2] dxdy < oo.
aeD

This settles the question of Stroethoff [S] on BMOA.

1. Introduction. LetD = {z € C: |z| < 1} be the unitdisc in the complex plane.
For a € D, define a Mobius transformation ¢,: D — D by
a—z
1—az

va(2) = Z€D.

The Bloch space B is the set of all analytic functions f on D for which

Ifll3 = sup|(f o ) (0)] < o0.
aeD

Contained in the Bloch space is the little Bloch space By, which is by definition the set
of all analytic functions f on D for which |(f o ,)'(0)] — 0 as |a] — 1—. Recently,
Stroethoff [5] obtained the following Mobius-invariant characterization for the (little)
Bloch space as a part of his results.

THEOREM A. Let 0 < p < oo and let f be an analytic function on D. Then
(A.1) feBs sup/ IF' @7 = |2)2P 721 — | pa(2)|*)? dxdy < o0;
aeD /D
and

(A.2) fe€ %ﬁ/l)If’(z)|”(l — 12221 — | pa(2)|)* dxdy — O as |a| — 1—.
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The space BMOA (“Bounded Mean Oscillation”, see [1]) is the set of all analytic
functions f on D for which

[If|lBMoA = sup If 0 va — f(@)||r < 00.

Contained in BMOA is the subspace VMOA (“Vanishing Mean Oscillation”), the set of
all analytic functions f on D for which ||f o ¢, — f(a)|l;z — 0 as |a]| — 1—. As is
well known (see [2], for example), the space BMOA (resp., VMOA) has the following
Mobius-invariant characterization: If f is an analytic function on D, then

0 f €BMOA & sup [ |f()|(1 | pu(@)] dxdy < oo;
aeD’D

and

(i) £ € VMOA & [ |f'@|*(1 | pu(d]*) dxdy — O as |a| — 1.

The Bloch space and the space BMOA share many analogous properties, as do the little
Bloch space and the space VMOA. Motivated by this fact and the observation of the
equivalences (A.1) for the Bloch space (resp., (A.2) for the little Bloch space) when
p = 2 and (i) for BMOA (resp., (ii) for VMOA), Stroethoff [5] asked the following:

QUESTIONS. Let 0 < p < oo and let f be an analytic function on D. Are the follow-
ing true?

(0.1)  f€BMOA & sug/D £ @IP(L = 2221 = | pa(2)|?) dxdy < oo;
ae

and
(Q.2) feVMOA@/DIf'(z)V’(l—|z|2)”_2(1—|<pa(z)|2)dxdy—>0as|a| —1—.

In this paper, we settle these questions in the negative.

2. Known results. We collect some known facts which will be used in the proof of
our main theorem.

The following proposition gives a way of getting BMOA-functions by using a lacu-
nary series.

PROPOSITION 1 [3, PP. 44-45]. Let ny < ny < --- be a sequence of positive inte-
gers satisfying infy ng,1 / n > 1 for all k and let f(z) = ¥, axz™. Then the following
statements are equivalent:

(a) f € H ie. pDradl lax|? < oo;

(b) f € BMOA;

(c) f € VMOA.

The next lemma is taken from [4, p. 339].

LEMMA 2. Let s be a sequence of positive numbers and sy / Sir1 — O0as k — oo.

Then
k—1

> s = olsx) as k — oo.
j=1
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3. Main theorem. [In what follows, to save some writing , we use the notation
B = [ 1f'@I70 = 12720 = g dxdy
for an analytic function f on D and a € D.

The following is our main theorem.

THEOREM 3. (i) If0 < p < 2, then there exists an analytic function f € BMOA for
which

(3.1) I,(f;a) = oo when |a| < 1;
(ii) If 2 < p < 09, then there exists an analytic function f ¢ BMOA for which

3.2) sup I,(f;a) < oo.

aeD

REMARK. It can be proved by elementary calculations (see [5], for example) that the
condition sup,j, I,(f; a) < oo is sufficient for the containment f € BMOA when 0 <
p < 2 and the condition sup,¢, I,(f; a) < oo is necessary in order to have f € BMOA
when 2 < p < oo.

PROOF. Fix 0 < p < 2, and let n; = (k!)* and define
o0
fe)y= Sk V/pgm,
k=1

Let
Ac={ze€D:1-2/m <z <1—-1/m} (k=2,3,...)

be the annulus in D. If z € Ay, then
" / X 1
F@l > o @) = | 3" Pniz"|
Jj=1

| k—1 00
>k /Pnk|z|”* _ Zj_'/”nj -3 j~l/p,,j|Z|n/
j=1 j=k+1

= (I) — I) — (11D).

Since (1 — 2 / ng)™ increases with increasing ny. It is zero, when n; = 2. However for
k > 3 we have n; > 36 and (1 — 2/ ng)™ > 1/ 8. It follows that

If we note that
k_'/”nk/ (k+1)"YPniy — 0as k — oo,
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we have by Lemma 2
D) = o(k™"/Pny).

Suppose that n is a positive integer and 0 < x < 1. From the binomial theorem we
deduce

1=@x+1—x)"2> %(n+ D(n+2)x*(1 —x)" > %(nx)z(l —x".

So that
(1—x)" <2/ (nx)™

Applying this inequality we deduce that

o) 00
S =1y <2kVPn2 3 1/ my
Jj=k+1 j=k+1

0
< 2k"'/”nk z nj_l/nj
Jj=k+1

(e
<2 Vem 3R
j=k+1

2

Since the series 2}21 J~° converges, it follows that

(I = o(k~"/Pny).
Thus if kg is large enough, then for k > kg
F'@| > me/ (10K'/P), 2 € Ay
Note that the area of A; is
(1 =1/ m)? — (1 —=2/n)*1 > 7/,
and 1 — |z]? > 1 —|z] > 2/ n for z € Ay. Then we see that

1+|aq
1—|q

L r@PPa =147 - pa@)|D dxdy

> [ @I =2y drdy

>§__nz (3 -1

_kOIOPk ni ny
T X1

“2-51)%?%_0‘"

Therefore (3.1) is satisfied. However since S(k~!/7)? < oo for 0 < p < 2,,we have
f € BMOA by Proposition 1. This shows (i).
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If2 < p < oo we define f(z) = Y2, k~/22% . Then
N 00 k
|'Jcl(relg)| S szk-l/zrz .
k=1

If we observe that )
kP <2 S A,

2h-1 <2k
then we have
|rf'(re®)| <23 (logl)~"/ 2.

It is not hard to see (for example, by comparing with an integral) that this last sum is
bounded by a constant times

1/(1 = n(loglt/ (1 = n))*/*

We denote by C an absolute constant, not necessarily the same on each occasion. It fol-
lows

LI @IPa =122 = |pa@|?) drdy

—(1—lal? / 1121 dxdy

= (1= |dl )(/Izlg/z”L/Izlzl/z)!f(zﬂp(l 2%y |1 —az|?
_ dxdy

_ _ 2 / p _ 2 1

= (1 =laf mas AF@IPA =YD [ s

do
a2
—la|? 1
—|a |2/4/'/2(1—r)(10gll/(1—r)])”/z
The last integral converges, since p > 2. Therefore (3.2) is satisfied. However, since
Y(k~1/2)? = oo, it follows from Proposition 1 that f ¢ BMOA. This shows (ii). The
proof is complete. n

Observing the equivalence (a) and (c) of Proposition 1 and a careful look at the proof
of Theorem 3 give the following:

= la? [ 1reenra =Ryt [T

<C( —|a|? )+C

THEOREM 4. (i) If0 < p < 2, then there exists an analytic functionf € VMOA for
which

lim I,(f;a) # 0;

la|—1-

(ii) If 2 < p < 00, then there exists an analytic functionf ¢ VMOA for which
lim I,(f;a) =

la|—1-
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