Canad. Math. Bull. Vol. 23 (4), 1980

TOWARDS A CLASSIFICATION OF
CONVOLUTION-TYPE OPERATORS FROM I[; TO L

BY

G. CROMBEZ AND W. GOVAERTS*

1. Introduction. Let Z be the additive group of integer numbers with
discrete topology, I, =L,(Z) the space of complex-valued integrable functions
on Z with respect to normalized Haar measure, l,=L.(Z) the space of
bounded functions on Z. By (1, l.) we denote the set of convolution-type
operators (or multipliers) from [1 to Il-; they are of the form Hg(g € l~)
with He(f)=f * g(fe l1) where * denotes convolution, so that (f * g)(x)=
Lyez f(y)g(x—y).

We recall the following definitions about a bounded linear operator S from a
Banach space X to a Banach space Y (to be found, e.g., in [3]): S is said to be
strictly singular if whenever S has a bounded inverse on M, M a closed
subspace of X, then M is finite dimensional. S is called almost weakly compact
if whenever S has a bounded inverse on a closed subspace M of X, then M is
reflexive.

We consider the following subsets of (I, l.): A;, the set of compact
operators; A,, the set of weakly compact operators; A,, the set of strictly
singular operators; A,, the set of almost weakly compact operators; As, the set
of operators which do not have a bounded inverse on l;; Ag (=AM(l, L)\ As),
the set of operators which do have a bounded inverse on [;.

From the definitions we conclude that the inclusions A; < A, and A; < A, <
As are certainly true. That A, < A; follows easily from the fact that every
infinite-dimensional subspace of [, is non-reflexive, and the obvious fact that a
weakly compact operator can not be invertible on a non-reflexive subspace; the
first observation also leads to A;= A,.

A function g in [, is called [weakly] almost periodic if the set {,g: a € Z} of
left translates is [weakly] relatively compact. The set of almost periodic
functions on Z is a proper subset of the set of weakly almost periodic
functions, since e.g., the function §, which is one at 0 and zero at the other
points of Z, is weakly almost periodic but not almost periodic. Since the
[weakly] compact convolution operators H, from [, to I, are just those induced
by the [weakly] almost periodic functions g, as shown in [2] and [7], we deduce
A g A,
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Hence, the foregoing observations lead to the following relations between
the sets Ay,..., As:

AgAc A=A CAs.
In what follows we prove the additional results:
A g Az Asg As; As# ¢
2. Main results

ProrosiTiON 1. There exists an operator H, in M(l,, l.) which is an isometric
embedding. In particular, A¢# .

Proof. Denote by T the set of complex numbers z for which |z|=1. For
each positive integer k, the set T* of all k-tuples of elements of T is separable;
let {(zi), zi%, ..., z{%)i2, be a countable dense subset of T“. We choose a
family (B ),,,,1 of subsets of Z* with the following properties:

(i) for fixed j, each B! consists of exactly 2j+ 1 successive positive integers,
say Bi=[x], xi+1,..., xi+2j].

(ii) if i#i or j#j', then BINBi = .

This can be done by writing the sets B! in a double array like an infinite
matrix, and then choosing successively B}, B3, B, B}, B3, B3,

For each fixed j, we define g on U, B} by means of

g(X’) 22,+1 2j+1> glxi+1)= Z(Zij)+1,2j’ oo, gxd +2j)= Zz,+1 1-

We put g(x)=0 for xe Z\U7,_, Bl

For the function g so constructed we have |g|l.=1; hence |f*gl.=
Ifll; (fely). To prove the converse inequality we may suppose that f has a
compact support, since the set of those functions is dense in [;. So let f# 0 be
an element of I, with f(x)=0 for ne Z\[-n,+n], ne Z*. If y is an integer
belonging to [—n, +n] we put a, =sgn f(y) if f(y)#0" and a, =1 if f(y)=0.
Then the (2n+1)-tuple (a_,, ..., a, ..., a,) belongs to T>"*'. Hence, given
€ >0 there exists an index i such that [z5) . 1 —a_,|<e, ..., |28 1201 — @] <&,
and there exist points x}, ..., x;'+2n such that

g(xH) = Z(zir)1+l,2n+l) oo, g(xt+2n) = Z(2i7)|.+l,1
We so obtain
(Fx)xi+n)= Y fgxi+n—y)= Y f(Y)25hi1niys1
y=—n y=—n

from which we derive

Z 28 1 mry i1 —ay1|=e |Ifll.

y=-n

M |F*ertn— ¥ f(y)ayI

y=—n
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Since X5, f(y)a, =||fll:, (1) leads to |(f* g)(x} +n)|=(1—¢)||fl;. This means

that ||f * g|..= (1— &) ||f|;, from which the result follows using the fact that £ was
arbitrary. W

ProrosiTioN 2. There exists an operator H, in M(l, l,) which is not strictly
singular (= almost weakly compact) and which does not have a bounded inverse
onlie, Ayg As.

Proof. In Z* we choose a family S ={x;,} of points were 1=i, 1=j=i+1,
1=k =j, where x;; # Xy if (i, j, k) # (i’, j', k), and where

Xiji = Xyj- > either i <i’
or i=i" and j<j
ori=i" and j=j and k=k'.

We take care to construct S such that a finite sequence of 10" (n=1,2,...)
successive integers in Z does not contain more than n+ 1 elements from S and
that, for 1=k =<j—1, x;;-1,= Xy — 10+ 1.
- We define the function gel, as follows:

(i) g(x)=0 for xe Z\S

(i) for n=1,2,...,the set {(g(xin1), §(Xin2)s - - -» 8(Xinn)): i=n—1,n,..}is
dense in T". '

Put A={10": n=0,1,2,...},and M={fel;: f(x)=0 for x¢ A}. Then M is
an infinite dimensional closed subspace in l;. Analogously as in proposition 1 it
may be proved (using the special properties of S) that the convolution-operator
H, is an isomorphism on M. Hence H, is not strictly singular. For each ne Z*
we define the function f, on Z by

10" for 1=x=10"
fn(x)={

0 elsewhere.

Each f, belongs to I, and ||f,|l; = 1. If x is a point of Z we have

Y 107"g(x—y)|=(n+1)107"

1=y=10"

|(H (f))(x)] =

Hence ||H,(f,)|l.—>0 for n—>oc. This means that H, does not have a bounded
inverse on ;. W

ProrosiTioN 3. There exists an operator H, in M(l,, 1) which is strictly
singular but is not weakly compact; ie., A, g A;.

In the proof use will be made of the following lemmas.

LemmA 1. Let there be given two finite sets {¢;}j_, and {d;}}_, of complex
numbers such that |¢|=<1 and |d|=1 for each j. Then there exist complex
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numbers {a;}/_; with |a;| =1 for each j such that |Y]_, a;c;| =2 and ¥}, oyd,|=
2.

Proof. Choose an element ¢, of {¢}/_, such that |c,|=|c]| for each je
{1,..., n}, and choose «;, = 1. Let d,(j, # j;) be an element of {d,};_; such that
|d,|=|d;| for each je{l,...,n}\{j;}, and choose «; such that |a,|=1 and

sgn a,d;, = —sgn d;, (if d,, is zero, choose «;, = 1). Choose then ¢, €{c¢;}}- (j5 # J:
and j, # ) such that |¢,|=|c;| for each je{1,...,n}\{j;, j»}, and choose a;, with
log,|=1 and sgn a;,c, = —sgn (o, ¢, + oy,¢;,) (f o,¢, + ¢, =0, choose o, =1).
And s0 on.

We now prove Y-, a;c,|=2 for all [=n.
This is obvious when [ =1, 2. Now let | be any even number smaller than n

such that the above inequality holds.
Since sgn (q;,c;,,) = —sgn (Yi-, ,c,) we clearly have Y7, a;c,|=2. If
[+ 1= n, then the proof is complete. Otherwise, we consider two cases. First, if
1

lal+l ]1+x|<‘ Z afkcik

’

then
l+2
]k ]k 1 Z alkclk +a!1+1C]l+1 +| ]l+2 J|+2|
‘ Z ]k Jk Il+1 ]l+1|+l ](+z ]z+z
Since
|ah+l ll+1l lC]l+l | ]1+2| 1 ]1+2 ];+z|
we infer
1+2 1
Z @, Gy S’ Z @, G, =2.
k=1 =
If
1
aﬁucl'l+1|> I Z aikcik >
k=1
then
1+2
kzl Jie ]k Z a]kC]k+a]l+1C]l+l +lau+z ]l+z|
_| ]l+1 ]l+1l+| I_1+1 2

h+2 1142

Hence [, a;¢|=[Yr-1 o 2 and, similarly, Y7, o;d|=2. W

k ]kl_
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Lemma 2. Let g be the function defined on Z by means of g(n)=1 for n=0,
g(n)=0 for n<0. Then g is not weakly almost periodic.

Proof. If g were almost periodic, each sequence from the set of translates of
g would possess a subsequence which converges weakly to an element of I, (by
the Eberlein-Smulian theorem). So in particular the sequence {g;: i=1,2,...}
where g;(n)=g(n—i) would have a subsequence {g,: j=1,2,...} converging
weakly to hel..

Each neZ defines a continuous linear functional F, on [, by means of
F,(k)=k(n) (k€ l.). Hence, for each ne€ Z we would have F,(g,)— F,(h) for
j—>, or g, (n)—h(n) for j—. Since for each n we have n—i; <0 for all large
enough values of j, g, (n) is zero for such j. Hence h(n)=0 for all n of Z, and
so h=0.

Denote by BZ the Stone-Cech compactification of Z and let x., in BZ be a
cluster point of Z*. For each fixed j, g;(x.) = 1; so F, (g,)— 1 for j—c. On the
other hand F_(h)= h(x,.)=0. This leads to a contradiction.

Proof of Proposition 3. From Lemma 2 and the connection between weakly
almost periodic g and weakly compact H,, it follows that the convolution
operator H, with g as defined in Lemma 2 is not weakly compact. We show
that, however, H, is strictly singular.

Let M be a closed infinite dimensional subspace of l;, and ¢ >0 arbitrary. If
f1 is a function in I; with ||f)|l, = 1, we may choose a compact subset K, of Z
such that Y, ,\, |f1(x)|=e. Since M has infinite dimension, there exist func-
tions g, and g, in M which are different and such that g, = g, on K,. Putting
g, — g = h we obtain a function h € M for which ||h||, # 0. Multiplying h with a
constant leads to the following result: there exists a function f,eM with
If2li=1 and f,=0 on Kj; for this function f, we may find a compact subset
K,> K, in Z such that ¥, .\, [fo(x)|=e.

We use this procedure in the following manner. Let n and m be natural
numbers, both not smaller than 2, and let € >0 be arbitrary. For 1 <=i=m and
1=j=n we may then choose functions f; in M and strictly positive integers x;
such that

(D Xy <xpp < <Xy Ty < Xy Xy <t <X

(i) f;(x)=0 for x €[~x;;, x;;], where x;; is the point in (i) just preceding x;,
with the convention that i'=j'=0if i=j=1, and x4, =0.

(i) [Ifyli =1

(V) Treznonpmy [f(D)=g- 277007,

For 1=i=m, 1=j=n we put G; =[—x;, —x;;[ , D; =1x, x;] (with the same
convention as in (ii)), and ¢; =¥, f;;(x), dj =Ysep, fi(x).

Since |c;|=1, |dy]=1, we conclude from Lemma 1 that for each fixed
ie{l,..., m} there exist complex numbers a; (1=<j<n) where |a;|=1 such
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that

If we put

m,

n

f(x)="2 af;(x)

ij

we obtain a function f belonging to M, and

m,n

Ifl= 2

veZ

ij

Z a;ifii (y) sz Z

m,n

)

r.s

A

i,j xeG;UDy

DI WIASY

i,j xeC;uUDy;

= Z (1—g-27 D7 Z -2 " D= pm — e,

i.j

ij

For the convolution operator H, we have

(H(M@ =2 fgx=y)= 2 f(y).

V=Xx

Considering different cases (e.g., X <—Xpu, X > X, X € Gy, x€ Dy, x =0) it
can be shown that |H,(f)l.=4m+n+e.
Without putting in the laborious checking of all the cases, we show the way

by noting that for all i

‘Z {f(x): xejg Cii})s 2 a;ifi (x) | +

i=1xeCy;

n
= Z & Z fi(x)
i=1 x=C;

n
Z ;G
i=1

IA

n

XX 2 afx)

i=1xeC; (r.s)#(i.j)

+13 {leanf o xe UGG

+3 Y ALl x€ Z\[~ X, +x,. T}

=24) g2V <D g,

r.s

Anyhow, we conclude

IH, (Dl _4m+n+e

(il

T mnm—2¢

which tends to zero for n, m—c. From this we conclude that H, does not
have a bounded inverse on M, and so H, is strictly singular. W
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3. Remarks

3.1. It is easy to see that the following result is true: H, belongs to As< for
each >0, there exists a finite set {¢}.; of complex numbers such that
Y™ . lcl=1, and a corresponding set {a;}'_, of different points in Z such that
5 coaglh<e.

3.2. As we mentioned in the introduction, the compact and weakly compact
operators H, in J((l,, l.) are completely determined by g being either almost
periodic or weakly almost periodic. This is even true for more general locally
compact groups (see the references). The problem of giving necessary and
sufficient conditions on g€l for H, to be in A; (=A,) remains unsolved.
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