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NOTE ON THE SPACE BMOA 

JUN SOO CHOA 

ABSTRACT. Let D be the unit disc in the complex plane. It is shown that 
(i) for 0 < p < 2, there exists an analytic function/ (E BMOA for which 

fD \f'(z)\p{\ - \z\2f-2{\ -Wa{z)\2)dxdy = oo when \a\ < 1, 

and 
(ii) for 2 < p < oo, there exists an analytic function/ ^ BMOA for which 

sup f\f(zm - \z\2y-2d -Wa{z)\2)dxdy < oo. 
a£DJD 

This settles the question of Stroethoff [5] on BMOA. 

1. Introduction. LetD = {ze C : \z\ < 1} be the unit disc in the complex plane. 
For a G D, define a Mobius transformation ipa : D —* D by 

1 — az 

The Bloch space (B is the set of all analytic functions/ on D for which 

l l / l b = s u p | ( f o ^ ) , ( 0 ) | < oo. 
a<ED 

Contained in the Bloch space is the little Bloch space %, which is by definition the set 
of all analytic functions/ on D for which \(f o ipa)

f(0)\ —̂  0 as |«| —> 1—. Recently, 
Stroethoff [5] obtained the following Môbius-invariant characterization for the (little) 
Bloch space as a part of his results. 

THEOREM A. Let 0 < p < oo and letf be an analytic function on D. Then 

(A. 1) / 6 « «• sup [ \f'(z)\p(l - \z\2f-2(l -Wa(z)\2)2dxdy < oo; 
a£DJD 

and 

(A.2) feQo & fD\f'(z)\p(\ - \z\2y-\\ - Wa{z)\2?dxdy->0as \a\ -» 1 - . 
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The space BMOA ("Bounded Mean Oscillation", see [1]) is the set of all analytic 
functions/ on D for which 

| | / | | B M O A = SUp \\foifa - / ( f l ) | | # 2 < 00. 
aED 

Contained in BMOA is the subspace VMOA ("Vanishing Mean Oscillation"), the set of 
all analytic functions/ on D for which ||/ o ipa — f(a)\\jj2 —• 0 as \a\ —> 1—. As is 
well known (see [2], for example), the space BMOA (resp., VMOA) has the following 
Môbius-invariant characterization: If/ is an analytic function on D, then 

(i) / G BMOA & sup f \f'(z)\2(l -\ipa(z)\2dxdy < oo; 
aEDjD 

and 

(//) / e VMOA & J \f'(z)\2(l - I <Pa(z)\2)dxdy -> 0 as \a\ -> 1 - . 

The Bloch space and the space BMOA share many analogous properties, as do the little 
Bloch space and the space VMOA. Motivated by this fact and the observation of the 
equivalences (A.l) for the Bloch space (resp., (A.2) for the little Bloch space) when 
p = 2 and (i) for BMOA (resp., (ii) for VMOA), Stroethoff [5] asked the following: 

QUESTIONS. Let 0 < p < oo and let/ be an analytic function on D. Are the follow­
ing true? 

(Q. 1) / G BMOA <* sup / \f'(z)\p(l - \z\2f-2(l -\ifa(z)\2)dxdy < oo; 
aeDJD 

and 

(Q.2) f e VMOA & JD \f'(z)\p(l - \z\2y-2(l -Wa{z)\2)dxdy^O as \a\ — 1- . 

In this paper, we settle these questions in the negative. 

2. Known results. We collect some known facts which will be used in the proof of 
our main theorem. 

The following proposition gives a way of getting BMOA-functions by using a lacu-
nary series. 

PROPOSITION 1 [3, PP. 44-45]. Let n\ < n2 < • • • be a sequence of positive inte­
gers satisfying inf̂  n^+i/ n^ > 1 for all k and letf(z) = E £ i aicZ?*- Then the following 
statements are equivalent: 

(a) f EH2 i.e. Ej£i |a*|2 < oo; 
(b) f E BMOA; 
(c) f e VMOA. 

The next lemma is taken from [4, p. 339]. 

LEMMA 2. Let Sk be a sequence of positive numbers and Skf Sk+\ —> 0 as k —> oo. 
Then 

k-\ 
53 Sj = o(sk) as k —• oo. 
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3. Main theorem. In what follows, to save some writing, we use the notation 

Ip(f;a) = jD \f'(z)\"(\ - \z\2f~\\ -Wa(z)\2)dxdy 

for an analytic function f on D and a G D. 

The following is our main theorem. 

THEOREM 3. (i) IfO < p < 2, then there exists an analytic function f G BMO A for 
which 

(3.1) lp(f',a) = oo when \a\ < 1; 

(ii) If2<p< oo, then there exists an analytic function f $ BMOA for which 

(3.2) supIp(f\ a) < oo. 
aeD 

REMARK. It can be proved by elementary calculations (see [5], for example) that the 
condition supaeDIp(f',a) < oo is sufficient for the containment/ G BMOA when 0 < 
p < 2 and the condition supaeD Ip(f\ a) < oo is necessary in order to have/ E BMOA 
when 2 < p < oo. 

PROOF. Fix 0 < p < 2, and let nk = (k\f and define 

oo 

/(z)=E*"1/^A-
k=\ 

Let 

Ak = {zeD: l-2/nk<\z\ < 1 - 1/w*} (k = 2 , 3 , . . . ) 

be the annulus in D. If z G Ak, then 

l/(z)l>l^(z)l = IEr 1 / p ^ l 
7 = 1 

A:—1 o o 

> r ^ u r - Erv%- - E r'N-kr 
- (I) - (II) - (III). 

Since (1 — 2/ nk)
Hk increases with increasing nk. It is zero, when nk = 2. However for 

k > 3 we have nk > 36 and (1 - 2/ ^) n * > 1/ 8. It follows that 

(I) > / T ^ ^ d - 2/nkr > \k~llpnk. 

If we note that 
k~x'pnk/ (k + iyl/pnk+l - • 0 as k -+ oo, 
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we have by Lemma 2 
(II) - o{k-l'Pnk\ 

Suppose that n is a positive integer and 0 < x < 1. From the binomial theorem we 
deduce 

1 = (JC+ 1 -x)n+2 > - (n+ l)(/i + 2)*2(l -xf > -(nx)2(l - x)n. 

So that 
(l-x)n < 2/(nx)2. 

Applying this inequality we deduce that 

oo oo 

E r ' N a -1/"*)"' < 2*_1/'«t £ i/»y 
y=Jfc+l j = i t + l 

oo 

oo 

< 2k-llpnk £ j - 2 . 
./=Jfc+l 

Since the series EjSi J - 2 converges, it follows that 

(III) - o(k-l'Pnk). 

Thus if &o is large enough, then for k > ko 

\f(z)\>nk/(10kl'P), z£Ak. 

Note that the area of Ak is 

TT[(1 - \jnkf - (1 - 2/nkf] > 7r/nk, 

and 1 — | z\2 > 1 — | z\ > 2/ nk for z G A .̂ Then we see that 

-^TT / j / W d - lz |2r2d - k„(z)|2)^rfy 
1 — \a\ JD 

jD\f'{z)\p(\-\z\2f-ldxdy > 

>tjL(1rl-
-%10PkKn/ nk 

2-5P^k 

Therefore (3.1) is satisfied. However since £(£ l^p)2 < oo for 0 < p < 2 , , we have 
/ G BMOA by Proposition 1. This shows (i). 
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If 2 < p < oo we define/(z) = T%L\ £ _ 1 /V*. Then 

|tfW*)l <E2**"1/Vt. 

If we observe that 
2V < 2 £ ^ 

2*-1</<2* 

then we have 

l'/Vfl)|<2Edog/r1/v. 
It is not hard to see (for example, by comparing with an integral) that this last sum is 
bounded by a constant times 

l / ( l - r ) ( l o g [ l / ( l - r ) ] ) 1 / 2 . 

We denote by C an absolute constant, not necessarily the same on each occasion. It fol­
lows 

+(.H^/;2i/v">i<-<i-^r'/;" j ï ^ p * 

< C ( l - l a | 2 ) + c / ~ v J . [l -, -dr. 
" l-\a\2/4Ji/2(\ - r ) ( l o g [ l / ( l - r ) ] ) P / 2 

The last integral converges, since p > 2. Therefore (3.2) is satisfied. However, since 
Z(k~1/2)2 = 00, it follows from Proposition 1 that/ £ BMOA. This shows (ii). The 
proof is complete. • 

Observing the equivalence (a) and (c) of Proposition 1 and a careful look at the proof 
of Theorem 3 give the following: 

THEOREM 4. (i) I/O < p < 2, then there exists an analytic function/ G VMO A for 
which 

lim lp(f;a)^0; 
| a | — 1 -

(ii) If2<p< 00, then there exists an analytic function f £ VMO A for which 

lim Ip(f; a) = 0. 
| a | - > l -
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