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T O W A R D S A C L A S S I F I C A T I O N O F 
C O N V O L U T I O N - T Y P E O P E R A T O R S F R O M h T O L 

BY 

G. CROMBEZ AND W. GOVAERTS* 

1. Introduction. Let Z be the additive group of integer numbers with 
discrete topology, ^^L^Z) the space of complex-valued integrable functions 
on Z with respect to normalized Haar measure, l^L^Z) the space of 
bounded functions on Z. By M(lu L) we denote the set of convolution-type 
operators (or multipliers) from h to U\ they are of the form Hg(geJ°°) 
with Hg(/) = / * g ( / e h ) where * denotes convolution, so that ( / * g)(x) = 
X y 6 z / (y )g(*-y) . 

We recall the following definitions about a bounded linear operator S from a 
Banach space X to a Banach space Y (to be found, e.g., in [3]): S is said to be 
strictly singular if whenever S has a bounded inverse on M, M a closed 
subspace of X, then M is finite dimensional. S is called almost weakly compact 
if whenever S has a bounded inverse on a closed subspace M of X, then M is 
reflexive. 

We consider the following subsets of M(lu L): Au the set of compact 
operators; A2, the set of weakly compact operators; A3, the set of strictly 
singular operators; A4, the set of almost weakly compact operators; A5, the set 
of operators which do not have a bounded inverse on lt; A 6 (=M(l1, QXAs), 
the set of operators which do have a bounded inverse on lx. 

From the definitions we conclude that the inclusions AX^A2 and A3<= A 4 c: 
A5 are certainly true. That A2

c:A3 follows easily from the fact that every 
infinite-dimensional subspace of lx is non-reflexive, and the obvious fact that a 
weakly compact operator can not be invertible on a non-reflexive subspace; the 
first observation also leads to A3 = A4. 

A function g in L is called [weakly] almost periodic if the set {ag: aeZ} of 
left translates is [weakly] relatively compact. The set of almost periodic 
functions on Z is a proper subset of the set of weakly almost periodic 
functions, since e.g., the function 80 which is one at 0 and zero at the other 
points of Z, is weakly almost periodic but not almost periodic. Since the 
[weakly] compact convolution operators Hg from lx to L are just those induced 
by the [weakly] almost periodic functions g, as shown in [2] and [7], we deduce 
A\ g A2. 
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Hence, the foregoing observations lead to the following relations between 
the sets Au . . . , A5: 

A i p A 2 c A 3 = A 4 c A 5 . 

In what follows we prove the additional results: 

A 2 ^ A 3 ; A4^A5; A6f<f>. 

2. Main results 

PROPOSITION 1. There exists an operator Hg in M(ll9 L) which is an isometric 
embedding. In particular, A6f 0 . 

Proof. Denote by T the set of complex numbers z for which \z\ = 1. For 
each positive integer k, the set Tk of all k-tuples of elements of T is separable; 
let {(z(

k°i, z k
0

2 , . . . , z(
k°k}°Li be a countable dense subset of Tk. We choose a 

family (BJi)^j^1 of subsets of Z + with the following properties: 
(i) for fixed /, each B\ consists of exactly 2 / + 1 successive positive integers, 

sayB{ = [jc{,x{+l,. . . ,x{ + 2j]. 
(ii) if if i' or jfj', then B\nB(>=0. 
This can be done by writing the sets B\ in a double array like an infinite 

matrix, and then choosing successively B\, B\, B\, B\, B\, B\, B\,.... 
For each fixed /, we define g on U °1 x B\ by means of 

g(xt) = z%+lai+1, g(x{ + 1) = z ^ + l t 2 / , . . . , g(x{ + 2/) = z%ltl. 

We put g(x) = 0 for x e Z \ U " i = 1 B i . 
For the function g so constructed we have ||g||oo=l; hence H/^gH^^ 

ll/lli (fe h)- To prove the converse inequality we may suppose that / has a 
compact support, since the set of those functions is dense in lx. So let ffO be 
an element of Zl9 with /(x) = 0 for neZ\[-n,+n], neZ+. If y is an integer 
belonging to [-n, +n] we put a^ = sgn/(y) if /(y)7^0x and ay = 1 if /(y) = 0. 
Then the (2n + l)-tuple ( a _ n , . . . , a 0 , . . . , a j belongs to T2 n + 1 . Hence, given 
e > 0 there exists an index i such that |z2n+i,i~fl_n |<e, • • • > l ^ n + i ^ n + i ^ û j ^ » 
and there exist points x [ \ . . . , x" + 2n such that 

gCC) = z^+i .2n+i , • • • > gOC + 2n) = z?n+ul 

We so obtain 

(/*g)(x? + n) = £ /(y)g(x? + n - y ) = £ / (y)z£ + i . n + y + i 
y = — n y = — n 

from which we derive 

(i) (/ * g)(xp + n)- I /(y)J = X / ( y K ^ ^ - o J 

https://doi.org/10.4153/CMB-1980-060-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1980-060-4


1980] CONVOLUTION-TYPE OPERATORS 415 

Since I ^ - n / ( y ) a y - | | / | | 1 ? (1) leads to |(/*g)(x? + n ) | > ( l - e ) | | / | | 1 . This means 
that ||/* g| |O 0>(l- e) ll/Hx, from which the result follows using the fact that e was 
arbitrary. • 

PROPOSITION 2. There exists an operator Hg in M(lu lx) which is not strictly 
singular (—almost weakly compact) and which does not have a bounded inverse 
on lx\ i.e., A4^A5. 

Proof. In Z + we choose a family S = {xijk} of points were 1 < i, 1 < / < i + 1, 
1 < k :£/, where xijk ^ xVyk> if (i, /, k) ^ (/', /', k'), and where 

xijk — xi')-'k'Neither i<ï 

or i = i' and / < / ' 

or i = i' and / = j ' and k < k'. 

We take care to construct S such that a finite sequence of 10n (n = 1, 2 , . . . ) 
successive integers in Z does not contain more than n + 1 elements from S and 
that, for 1 < k < / - 1, xi/0_k) = xm - 10k + 1 . 

We define the function ge L as follows: 
(i) g(x) = 0 for xeZ\S 
(ii) for n = 1, 2 , . . . , the set {(g(xinl), g(xin2), • • •, g(*mJ): i = n - 1, n , . . .} is 

dense in Tn. 
Put A -{10 n : n = 0, 1, 2 , . . . } , and M = {/e 1I: /(x) = 0 for x^ A}. Then M is 

an infinite dimensional closed subspace in llm Analogously as in proposition 1 it 
may be proved (using the special properties of S) that the convolution-operator 
Hg is an isomorphism on M Hence Hg is not strictly singular. For each neZ+ 

we define the function fn on Z by 

rl(Tn for l < x < 1 0 n 

I 0 elsewhere. 

Each fn belongs to lu and \\fn\\x = 1. If x is a point of Z we have 

|(Hg(/„))(x)| = X lO-g(x-y) 
l < y < 1 0 " 

<(n + l) l(Tn . 

Hence ||Hg(/n)||oo-^0 for n-»°c. This means that Hg does not have a bounded 
inverse on lt. • 

PROPOSITION 3. There exists an operator Hg in M(}x, /«,) which is strictly 
singular but is not weakly compact; i.e., A2^A3. 

In the proof use will be made of the following lemmas. 

LEMMA 1. Let there be given two finite sets {cJJLi and {df}J=1 of complex 
numbers such that | C J | < 1 and | d ; | < l for each j . Then there exist complex 
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numbers {<*,•}"=! with 1̂ 1 = 1 for each j such that E"=i a ;c J |<2 and E"=i 0Ljdj\^ 
2. 

Proof. Choose an element ch of {cy}"=1 such that IcyJ^lql for each je 
{ 1 , . . . , n}, and choose ah = 1. Let Jj2(/2 7̂  /1) be an element of {dj}J==1 such that 
|dy2|>|dy| for each / e { l , . . . , n}\{/i}, and choose aj2 such that | a j = l and 
sgn ahdh = -sgn dh (if dh is zero, choose aj2 = 1). Choose then ch e {q}^ x (j3 =£ j \ 
and ;3 7̂  /2) such that \ch\ > |c;-| for each 7 e { l , . . . ,n}\{7i, 72}5 and choose aj3 with 
| a j = l and sgn ahch =-sgn (ahch +ahcJ2) (if 0 ^ + 0 ^ = 0, choose ah=l). 
And so on. 

We now prove \Zl = i ajk
cjk\ — 2 for all Z<n. 

This is obvious when / = 1, 2. Now let / be any even number smaller than n 
such that the above inequality holds. 

Since sgn (ail+1cil+1) = -sgn (£Ui <xikcik) we clearly have \Zl
k
+2l a i k c j < 2 . If 

/ + 1 = n, then the proof is complete. Otherwise, we consider two cases. First, if 

Z aA 

then 

k = i 

Z %<* 

+ K+2
C/J 

" l a / , + l ^ l + l l + 1^2^21 ' 

Since 

we infer 

If 

then 

Z ^APM Z <*A <2. 

| « J i + i C j , + 1 > Z «fcCfc 

+ K+2
C;J Z « A ^ Z ai^k+^jl+1Cjl+\ 

k = i ! Ifc=i I 

Hence E ^ i ^^{ = {^ = 1 aJ-kcJ-J<2 and, similarly, | ^ = 1 aydy |<2. 

< a- c- \ + \a- c < 1 + 1 = 2 
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LEMMA 2. Let g be the function defined on Z by means of g(n) = 1 for n > 0, 
g(n) = 0 for n < 0 . Then g is not weakly almost periodic. 

Proof. If g were almost periodic, each sequence from the set of translates of 
g would possess a subsequence which converges weakly to an element of L (by 
the Eberlein-Smulian theorem). So in particular the sequence {&: i = 1, 2 , . . .} 
where gi(n) — g(n — i) would have a subsequence {gt.: j = 1, 2 , . . .} converging 
weakly to h G /„. 

Each neZ defines a continuous linear functional Fn on L by means of 
Fn(k) = k(n) (k € L). Hence, for each n e Z w e would have Fn(g i.)->Fn(h) for 
j—>oc, or ^.(n)—»h(n) for j - ^ 0 0 . Since for each n we have n - i} < 0 for all large 
enough values of /, gi.(n) is zero for such /. Hence h(n) = 0 for all n of Z, and 
so h = 0. 

Denote by |3Z the Stone-Cech compactification of Z and let x^ in j8Z be a 
cluster point of Z + . For each fixed /, g^x») = 1; so F^g^.) -*! for j-*oc. On the 
other hand FXBD(h) = h(xoo) = 0. This leads to a contradiction. • 

Proof of Proposition 3. From Lemma 2 and the connection between weakly 
almost periodic g and weakly compact Hg, it follows that the convolution 
operator Hg with g as defined in Lemma 2 is not weakly compact. We show 
that, however, Hg is strictly singular. 

Let M be a closed infinite dimensional subspace of ll9 and e > 0 arbitrary. If 
fx is a function in lx with ||/i||i = 1, we may choose a compact subset Kx of Z 
such that XxezxK, |/i(*)| —£• Since M has infinite dimension, there exist func­
tions gi and g2 in M which are different and such that gt = g2 on K1. Putting 
gi~g2-h we obtain a function h e M for which \\h\lx ^ 0. Multiplying h with a 
constant leads to the following result: there exists a function / 2 e M with 
ll/2lli = 1 ar*d /2 = 0 on Kx\ for this function /2 we may find a compact subset 
K2 => Ki in Z such that I x e Z X K 2 |/2U)I ^ e. 

We use this procedure in the following manner. Let n and m be natural 
numbers, both not smaller than 2, and let s > 0 be arbitrary. For 1 < i < m and 
1 < ; < n we may then choose functions ftj in M and strictly positive integers xtj 

such that 
(i) x n < x 1 2 < - • - < x l n < x 2 1 < - • • < x 2 n < x 3 1 < - • -<xm n . 
(ii) ftj(x) = 0 for x 6 [~xvr, xr/-], where xVj> is the point in (i) just preceding xi;, 

with the convention that f = /' = 0 if i = j = l, and x00 = 0-

(iii)ll/Ji = l 
( iv )L 6 z \ t -^ ) l /«(x) |=s e -2-"«- 1 >- ' . 

For 1 < i < m, 1 <;' < n we put Ciy = [—xi/? - x r r [ , Di; = ] x r r , x^] (with the same 
convention as in (ii)), and ci; =S x e C . / 0 (x ) , di}f=IxeE>„.^(x). 

Since Ic^l^l , 1̂ ,1 < 1 , we conclude from Lemma 1 that for each fixed 
Ï E { 1 , . . . , m} there exist complex numbers a,:j ( ! < / < n ) where |a i ? |= 1 such 
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Z <*ifii ;2 and Z atAi 

we obtain a function / belonging to M, and 

I m,n I m,n 

ll/lli= Z I«^(y) S I I |I«J„(*) 
y e Z I i j ' i,i xcQjUDij 
m,n / m,n 

^ I Z l/i/tol-ll/™**) 
m,n 

I d - . 2 - „« - l ) -^_ £ £ . 2 - n ( i - l ) - j - :nm — 2e. 

For the convolution operator Hg we have 

(Hg (/))(*)= £ f(y)g(x-y) = I/(y). 
' y e Z J 

Considering different cases (e.g., x < — xmn, x > xmn, x e Q , x e Diy, x = 0) it 
can be shown that ||Hg(/)||00<4m + n 4- e. 

Without putting in the laborious checking of all the cases, we show the way 
by noting that for all i 

I fix): x e U C, Us £ I a^ . (x) + £ X Z «J» (* ) 
^ i = 1 J ' lj = l xeCy I lj = lxeQj( . r , s )^( i j ) 

j = l xeQj 
Tlfl«J™(*)|:*eUQ-\Q) 

r,s ^ J J 

I n I 
- I <*ijCij + Z Z {|/raU)|: x e Z\[-x r s , +xrs]} 

' j = 1 I r,s 

< 2 + Z £-2" n ( r " 1 ) ~ s <2+8 . 

Anyhow, we conclude 
l|Hg(/)|L 4m + n + e 

rcm — 2e 

which tends to zero for n, m—>°°. From this we conclude that Hg does not 
have a bounded inverse on M, and so Hg is strictly singular. • 
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3. Remarks 
3.1. It is easy to see that the following result is true: Hg belongs to A5<=>for 

each £ > 0 , there exists a finite set {Ci}"=1 of complex numbers such that 
Zr=i Ie* H 1? a n d a corresponding set {aJlLi of different points in Z such that 

IKr-iCUg|L<e. 
3.2. As we mentioned in the introduction, the compact and weakly compact 

operators Hg in M(ll9 L) are completely determined by g being either almost 
periodic or weakly almost periodic. This is even true for more general locally 
compact groups (see the references). The problem of giving necessary and 
sufficient conditions on ge L for Hg to be in A 3 (=A4) remains unsolved. 
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