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ONE-PARAMETER AUTOMORPHISM GROUPS
OF THE INJECTIVE FACTOR OF TYPE II,
WITH CONNES SPECTRUM ZERO

YASUYUKI KAWAHIGASHI

ABSTRACT. We construct a one-parameter automorphism group of the in-
jective type II; factor with Connes spectrum { 0} which is not stably con-
jugate to an infinite tensor product action. We construct a countable family
of one-parameter automorphism groups of the injective type II; factor such
that all are stably conjugate but no two are cocycle conjugate.

0. Introduction. We exhibit a one-parameter automorphism group of the approxi-
mately finite dimensional (AFD) factor of type II; which has Connes spectrum {0} and
is not stably conjugate to an infinite tensor product action. We also construct a count-
able family of one-parameter automorphism groups of the AFD factor of type II,, all of
which are stably conjugate but no two of which are cocycle conjugate. This shows the
difference between the two notions, cocycle conjugacy and stable conjugacy.

At a certain stage of development, the existence of a non-ITPFI AFD type 11l factor
was a focal point of the structure analysis of factors. In the first section, we prove a
corresponding result for one-parameter automorphism groups.

In our previous work [10], we considered a one-parameter automorphism group which
fixes a Cartan subalgebra of the AFD type II; factor & elementwise, and showed that
if it has full spectrum, i.e., spectrum equal to R, then it is cocycle conjugate to an in-
finite tensor product one-parameter automorphism group (Theorem 1.6 of [10]). Now,
we consider the problem of whether all one-parameter automorphism groups of the AFD
type II; factor K_are cocycle (or stably) conjugate to an infinite tensor product one-
parameter automorphism group. The answer to this problem would be expected to be
negative, in analogy with the existence of an AFD type Il factor which is not ITPFI.
(See Araki-Woods [1] and Connes-Woods [4] for related definitions and results.) In fact,
we shall construct an example of a one-parameter automorphism group « of the AFD
type II; factor R, with I'(a) = {O}, which is not stably conjugate to an infinite ten-
sor product one-parameter automorphism group. The main technical tool is taken from
Connes-Woods [4].

In §2, we exhibit a countable family of one-parameter automorphism groups of the
AFD type II; factor &, with Connes spectra { 0}, all of which are all stably conjugate,
but no two of which are cocycle conjugate.
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In our earlier work [9] on one-parameter automorphism groups of K , we used stable
conjugacy for classification when the Connes spectrum is { 0}, and obtained two com-
plete invariants: the type of the crossed product algebra and the flow given by the dual
action on the center of the crossed product algebra. For actions fixing a Cartan subal-
gebra and certain actions arising from the irrational rotation algebra, we also showed
the uniqueness, up to cocycle conjugacy, of one-parameter automorphism groups with
full Connes spectrum in [10,11]. One is naturally led to ask whether cocycle conjugacy
and stable conjugacy coincide for one-parameter automorphism groups or not. Cocycle
conjugacy for general actions trivially implies stable conjugacy, but the converse is true
in some cases, and false in others. For example, the two notions coincide for discrete
amenable groups and do not coincide for T¢, d > 1. (See the first paragraph of §2.)
The problem for T or R is more subtle than for discrete groups or T¢, d > 1. We will
show in §2 that stable conjugacy does not imply cocycle conjugacy for either T or R.
The main tools are the basic construction for subalgebras and the method developed by
Christensen in [2].

The main part of this work was done at the Institut des Hautes Etudes Scientifiques
with the support of an Alfred Sloan doctoral dissertation fellowship. The author expresses
gratitude to the Institute and to the Sloan Foundation. The author is thankful to Prof. A.
Connes for calling attention to these problems, to Prof. E. Christensen for suggestions
concerning §2, and to Prof. M. Takesaki for numerous helpful suggestions.

I. One-parameter automorphism groups of non-product type. We construct an
example of a one-parameter automorphism group « of the AFD type II; factor R with
I'(er) = {0} which is not stably conjugate to an infinite tensor product one-parameter
automorphism group in this section, using a technique from Connes-Woods [4]. We con-
sider the following property first. This is an analogue of the condition in Lemma 2.1 of
Connes-Woods [4].

DEFINITION 1.1.  Let M be the AFD type II; factor & or the AFD type I, factor
Rp,;. For a one-parameter automorphism group  of M, consider the Sakai flip o :
X®yr— y®xon M ® M. Because o commutes with @ @ @ on M @ M, we can extend
0 t0 04 on (M ® M) X 4o R. We consider the following property:

(%) Oq is trivial on Z(M @ M) X qoaR).
PROPOSITION 1.2.  The property (x) is invariant under stable conjugacy.

PROOF. First consider replacing «, by §; which is cocycle conjugate to «,. Then o4
on (M ® M) X 4R is conjugate to o3 on (M ® M) X gesR. Next replace a; by
o, ® i,, where i, is the trivial action of R on L(#). Then o, on Z(M @ M) X goaR)
is conjugate to oge; on Z(M @ LIH) @ M @ L(H)) X awivawiR). Thus we get the
conclusion. [

The following result corresponds to Lemma 2.1 in Connes-Woods [4].
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PROPOSITION 1.3.  If a one-parameter automorphism group o of the AFD type I,
factor R_is of infinite tensor product type, then it has the property (x).

PROOF. Let «; be of infinite tensor product type with respect to the decomposition
R. = %, M,, where M, is a matrix algebra, and consider the infinite tensor product
with respect to the trace. Let o, be the Sakai flip on (®;_, M,) ® (®,_; M,). Then
0 = liMyon ® 1, and 04 = limy_00(@m @ 1)o. Thus it is enough to show that
(om ® 1)4 is trivial on Z((R ® R) Xax«R). But for this statement, we may assume that
o is trivial for the first m components by perturbing «; by a unitary cocycle. Then the
above assertion is trivial, and we are done. n

We now have the following theorem. The argument is parallel to the proof of Theorem
2.3 in Connes-Woods [4].

THEOREM 1.4. Let a one-parameter automorphism group o of the AFD type Il
factor Ry 1 be defined as follows. For an ergodic and infinite-measure preserving trans-
formation T on X such that T x T~" is dissipative, construct the crossed product algebra
L®(X) X 1Z = Rp 1. Define a by ay(x) = x for x € L®(X) and a(u) = €"u for the
implementing unitary u. Then the action a does not have the property (x) of Definition
1.1, and hence it is not stably conjugate to an infinite tensor product one-parameter au-
tomorphism group.

PROOF. The flow given by (o ® a)” on Z((Rp1 ® Rp.1) X aaR) is a Poincaré
flow, given by the 1-cocycle obtained by the equivalence relation (7x, y, t+1) ~ (x, y,t) ~
(x, Ty, t+1) on X x X x R. (See Proposition 1.3 in [10].) Let E be any 7 x 7! invariant set
in X x X, ox the flip on X x X. Let E be the subset of X x X x R generated by E x [0, 1]
and the above equivalence relation. Suppose that a has the property (x). Because o4
acts on Z((Rp 1 ® Ro.1) X awaR) by ox, we get that the set £ is invariant under oy ® id.
This implies that ox preserves E. Now by Lemma 2.2 in Connes-Woods [4], we get
ox € [T x T~']. Then for almost all (x, y) € X x X, we have an integer n(x, y) such that

ox(x,y) = (y,x) = (T"x, TNy,

so that y € T-orbit of x, but this is impossible because the orbit is countable. ]

Anexample of a transformation T as in Theorem 1.4 is given in Harris-Robins[5]. (See
also § 3 of Connes-Woods [4].) If we form « ¢ for the above one-parameter automorphism
group « and an invariant projection e € L®(X) C Rp; with finite trace, we get an
example of a one-parameter automorphism group 8 of the AFD type II; factor X, with
I'(8) = {0}, which is not stably conjugate to an infinite tensor product one-parameter
automorphism group.

REMARK 1.5. There exists another type of one-parameter automorphism group «

of the AFD type II; factor X, with I'(av) = R, which is not cocycle conjugate to an
infinite tensor product one-parameter automorphism group. This type of one-parameter
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automorphism group « does not satisfy o, € Out(R), ¢ # 0, while I'(a) = R, and
therefore it cannot be cocycle conjugate to an action of product type. (See Introduction
of [11] for a more detailed explanation.) This does not have an analogue in the case of
AFD type III factors.

2. Cocycle conjugacy and stable conjugacy. Cocycle conjugacy for general ac-
tions trivially implies stable conjugacy, but the converse is true in some cases, and false
in other cases, as shown below. (Recall that & and 3 are said to be stably conjugate if
o ®ids and B ® ids, are cocycle conjugate, where id,, is the trivial action on the sepa-
rable type I, factor.) Stable conjugacy implies cocycle conjugacy for discrete amenable
group actions on R_because the characteristic invariant is a stable conjugacy invariant.
(See Theorem 2.7 in Ocneanu [12].) For the tori T¢, d 2 2, it is not difficult to construct
two actions on K_which are stably conjugate, but not cocycle conjugate: Take an ergod-
ic action a on K and set 3 = o ® id,, where id, is the trivial action on M,(C). (See
Olesen-Pedersen-Takesaki [13] for the construction of ergodic actions.) Proposition 4.7
in [13] asserts that these are not cocycle conjugate. But this construction does not work
for T: The one-dimensional torus T does not have an ergodic action on &_and if an action
of T on R_has a factor as its fixed point algebra, then it is unique up to conjugacy. (See
Corollary 4.7 in Paschke [14], our Theorem 2.2 [9], and a remark on p. 185 of Jones [7].)
Thus, the problem for T or R is more subtle. We will show that stable conjugacy does
not imply cocycle conjugacy for either T or R.

Define two actions o and 3 by

o = ®Ad (exp27rit(3 ({2 _3(3/2)),

n=1

00 n+2
B = rgAd (exp27rit (3 0/2 _3,,92/2)) ,
Here we identify the AFD type II; factor K, with the infinite tensor product @32 ; M»(C)
with respect to the trace 7. We denote by ey(n), 1 = j,k = 2, the matrix units in the
n-th factor M,(C). We also denote by D, the set of diagonal matrices in M,(C). Because
®:°, D» is in the fixed point algebra of o, we can show that I'(ar) C 3"Z for each n,
whence I'(a) = {0} . Note that

6 0 0 O
. -3 0 0

o, = Ad | exp2nit 0 3 0 ® B,
0O 0 0 -6

and so «, and (3; are stably conjugate. In the following, we will prove that these two
actions are not cocycle conjugate. To obtain a contradiction, suppose that they are cocycle
conjugate: there is an automorphism 6 of X and an « -unitary cocycle u, such that § - 3, -
0~ = Ad() - a;, for all t € R. We will reach a contradiction at the end of this section.
The basic idea of the proof is as follows: For large N, the u,’s are almost contained in the
first N factors, and thus 3; - @ ! is almost equal to § ~! - «; at the (N + 1)-st factor and
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later on. Then 8 ~! should be like a backward shift by 2 there, but such an automorphism
does not exist.

Because both the groups «; and 3, have period 1, u; is a scalar; thus we may assume u,
also has also period 1, without loss of generality. Let ¢ < 1/51200, and choose N = 2
such that for any ¢ € R, there exists a such that

(1) aeMIC)R - @MICO)RCR®CR:---, [lu; — a2 = e.

N times

ASSERTION 2.1.  In the context above, for any

XxEMC)® - @MC)RCRCR -+, flxlloo = 1,

~

N times
there exists y such that

YEMYO)® - AMAC)RD, Dy ® - -+,

2 N—2 times

18 ~1(x) — yll2 £ 104/E.
For the proof, we introduce the following action p, of [132 | Z» on R :
e ®ad(y )
= N-2 N
P ? n=1 0 (—l)g"
where idy~v-> means the trivial action on M,v—(C), and ¢ = (g,), g» = Oor 1. Fix g =
(8n) € ®L | Zy CII2 | Zy. Suppose that

g :{] forn:kl,...,km,léklé..‘§km,
" 0 otherwise.

We use the notation J = (jj,...,jm) € H,,’”:l{ 1, 2} and define projections py, p; by

ps = € ki + N =2) ¢, (kn + N = 2),
pr = e3—ji—ji(ki + N —=2) - -esj, 5, (kn + N = 2).
We also set
€] = €jj, (ki +N)-- 'e_i”J,”(km + N),
Wi = €3—ji,j (ki +N)--- e3fj,,,,/‘m(km +N),
o) = (2]| =3)-- '(zjm —-3)€ { 1,_1},
A= (21 = 33N 44 (2), — 3)30N,
Note that e, = wiw; and a,(wy) = exp(2mi);)w;. We define P; to be the projection
onto the (3;-eigenspace for the eigenvalue 27 A;. The range of this projection is generated

by ;R py.
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LEMMA 2.2. In the context above, we have

1 1
= PO w3 = 5 [ 1 w1 .

PROOF. Letf ~!(w;) = ) by be the decomposition of @ ~!(w,) into 3,-eigenspaces
with eigenvalues 27 A. Because all the A’s are integers and every A can be expressed as
a sum of finitely many £3"’s in a unique way, we get

2/[(1 = PO (w3
=23 |Iball3
A#EN

I
:[) | > (exp2miXt)by — exp(2mid;0)by)||3 dt
B

1
= [ 18:0 ") — exp(2minn8 ' (w3 e
1
:/0 lu; - expidswy - uf — expRmir;t)w,||? dt

! 2
= /0 (| (etrs wylll5 dt.

n
Now we set
fr=0""wiw,) = 0""(ey),
a; = Py(0 W) P8~ (wy)).
We have p;a,;p; = a,. Note that by Lemma 2.2,
I1fr —asll2 =110~ wiH8 ' ws) = Py@ ' (w2
3) 11O o)) = PO 0w )PSO~ w2
| Ve
§\/§(/0 | Lears w1l dt) .
LEMMA 2.3. In the context above, we get
> Mlawl; £ 4llall;,  acR.
o(J)=-1
PROOF. We have
> lawidlli = 3 (laws, —wall3 +[law, +wyall3)
o(/)=—1 a(/)y=—1
=21( Y. wwid'a)+21( Y. wiwsaa®)
o(J)=-1 o(J/)y=—1
<4|al;.
n
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LEMMA 2.4. In the context above, we get

I > —anlli = 8

o(/)=—1

PROOF. We have

I > r—anlli =rC > fifx +ajax — frax — asfy)

o()=—1 o)), (K)=—1

=r( Y f+T( Y a)) -2

o()=—1 o(/)=-1

ST Y o+ Y 03)—2’7‘(

o(/)=—1 o()=-1

+27(C 0 Sfxaifx)

oo (K)=—1J#K

=t( Y (fi+aj—2fa)

o()=—1
= > l-ali
o()=—1
1
<2 % [ w3,
o()=-170

by (3). By (1), there exists a, such that

G EMCO)R - OMAC)RCRC R+, |lur—al2 = e,

N times

for each t. By Lemma 2.3, we get

| S G-aplis2 X [ - anwla

o()=—1 o(J)y=—1
<82,

LEMMA 2.5. In the context of Assertion 2.1, we have

[ 060 ') — 8 ' (W)[|2 = 104/E.
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PROOF. First we have

ps@ ') — 077 =4Il > ps 67 W13

o(/)=—1

=4l 3 pi—fr 07 W3
o(J)=-1

=16 > ps—fll3
o(J))=-1

=167( Y. (pupx +fifx — Pifx — fipk))

o(J),0(K)=—1

=32r( > fi— > pxfipk)

a(f)=—1 o(J),o(K)=-—1

=32r( Y, (fH—a)— >

a()=-1 o(),0(K)=—

=320 Y (fr—an-— >

o(J)=—1 o(J)),0(K)=—

=320 > G—ale

o()=—1

Then by Lemma 2.4, we get
[pe(0 ') — 6 @17 = 642,

and hence

A

| 050 ') — 0 ' W)]]2 < 104/€.

Now we can prove Assertion 2.1.
PROOF OF ASSERTION 2.1. By Lemma 2.5, we have

S g0 ') — 0 " W)||2 < 104/,

px(fi — ap)pk)

px(fr — anpkll2

115

for each g € @,2, Z,. Hence by continuity the estimate (4) is also valid for each g €

no 1 Z>. Then set

_ -1
V= g pe 0 ).

where the integral is performed with respect to the Haar measure of [[)2, Z,. Now by

(4), we get
ly =072 £ 104/,

which is (2).
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We introduce the following notation for the second step:

P=MOR - - QM) RCRCR--- C R,

N times
Q=MOC)®R - QMC)RD, @D ®--- C R,

N-2 times
M=MOC)®R, N=C®Q, L=CR®P,
A=CRC® - CRD,®D,@--- C M.

N—2 times
10y/e
We also write L>(X, i), u(X) = 1, for 4. So far, we have proved P C Q in this
notation. We would like to embed P into Q by a perturbation to get a contradiction. The
main difficulty is that we have no control over the size of N here. But by the technique
of Christensen, [2], we can embed P into M,(C) ® Q, which is enough for our purpose.

ASSERTION 2.6.  There is a non-trivial (non-unital) homomorphism ® of P into N.

We will show Assertion 2.6 by arguments similar to Christensen’s in [2]. Note that it

follows from P l()(\iﬁ Q that L IO&E A in M. We make the basic construction (see Jones
[6], or, for that matter, Christensen [2]) for the pair A’ C M. Denote by E the conditional
expectation of M onto A/, and write e for the projection in L>(M) arising from E. Then
an easy computation shows that the basic construction ( M, e) is isomorphic to M4(C)®
Mov2(C) ® L®(X, ) ® L(£*(Z)) because L>(X, 1) is a Cartan subalgebra in

CRICR - CRIMC)IMC)®--- X R.
~N—_————
N—2 times
(Note that the basic construction for C C M,(C) is M4(C).) We can define a centre-valued
trace T on ( M, e) by the formula
T(xe) = (tryv—2 ® id 7)E(x), forx € ‘M,
where trov-2 is the normalized trace on Mo~x—:(C). Under the above isomorphism,
(M, e) = My(C) ® My(C) ® L(X, 1) ® LIL*(Z)),

and T corresponds to Try & trov—2 @ idj=x) & Tr, where Try is the unnormalized trace
on M4(C), and Tr is the usual trace on L£(L*(Z)). Then T(e) is the constant function 1 in
L>(X, p).

LEMMA 2.7. In the context above, there exists a projection f € L' N (L, e) such

that o
v/200e 1

(1 —(200e)! /42 = 4

J T —pydn =
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PROOF. For any u € U(L), we get, by the same argument as after the formula (8)
on p. 21 in Christensen [2],

T((e — u*eu)’) = 2Eq((u — E(u))*(u — E(w))),

where E g is a conditional expectation of M onto 4. Thus by the argument on p. 22 and
Lemma 2.1 of [2], we obtain f as desired. (Christensen’s ¢ corresponds to our fy 7(x) dx.)
. i

PROOF OF ASSERTION 2.6. We first follow the proof of Theorem 4.7 in Christensen
[2]. Let ey, I = j, k = 2, be the matrix units in

MyC)®CRC--+ C M C(M.e).

Define pj to be the range projection of eje. Then by Christensen’s argument, these are
mutually orthogonal, and equivalent to e. Setting p = p;; +px € (M, e), T(p) is the
constant 2 in L*°(X, u). Christensen’s argument also shows that

3) L)~ ends| = [ 1¢rdu 1] < }.

Suppose that T(f) = O on Y C X. Then by Lemma 7, we get u(Y) = fy T((e —f)*) du <
1/4. 1 T(f) > T(p) = 2on X \ ¥, we would have [y T(f)dp = 2(1 — u(¥)) > 3/2,
contradicting (5). Thus we have a subset Z of X such that u(Z) > 0and 0 < T(f) = T(p)
on Z. This implies that fxz < pxz, i.e., there exists a projection ¢ = gxz € (M, e)
such that fxz ~ gxz < pxz. Choose v € (M, e) so that v*v = gxz and w* = fxz, and
define a map

x— Vv € (M, e), 2 (M, e)e @ Mr(C) = N.® My(C),

forx € L = P. (See Proposition 3.1.5 in Jones [6].) The above map defines a non-trivial
homomorphism @ from P to A ® M,(C) because f € L. .

Now finally we obtain a contradiction as follows. Our ® is a map from M,~(C) into
Mon1(C) ® L2(Z). Consider the centre-valued trace 7" = trov-1 ® idjo(zy on Mov1(C) ®
L*°(Z). Choose minimal projections qy, ..., gov in Mon(C) with g + - - -+ gov = 1. Then
T'(®(q))) = - - - = T'(®(gy)) and, hence, T'(P(q1)) < 1/ 2" in L*(Z), which is impos-
sible in T'(Mov-1(C) ® L*(Z)). Thus we conclude that «, and 3, = g, are not cocycle
conjugate. This also implies a; and a3, are not cocycle conjugate because otherwise we
would have o; >~ a3, ™ ay,, a contradiction. (The symbol ~ means cocycle conjugacy.)

REMARK 2.8. The proof of Theorem 4.7 in [2] contains a small mistake. The state-
ment (Lo U ) = (Lo U p)” in line 20 on page 25 is invalid. Thus the map constructed in
the proof is a homomorphism from M to (Lo U p); = (Lo U p), ® M4(C) = N ® M4(C),
not N ® M,(C). But if we use r = ry; + rp as above instead of r = ry; +rjp + o) + r2n
in [2], we still have p(g) < 2 = ¢(r), and therefore by the same argument, we get a
homomorphism from M to (Lo U p)! = N ® M,(C). Hence the conclusion of Theorem
4.7 is valid, and our proof is not affected.
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THEOREM 2.9. There exists a countably infinite family of one-parameter automor-
phism groups of the AFD type Il factor R, all members of which are stably conjugate,
but no two members of which are cocycle conjugate.

PROOF. Consider

00 n+k
a? = ® Ad (exp27rit (3 0/2 _3,,9,(/2)) .

n=1

for each k 2 0. The above argument gives the conclusion. ]
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