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THE HEAT EQUATION ON THE SPACES 
OF POSITIVE DEFINITE MATRICES 

P. SAWYER 

ABSTRACT. The main topic of this paper is the study of the fundamental solution of 
the heat equation for the symmetric spaces of positive definite matrices, Pos(n,R). 

Our first step is to develop a "False Abel Inverse Transform" Q which transforms 
functions of compact support on an euclidean space into integrable functions on the 
symmetric space. The transform Q is shown to satisfy the relation AQ(f; •) = 
Ç(T(A)f; •) (T(A) is the usual Laplacian with a constant drift). 

Using this transform, we find explicit formulas for the heat kernel in the cases n — 2 
and n = 3. These formulas allow us to give the asymptotic development for the heat 
kernel as t tends to infinity. Finally, we give an upper and lower bound of the same type 
for the heat kernel. 

Introduction. Our notation will reflect that used by S. Helgason in [7] and in [8] 
(except in a few instances). To complement this, especially for the spaces of positive 
definite matrices, we refer to the notation used by C. S. Herz in [9]. 

In this work, we endeavour to study the heat equation on the symmetric spaces of 
positive definite matrices. This paper is a shortened and (hopefully) improved presenta
tion of the author's McGill University dissertation [14]. Maurice Chayet, also of McGill 
University, has investigated similar questions in [3]. 

It is well known that PtJ the fundamental solution of the heat equation, must be K-
invariant. To determine the heat kernel, in view of the Cartan decomposition G — KA+K, 
it is then enough to find Pt(a • o) with « G A + . For simplicity sake, we will write Pt(a) 
(or most of the time Ptie*1)) with a G A+ (H G a+). 

In the rank one case, one can find Pt explicitly by finding the inverse of the Abel 
transform Fh (to be denoted by F(h, •) in this paper). If the rank is greater than one, this 
is not quite so easy. 

It is natural, using the usual scalar product on L2 spaces, to define for Weyl-invariant 
functions, the adjoint of the Abel transform (also called the dual Abel transform in [11 ]): 

( ! ) (Ffa '),f)LH*/WJH) = (h> G(f> '))[?(*+J5(H)dH)-

For all h G C™(K\X) (the ^-invariant smooth functions on X of compact support) 

(2) AG(/V)=G(r(A)/;-). 

This is a consequence of the property F(A/i; •) = T(A)F(h\ •). 
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THE HEAT EQUATION 625 

The property shown in (2) is one would expect from the inverse of the Abel transform. 
However, for/ £ Cc(a/ W), G(f; •) is generally not integrable. A good candidate for 
the inverse of the Abel transform should satisfy (2) and transform functions of compact 
support into integrable functions. 

We will not try to find the inverse of the Abel transform, but rather a transform having 
these properties calling the result a "False Abel Inverse Transform". 

As the title of this paper indicates, our main interest will be POS(AZ, R), the space of 
positive definite matrices over R. Note that in this case, a stands for the space of diagonal 
matrices and H G a+ if H — diag[//i,..., Hn] with Ht > Hi+\. 

In Section 1, we give the definition of the adjoint of the Abel transform and give an 
explicit formulation for it. We express G(n,f; •) (the adjoint of the Abel transform for 
the symmetric space Pos(«, R)) in terms of G(n — l,f\H\ ; *) w n e r e / j / / | is t n e function/ 
restricted to a subset of A; 

(3) G(nJ;H)= f iinG(n - 1 ,fw; OV> (#, O <*£ • 
JDom(H) ' ' 

The object of this is, by modifying the domain of integration Dom(//) in (3), to define 
the "False Abel Inverse Transform". We want to change the domain in such a way that 
the property in (2) is preserved, but that the transform of functions of compact support 
be integrable. This is the program for the following sections. 

In Section 2, we define formally the "False Abel Inverse Transform" Q(nJ\ •) for the 
space Pos(?z, R) and prove some of its properties, in particular, that 

(4) A ^ , / ; . ) = ^ , r ( A ) / ; - ) . 

We will give a partial proof in Section 2 which is sufficient for the cases n — 2, 3 and 
finish the proof in Section 6. 

In the third section, we use the "False Abel Inverse Transform" to define a "candidate" 
for the heat kernel for Pos(rc, R). The problem of finding the heat kernel for Pos(«, R) is 
equivalent to that of finding the heat kernel for Posi («, R) (the positive definite matrices 
over the real numbers, with determinant equal to 1): this is an important considera
tion; most results in this paper are about the symmetric space POS(/Î, R) and not about 
Posi (n, R), the symmetric space associated to SL(/i, R). 

The complexity of our formulas makes it difficult to make explicit computations in 
the general case. We study the cases n = 2 and n — 3 in more details. 

Using the expression of the heat kernel based on Plancherel's formula, it can be shown 
that for some positive integer q, 

(5) Pt(e
H) = Ce-^t^^exp^iH)/ (40)<WW(#) 

where r{H) — | | / / | | , 7 2 = (p ,p) , </>o is the Legendre function and lim^oo Vt(H) = 1 for 
all H. q is known to be equal to / + 2| EJI where / is the rank of the symmetric space and 
ZQ is the set of positive indivisible roots. We will call q the dimension of the symmetric 
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626 P. SAWYER 

space at infinity. The (ordinary) dimension of the symmetric space is /+£ aei+(m a +rri2a ) 
where ma is the multiplicity of the root a. 

In the Sections 4 and 5, we will investigate the term Vt(H) for the spaces X = Pos(2, R) 
and X — Pos(3, R) without relying on Plancherel's formula. All the elements of expres
sion (5) will be given explicitly. 

We will show that Vt has the asymptotic expansion 

oo 

Vt(H) x l + ^ (-l)mbm(H)rm as t — oo. 

More precisely, for all M > 0, 

r M 

o < (-if l + £(-i)wMtf)r* _ Vt(H) 
L m=\ 

<bM+mr(M+l) 

< C^—^—) . 

In the paper [2], Jean-Philippe Anker gives an upper bound for the heat kernel Pt for 
the symmetric spaces U(p,q)/U(p) x \J(q). If we make use of the estimates given by 
Jean-Philippe Anker in [1] for the Legendre function <j>o, his upper bound can be written 
as 

(6) v,(H) < c n (i + ~ ) 
I _j_ (x \(ma+m2a)/2-l 

(for t > 0 and H G a+). 
He also conjectures that the upper bound in (6) holds for all symmetric spaces of 

noncompact type. This is true for the complex case since Vt(H) is identically 1 on such 
spaces (see [6]) and for all symmetric spaces of rank 1 (as pointed out in [2] by Jean-
Philippe Anker). 

In Section 5, we show that for the spaces Pos(2, R) and Pos(3, R), Vt(H) is bounded 
above and below by constant multiples of the right hand side of (6). The corresponding 
results for heat kernel of the real hyperbolic spaces had been obtained by E. B. Davies 
and N. Mandouvalos (see Theorem 5.7.2 in [4]). 

As mentioned above, we conclude the proof of equation (4) in Section 6. We also 
explain there why our "candidate" for the heat kernel as given in Section 3 is the right 
one in all cases. 

1. The adjoint of the Abel transform. 

1.1 Definition of the adjoint of the Abel transform. We define in this section the adjoint 
of the Abel transform for any symmetric space of noncompact type. 

Let h be a function in CC(G) bi-in variant under K and/ be a function in CC(A) invariant 
under the action of the Weyl group W. 
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THE HEAT EQUATION 627 

The Abel transform of h is 

F(h;a) = e"°oga) f h(an)dn. 
JN 

If we use the integration formulas associated to the Iwasawa and Cartan decomposi
tions, we obtain: 

DEFINITION 1.1. The adjoint of the Abel transform is defined by the equation 

G(f\a)= f e^(H(ak))f(eH^)dk. 
J K 

1.2 The adjoint of the Abel transform for Pos(«, R). We consider G{n,f\ / /) , the adjoint 
of the Abel transform for the symmetric space corresponding to GL+(«, R). 

THEOREM 1.2. Iff is a continuous function on A and H G a+ then 

G(l,f;H)=f(eH) 

and, forn > 2, 

G(nJ;H) = An / " " • .[* G(n - hfr^OU ft I sinh(£/ - Hj)\-l'26(OdÇ 

wherefrH(et ) = /(exp(diag[£,trH - tr£])) and6(£)d£ = Ua>o sinh(a(£))d£. 

This result can be proven if we adapt an idea of I. M. Gelfand and M. A. Naimark, 
namely using induction on the integration over the group K — SO{n) (see [5]). We will 
not provide the proof here as we will use this result strictly for "inspiration". 

2. The False Abel Inverse Transform. 
2.1 Defining the "False Abel Inverse Transform ". In the Theorem 1.2, the adjoint of the 
Abel transform is expressed in a form involving induction. This suggests that we define 
the "False Abel Inverse Transform" the following way: 

DEFINITION 2.1 THE "FALSE ABEL INVERSE TRANSFORM". If H e a+ then 

Ç(hf;H)=f(eH) 

and, for n > 2, 

cH -2 r ° ° n—\n 

Ç(n,f;H)= f •••/ ^ - l , / t r / / ; O n n h i n h ( e - / / 7 ) r 1 / 2 ^ ( 0 ^ . 
JH»-\ JH\ i = i y = i 

We recall that/ t r / /(^ ) = /(exp(diag[£, tr H - tr £ ])). 

2.2 Properties of the "False Abel Inverse Transform". We will need some information 
about Q(nJ\ H) (from now on, we assume that H G a+). 
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628 P. SAWYER 

DEFINITION 2.2. Let D{n){H) be the support of/ —• Ç(nj\ H) seen as a distribution: 

D{X\H) = {H} and, for n > 2, 

v ' \ {0 trH-tru) 

u G D(n-l\0,Hi < & < Hi-u \<i<n-\ 

To simplify notation, we adopt the convention that HQ = oo. 

It is clear that D(n)(H) C &n\H) = { F G a : E ^ i ** > £*=i Hk ir < n - 1) and 
trF = t r / / } . As a consequence, if/ G CC(A) then {// G a+ : Q{nJ\H) ^ 0} is 
bounded. 

We will now investigate how fast Q(n,f\ •) decreases at infinity. 

LEMMA 2.3. Assume H G a+ am// /s continuous. We write 

\\f\\H= sup | / ( / ) | . 

(/) |£(n,/;f/)|<£(n,|/|;//). 
(2) | Ç{n,f\H)\ < Cn | | / | | //[^(//)] -1/2 where 0 < Cn < oo depends uniquely on n. 

PROOF. (1) The statement is clear since Q(n,f\H) corresponds to an integration 

against a positive kernel. 

(2) It is enough to show that Ç(n, \\H) < Cn[b(H)Yxl2. This is true for n = 1 with 

C\ — 1. We assume true for n — 1 (n > 2). 

rHn-2 roo n—\n 

Ç(n,l;H)= • • • / ^ ( n - l , l ; O n n | s i n h ( e - / / , ) r 1 / 2 ^ ( 0 ^ 

(7) 
/•//„_2 / • o o / 2 ~ l n 

<c„_,/ •••/ nnisinh(c-//,)r l /2s1/2(o^-
Jtin-\ Jti\ . , - , 

M 1=1 1=1 

We now use the following: for JC > 0, sinhjc ~ jre* and 

^ « / I - {// .̂ i f j , < / . 
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We have 

(8) 

nr/n^jsinh^-//;)! 

«-• i + e - #„ n g,• - #7 

,-=i £/ — Hn t<j<„ \+Hi — Hj 

< c -2(o-H,)i±iLZ^L TT (^+tf«-- i -^) ( l + ^-tf /)g~2 ( t ' "w , ) 

- e ix-Hx l\ (//,_,-exe-^) 
K / < n Si ~" V i<j<n 1 + Si ~" W' 

TT TT l+HJ-H'-i TT ( l + e - M ) ( l + / / , - / / « ) 
11 11 £/ rj 11 rj IT 

j=\ i=j+2 HJ ~ Hi~\ i=l ^ i — ^ / i 

n Ht-Hj 
i<j<n l+Hi- Hj 

"-1 (1 + ///-i - Ht){\ + e- - H^e-1^-™ 

L\ (//.-i-e-xe-///) 
Now it is easy to see that for a < b, f? (lH?~a)J (* f dx < C^ ,, \ where C# is 

J a y/(b-x)(x-a) V\+b-a 

independent of a and b. This, coupled with (7) and (8), allows us to conclude. • 
DEFINITION 2.4. We will say that a function/ on a is odd (with respect to the Weyl 

group W) if given s G W,f(s • H) = (det s)f(H) for all / / in a. We will use the same term 
for the corresponding property of functions on A. 

THEOREM 2.5. Suppose f is a smooth odd function of compact support. Then 
Q(n,f\ •) is smooth, Weyl invariant and 

AÇ(n,f;.)=Ç(n,rW\')-

PROOF (BEGINNING). The radial part of the Laplace-Beltrami operator is given by 

n d2 n 3 
j=\oHj j=lk^j dHj 

To say that Q(n,f\ •) is smooth and Weyl invariant means that it can be extended to a 
smooth Weyl invariant function on A. 
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We prove the result by induction. It is clearly valid for n — 1. If we assume the result 
true for n — 1, use the linearity of the transform Ç and integration by parts, we obtain 

A [ Ç(n - 1 ,/„,,; O I I I I I sinh(& - Hj)\lS(Od^ 

= f Ç(n - l(r(A)/)trHÇ) n ft I sinh(4, - Hj)\*8(£ )d£ 

- (z2 - 1 / A)n(n - 1 ) /" G(n - 1 JaH; O ft' ft I sinh(4,- - Hj)\lS(Ï)di 

+ 2 (z+ l / 2 ) 

• nnisinh(e-wy)ij^ 
a 3 

- E c o t h W - / / , ) ( _ - - ) ( 4 H ] ^ - l , / t r W ; Ç 

n—\ n 

I I I I I sinh«/ -Hj)\ z8(Odtj\ 

as long as Kz is large enough, say greater than 2 ([£ ; //] stands for the domain of inte
gration in the definition of Ç). If we assume that both sides are analytic functions of z 
provided Kz > — 1 then, by analytic continuation, the equality is valid in that domain. 
Taking z — —1/2 gives us the desired result. 

However, the right hand side may not be analytic for — 1 < 5Rz < 0 if Q(n — 1 ,/tr H\ O 
does not behave well near £; = H}. For n — 2 and n — 3 (if/ is odd), it is easy to see 
that Q{n — 1,/tr//', £ ) remains bounded and that the proof above applies. This is enough 
to justify the development in Sections 3, 4 and 5. 

To finish the proof (for n > 3) we need tools we want to avoid for now. We will 
conclude it in Section 6. • 

We can extend this result to functions that decreases suitably fast. 
The results of Sections 1 and 2 can be extended by similar methods to the spaces 

Pos(rc, C) and Pos(rc, H) (the spaces of positive definite matrices over the complex num
bers and over the quaternionic numbers). 

3. The heat kernel for Pos(/i, R). 

3.1 POS(AI, R). In this section we will use the "False Abel Inverse Transform" to de
fine a "candidate" for the fundamental solution to the heat equation in Pos(rc, R). Any 
solution to the system LA — 7 2 = jt will be transformed into a solution of the heat equa
tion for the symmetric space provided it is odd and decreases rapidly enough. Qt(H) = 
é>~7 V n / 2 exp(-r2( / / ) / (40) is a solution of LA - 7 2 = | as will be DQt for any dif
ferential operator D with constant coefficients. 
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The next step is then to try with Q(n,DQt\ •) where D is a differential operator with 
constant coefficients such that DQt is odd. 

PROPOSITION 3.1. Let 3(7r) = H < 7 ( ^ - ^ ) andn(H) = IL-^/W - #/)/ 

3(7r)exp(-^W/(4/)) = ( -2rr n ( r t - 1 ) / 27r( /^exp(-^( /^ / (40) . 

PROOF. See for instance [8], Corollary 3.8 in Chapter III. • 

PROPOSITION 3.2. If we write Wt(H) = O>-7V"/2a(7r)exp(-^(//) /(40) (C a 
constant) then Pt(eP) — Ç(n, Wt; H) is a solution to the heat equation for the symmetric 
space Pos(«, R)/or n = 2 and n = 3 (see Section 6 for n > 3). 

PROOF. First note that g,(//) = r n / 2 exp(-r 2 ( / / ) / (40) is the standard solution 
(modulo a constant) to the euclidean heat equation on A (LAQt = jtQt). The factor e~y l 

takes care of the drift so that T(A)e~y2tQt = f e~72'g, (we recall that T(A) = Z^ - 72). 
The differential operator d(7r) commutes with T(A) and ^. Finally, Wt is an odd solu
tion of the equation T(A)Wt = | w , . APt(e") = AÇ(n,Wt;H) = Ç(n,T(A)Wt;H) = 
Ç(ny § Wt; H) = § £(n, W,; //) = £/>,(*"). 

It will more practical to consider 

W,(e") = C ^ - 7 V n / 2 r " ( n - 1 ) / 2 n ( M - / / 7 ) e x p ( - r 2 ( / O / ( 4 0 ) 

with C > 0. The differential operator 3(7r) has played its role in the proof of the result 
above and is no longer needed. 

The function Pt, as we will see in the cases n — 2 and n = 3, can be written as 

Pt(e
H) = Ce-l2tr(dimX)'2 exp(-r2(//)/(4tj)E{t,H). 

E(t,H) is of course the term of interest. In order to prove that Ptief1) is indeed the 
fundamental solution of the heat equation we will have to study the behaviour of E(t, H) 
when t is close to 0 and, more specifically, the behaviour of E(t, yftH) when t is close to 
0. To prove that Pt is the heat kernel, it is enough to show that 0 < E(t, H) < C and that 
lim,-^ E(t, V'tH) = C(C> 0). 

3.2 Pos(2, R). Since this can be found in the literature (for instance [12]) we will give 
the heat kernel for Pos(2, R) without proof. 

We will use the notation a = a(H) — H\ — H2. 

Pt(eH) = - î - ^ 7 V 3 / 2 e x p ( - ^ ( / ^ / ( 4 0 ) r 1 / 2 r^Fx-Hx - H2) 

• exp(-(r2(F) - r2(/^))/(40)[sinh(F1 - //i)sinh(Fi - H2)r
l/2dFx 

(9) = - î - ^ 7 V 3 / 2 e x p ( - A 2 ( / ^ / ( 4 0 ) r 1 / 2 [°°(2x + a) 
OTT V ' J O 

• exp(— x(x + a) J (2/))[sinh;csinh(jc + cc)]~xl2 dx. 
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Note that Fx + F2 = Hx + H2 and ^(F) - ^(H) = 2(FX - Hx )(FX - H2). 

3.3 Pos(3,R). Even with Pos(3,R), the function Wt in the definition of Pt(e") = 
Ç(3, Wt',H) is not positive on all the domain of integration (which we called D(3)(//) 
in Section 2). This is the main difficulty for n > 3. However, in the case n = 3, explicit 
computations are still possible. 

We will use the notation a = a (H) = Hx - H2 and /? = /3 (//) = H2 - H3. 
We recall here that Wt(H) = Ce-l2trn'2rn{n-l)'2Th<j(Hi - « /)exp(-f2(H)/(4r)) 

is an odd function. Indeed, it is easy to show that if h is a Weyl invariant function then 
d{n)h becomes an odd function. The reason we stress this here is Proposition 3.5 where 
it is shown that if h is an odd function then Ç(3, h\ •) corresponds to the integration of h 
on a portion of a+ against a positive kernel. This ensures that (j(3, Wt; •) > 0. 

Q{Xf\H)= f"] r r / ( e x p ( d i a g [ C o , 6 + 6 - C o , t r / / - C i - 6 1 ) ) 

• [ s i nh (4o -£ . ) s i nh (£o -6 ) r l / 2 

• f i I sinhtf, - //,)sinh(6 - H,-)|-'/2sinh(Ci - 6 ) ^ 0 ^ 1 </& 
j=i 

= *Q j ^ ° j^~/(exp(diag[Co,€1 + 6 - Éo,trff-Éi - f c ] ) ) 

• [cosh(2£0 - 6 - 6 ) - cosh(4, - 6)r1 / 2rfCo 

• I ] I cosh(2H7- - 6 - 6 ) - cosh(£, - C2) |" , / 2 sinh(Ç, - 6 ) ^ 1 <*&• 
7 = 1 

If we write F\ = £Q, F2 = £1 + £2 — Co (F3 = tr// — F| — F2) and z = £1 — £2 then 

QOJ\H) = 2 / / , /( /)[cosh(F! - F2) - coshzF1 '2 

3 

(10) • sinhz n I cosh(2//7 - Fi - F2) - coshzl"1 /2*dF 

(11) = /" / ( / ) 0 ( / / , F ) d F . 

We recall that Hx > H2 > H3 (H G a+). Since tr F = tr//, the diagonal matrix F can 
be described by the coordinates (Fx ,F2). 

F3<H3 

<D = {F:F2 <HX, Hx < Fx, Hx + H2 < Fx +F 2} 
F3<H3 

C= {F:H3<F2 <HX, Hx < Fu Hx + H2 < Fx + F2} 
F3<F2 

B = { F : F2 < //3, Hx + H2 + H3 - Fx - F2 < F2} 
F2<F3 F3<H3 

B = {F : F2 < Hx + H2 + H3 - Fx - F2, Hx + H2 < Fx + F2} . 
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F2=F3 

Domain of integration D: coordinates (F\, F2). 

In order to achieve some symmetry in our results we introduce the following modified 
elliptic integral: 

DEFINITION 3.3. 

XkaM b-l/2K(yfaJb) ifC<a< b, 

a'xl2K(Jb/~a) Ïî0<b<a. 

where K(m) — C -,———r- is the complete elliptic integral of the first kind. 
u Vl-m2siir0 

3C is smooth for a > 0, b > 0 except on the diagonal. 
LEMMA 3.4. Let (a, b) be in the domain of %. 
(1) %(a,b) = Xib,a). 
(2) Ifc > Othen %{ca,cb) = c~l/2flt(a,b). 
(3) <K(a,b) = % J0°° . du 

[ v-v » / Jmax{yfi,Vb} yj(t
2-a)(t2-b) J ^ 

(5) Ifmax{a,b} < max{A,B} and \a-b\ <\A- B\ then <K(A,B) < %(a,b)(i 
can be replaced by < ). We assume here that (a, b) and (A, B) are in the domain 
of<K. 

(6) ^[max{a,b}r1'2 < K(a,b) <^\a - b\-{/2. 

(7) Ifb > 0 then X(0,b) = \b~xl2. 

PROOF. Either obvious or a consequence of the other properties. • 
Using (10), the change of variable* = cosh z and the standard properties of the elliptic 

integral, 0(// , F) is given by the following equations: 
If H2 < F2< H{ (i.e. cosh(2#i -Fx -F2) < cosh(Fi -F2) < cosh(2//2-Fi -F2)) 

then 

3 3 

G(H, F) = 43c(sinh/3 f\ sinh(F, -Hx),- sinh a \{ sinh(F7 - / /3)) , 
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if//3 < F2< H2 (i.e. cosh(2//2 - Fx - F2) < cosh(Fi - F2) < cosh(2//3 - Fx - F2)) 
then 

3 3 

0(// , F) = A%{- sinh a f[ sinh(F7 - / /3) , sinh/3 n sinh(F7 - Hx)) 

and if F2 < 7/3 (i.e. cosh(Fi — F2) < cosh(2//3 — Fx — F2)) then 

/ 3 3 \ 
(12) 0(// ,F) = 4aC(- sinh a ]J sinh(F7 - / /3) , sinh(a + /3) U sinh(F7 -H2)\. 

V 7=1 7=1 7 

Now, 

PROPOSITION 3.5. The notation being as above, iff is odd then 

Ç(\f-H) = jcf(e
F)®(H,F)dF. 

PROOF. This is clear from ( 11 ) and ( 12). • 
In particular, we have 

pt(e
H) = £(3, Wt;H) = J Wt(e

F)e(H, F) dF. 

We know that Pt satisfies the heat equation and that P^e") > 0 for all H G a+. We 
must now prove that Pt is the fundamental solution. 

LEMMA 3.6. 

(1) - sinh a n 3 ^ sinh(F, - H3) 
- sinh/3 n?=1 sinh(F7 - Hx) = - sinh(a + (3)ltf=l sinh(Fy - H2). 

(2) -a njUCF, -H3)-f3 U]=l(Fj - Hx) = -(a + 0)I$=l(Fj - H2). 

(3) Ifp ? q, ^(F) - ^(H) = 2 n ^ . ^ ^ ) - n L , ( ^ - ^ ) l / p ^ ^ = ( F l _ H{)2 + 

2(a+(3+F2- H2)(FX - / / , ) + 2(F2 - V) (*2 - #3) ftrF = tr//j. 

PROOF. 

( 1 ) One can multiply both sides by £2 irti and express the result as sums of exponential 
terms. 

(2) Replacing, in the previous result, Hj by tHj, F, by tFj, dividing both sides by t4 

and letting t tends to 0 we obtain the result. 
(3) Can be proven, as in the first part, by direct computations. • 
We now will write Pl(e

li) = Cr3e~l2t exp(-r2( / /) / (4t))E(t, H) (the constant C > 0 
absorbing any previous constants) where 

E(t,H) 

= r3,2£Jl{H3M-Fi} n<* - wexP(-(^(/o - Km)I (40) 
• n ( ^ - F7)exp(-(^(F) - f(H))/(4tj) 

i<j 

t 3 3 \ 
• 3C sinh (3 J ] sinh(F, -Hx\- sinh a [ ] sinh(F7 - //3) JF2 JF, . 

V 7=1 7=1 7 
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LEMMA 3.7. 

0 < E(t,H)< 
(V2TT) k3 r 7T(H) 1/2 ( V ^ ) 3 

< 
2 16(H)! 

where, as before, ir(H) = rL</(ft — Hj). 

PROOF. Only the second inequality requires a proof. 

JH] imax{ H3 ,H\ +H2 -F\ } 

J[(Fi - Fj) exp(-(r2(f) - ?{H))I (4f)) 
i<j 

6(H) 3 £(//) 3 

Va(af+)8)jtr1 /3(ûf+ i3)yy / 

This is a consequence of the fact that for x > 0, a > 0, sinh(;c + a) > (x + a ) ^ 1 ^ and 
of the Lemmas 3.4 and 3.6 (the first and second parts). Hence, 

E(t,H) 

V ? r7T(7/ ) - | l /2 roo rHx 

<r3/2 -—- / / TT(̂ --̂ /) 

• exp( - ( r 2 (F ) -^ ( / / ) ) / (40 ) 

V 7=1 y=i y 

r*i>\'M\"\*tm) 
16(H)\ 

• jTjJ0 0 e x p ( - ( n ( f t - Hj))~l[aXl + / J* 2 ] / (2O)^C(XI ,X 2 )^ 2 J JC 1 

_ (\/2^)3_r7r(//)i1/2 

~ 2 U(//)J ' 

The change of variables used above was x\ = (3 Tlj=\(Fi — H\), JC2 = —a nLi(^/ — 
H3). m 

This bound is going to be used with the Lebesgue dominated convergence theorem. 

COROLLARY 3.8. If H ^ 0 then lim,__o+ P^e") = 0. 

PROOF. An immediate consequence of Lemma 3.7. • 

LEMMA 3.9. 
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PROOF. 

\im E(t,y/tH) 

roo r\ftH i n C°° f v ' « i T , 

- l imr3 /2 I / r r r XWi-Fi) 
r_+0+ Jy/tHi Jmax{y/tH3,y/iHi+y/tH2-Fi} *£• ^ 

•exp( - (^(F) -^(^ / / ) ) / (40) 

• 3H sinh(>A/3 ) I ] sinh(F7 - y/tHi), - sinh(v^a) 
V 7 = 1 

3 s 

• JJ sinh(F7 - y/tH3) dF2 d¥x 
7 = 1 J 

= lim f°°fHl T\(Li - LAexpf-fr^L) - r*(H))l4) 

xUimVtP)/ Vt I I sinh(v^(L7 - Hi))/ VÎ, 
V 7=1 

- sinh(>/fa)/ >/f f [ sinh(v^(L7 - # 3 ) ) / y/t) dL2 dhx 

= mlM+Hl-L, n ^ - ^)«P(-(^L) - (̂«>)/4) 
3 3 

• 3C(/? 11(^7 - # 0 . - « 11(^7 - ^3)) dbi dU 
V 7=1 7 = 1 J 

2 ' 

The change of variables used above was z\ = (3 n L i (Li—H\ ) and £2 = — <* IljL i (£/— 

7/3). The limit is justified by Lebesgue monotone convergence theorem. • 

THEOREM 3.10. Pt is the fundamental solution of the heat equation for Pos(3,R) 
(with the appropriate constant). 

PROOF. All that remains to prove is that limf_^+ Ja+ Pt(e
H)f(eH)è (H) dH = / ( / ) . 

lim f Pt(e
H)f(eH)6(H)dH 

= C l i m é T 7 V 3 / exp(-^(#)/\4t))E(t,H)f{eH)è(H)dH 

= C lim /" e x p ( - / ^ / / ) / (40)E(f, VtH)f{e^'H)è-^^- dH 

https://doi.org/10.4153/CJM-1992-038-7 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1992-038-7


THE HEAT EQUATION 637 

We used the Lebesgue dominated convergence theorem. The only assumptions o n / 
used here are that/ G L°°(A+) and that/ is continuous at the identity. • 

With the previous computations in mind, we choose the constant C to obtain 

p'^ = i ^ r V 7 2 ' e x p R W4')>~3/2 

en) • k L M + H 2 - F , n<* - 3 > « P ( - ( * * ) - *»»/ <*» 

• X(sinh/3 n s i n h(F, - //i), - sinha fl sinh(Fy - H3)j dF2 dFx. 
7=1 j=\ 

We point out that 

/ / [• • •] dF2 dFx 

J^ Jmsix{H3,Hi+H2-Fi} 

^ ' roo rH\ rH3 rH2 
roo rti\ rli3 rti2 

Hl-^dF^fJ [...]dF2dF3. 
If we use the change of variable x\ — F\ — H\, x2 — F2 — H2 (H3 — F3 = x\ + x2) 

in the first integral of (14) and the change of variable x\ — H3 — F3, x2 = H2 — F2 

(F\ —Hi = x\ +x2) in the second, we find that Pt is a symmetric function of the roots a 
and (3. 

4. The asymptotic expansion of the heat kernel of Pos(rc, R). We have seen in 
Section 3 that, for t near 0 and H close to the origin, the behaviour of the heat kernels of 
Pos(2, R) and Pos(3, R) is quite similar to that of the heat kernels of the euclidean spaces 
of corresponding dimensions, as we should have expected. We will now investigate what 
happens when t —-» 00. 

As mentioned in the Introduction, we now write 

(15) Pt(e
H) = Ce-^r*'1 exp( -^( / / ) / (4tj)MH) Vt(H) 

where q is the dimension at infinity (the constant C will be determined later). We will 
investigate the asymptotic expansion of Vt(H) in powers of t~l, as t tends to infinity. 

The terminology and results concerning asymptotic expansions are standard. 

4.1 Pos(2, R). The dimension at infinity in this case is 4. 
We have (see (9)) 

CMH) Vt(H) = jT(2Fi - Hx - H2) exp(-(^(F) - ^(H))/ (4f)) 

• [sinh(F! - / / i )sinh(F, -H2)T
xl2dFx. 

We will state, without proofs, the results in this case. The proofs are in the same spirit 
as those in the case n = 3, albeit much simpler. 
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THEOREM 4.1. For m > 0, let 

CUH)bm(H) = ^ r° (2F, -Hi- H2)({FX - //i)(Fi - H2))
n 

• [sinh(Fi - / / i )s inh(F! -H2)) ' l / 2dF x . 

Then, 

Vt(H) x bo(H) + £ ( - l ) \ ( r f f l ^ t — oo, 
m=l 

uniformly over compact subsets ofa+. 
Furthermore, we have 0 < C<t>0(H)bm(H) < Cm(l + r(//))m(l + a)e~a^2. F/na/fy, 

w//7i an appropriate choice for the constant C, w Ziave &o(FO — 1 / # r ^ #• 

COROLLARY 4.2. / w a// M > 0, 

M 

0 < ( - l ) M i + £(- i )wM#)r*-v,( / / ) <M#) 

/ l + r ( / / ) \ M + 1 /o 
< bM+l(H)UH) < CM( p^J (1 +a)^a/2 . 

In view of Anker's estimates for the Legendre function </>o, this can be improved. 
However, we will return to that later as these estimates can be obtained directly from our 
computations. 

4.2 Pos(3, R). The dimension at infinity in this case is 9. 
We have (see (13)) 

C<t>0(H)Vt(H) 
roo cH 

f 3 3 \ 

• %[sinh/3 n sinh(F7 - //i), - sinh a ]J sinh(F, - H3)j dF2 dF\. 

We first need some estimates. 

LEMMA 4.3. There exists a polynomialp such that 

**(F) - **(H) < (1 + r(H))\p{(Fi - Hi)i<n)[ 

PROOF. Using the third part of Lemma 3.6, we write: 

(^(F) - t(H))/2 = (Fx - Hxf +2(a + /3 + F2 - H2)(F] - Hx) 

+ 2 ( F 2 - / / 2 ) ( F 2 - / / 2 + / 3 ) . 

The result is then an easy consequence of the fact that a < r(H) and /3 < r(H) 
(actually r{H) and the largest of a, /? and tr H are of the same order). 
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LEMMA 4.4. There exists a constant 0 < Cm < oo depending only on m such that 

M ymax{//3,tf.+//2-F>} f£j JJ ; v n 

( 3 3 \ 
• %[ sinh/? 1] sinh(F7 - Hx\ - sinh a ]J sinh(Fy - 7/3) ) ^F2 dFx 

<Cm(l+r(H))m(l + a)(l+(3)(l+a+P)cxp(-(a+P)). 

PROOF. It will be convenient to use the form given in (14). Also, because of the 

symmetry involved, it is enough to consider only one of the terms. We will repeatedly 

use the fact that for x > 0, sinhx ~ ^ex. 

Jti\ J Hi •<-

( 3 3 \ 
• <K( sinh (3 n sinh(F, - Hx ), - sinh a f l s i n h ( ^ - #3) ) <#2 ^ 1 

^UXWi-Fj)[,2{F)-'2{H)]m 

sinh(a +(3)H sinh(F, - //2) 

from Lemmas 3.4 and 3.6 
rOO ra 

-1/2 
dF2dFx 

7T / \m r°° ra 

<-{\+r{m) J0 J0 (xx -x2+a)(xx +2x2+ (3)(2xl+x2 + a + /J) 

• |/?(jc)|m[sinh(a + /3)sinh(x\ + a)sinhjC2 sinh(jci + x2 + f3)]~1/2 dx2dx\ 

x\ — F\ — H\, x2 — F2 — H2, p as in the Lemma 4.3 

< C ( l + K « ) ) " « p ( - ( a ^ ) ) ^ i ± ^ 

(x\ + a)(x\ +2x2 + f3)(2x\ +x2 + a + (3)y/\ + x\ + a 

• |/7(x)|mexp(—JCI — JC2/2) (xi + a)sinhjt2 — ; — | dx2dx\ 
\ +x\ +x2+/3 

< C ( l + r ( / / ) ) % x p ( - ( a + / 3 ) ) 
l + a + / 3 

a+ /3 
roo ra 

• / / y/x\ +a{x\ + 2x2 + p )(2x\ + x2 + a + ft ) 

y/l + x\ + or|/7(jc)| exp(—JCI — x2/ 2) sinh;c2 
*i + * 2 

1 +JCj +JC2 

-1/2 
dx2dx\ 
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< C(l + r ( / / ) ) m e x p ( - ( a +/3))(1 + a ) ( l +/3)(1 +a+(3)} ' + " ^ 

+ l(X\ + 2X2 + l)(2xi +X2 + l ) > / 2 + X i \ / l -I- JCi +JC2 

• |/?(JC)| exp(—JCI — jC2/2)[sinhjt2(jci + X2)YX'2 dx2dx\. 

The last integral is like JS°SQ°p(x) exp(—x\ — X2/ 2)[sinh.X2(jci + JC2)]"1/2 dx2 dx\ (p a 

polynomial) if a > 1 and like J^ - ^ if a < 1. In either case, we can conclude. • 

THEOREM 4.5. For m > 0, let 

CMH)bm(H) 

1 

SlM+H2-F,W''Fi){^~Am)n 
Amm\ . u . a A V i L , i i T , i 2 - i i / / < 7 -

/ 3 3 \ 
3H sinh/? J ] sinh(f) - //1), - sinh a J ] sinh(F7 - / /3)J </F2 ^ 

7=1 7=1 

Then, 

Vt(H) X b0(H) + £ ( - l ) m * m ( ^ ) r m ( W M O O , 
m=\ 

uniformly over compact subsets o/a+ . 

Furthermore, we have 

0 < CUH)bm(H) < Cm(\ +r(H))m(\ + a)(\ +/3)(1 + a + p)e-
(a+>3>. 

Finally, with an appropriate choice for the constant C, we have bo(H) = 1 for all H. 

PROOF. Naively, this comes to expanding the term exp(—(P'iF) — r 2 ( / / ) ) / (4f)) in 

powers off -1 . 

We have, for each M > 0, 

0 < ( - l / f E ^ T T ^ e O - ^ W ) ) r m - e x p ( - ( ^ ( F ) - ^ ( / / ) ) / ( 4 r ) ) 

< ... V .(An-Am\M+xr^\ i^WTÏ)!^-^) 
This is a simple application of the Lagrange remainder theorem to the function e~~x. 

The asymptotic expansion for Vt(H) and the upper bounds on the coefficients bm(H) 

follow immediately from Lemma 4.4. 

Vt(H) is analytic in t in the domain 3fr > 0. Indeed, if Y is any closed curve in the 

domain Rf > 0, JY Vt(H)dt = JC\SY ^^(-(^(^-^(H))/ (4t))dt]Tr(F)Q(H,F)dF = 

0 (whenever 5fr > 0, | e x p ( - ( r 2 ( F ) - r 2 ( / / ) ) / (4r ) ) | < 1: our bounds in Lemma 4.4 

allow the use of Lebesgue dominated convergence theorem). 

This is enough to ensure that jtVt(H) has an asymptotic expansion, the expansion of 

Vt(H) differentiated term by term. 

From the uniform convergence of the asymptotic expansion of Vt(H) over compact 

subsets of a+, the fact that À is self-adjoint and that APr = jtPt, we can conclude that 

A((/>obo) = — 72(</>o^o)- That implies that bo is a constant function. • 
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COROLLARY 4.6. For all M > 0, 

0 < ( - l ) M 
M 

i + £(-i)wM#)'~«-v,(//) 
m=\ 

h(H) 

/ 1 + rifh \ M+l 
< C M ( — p - ^ J e-(a+e\l + a)(l+(})(l+cc+0). 

PROOF. This is a direct consequence of the proof of the theorem. • 

5. Estimates. We mention in the Introduction our intention to prove that Jean-
Philippe Anker's upper bound, 

I + & \(ma+m2a)/2-1 

do) vt(H) < c n (I + J^L) 
«él

is valid for the symmetric spaces Pos(2, R) and Pos(3, R) and that a constant multiple of 

that upper bound will serve as lower bound. We will endeavour to fulfill this program in 

this section. 

5.1 Pos(2, R). For the space of positive definite matrices, Anker's bound (16) can be 
written in simpler terms. Indeed, the roots of the symmetric space Pos(«, R) are all indi
visible and of multiplicity one. 

In this case, we have 

Pt(e
H) = Cé>~7V4/2 exp(-^(//)/ ' (4t))<t>0(H)Vt(H). 

For the space Pos(2, R), the bound for Vt(H) is given by 

l + a \ - i / 2 c( '^y 
As before, we will state the results for the case n — 2 without proofs: the case n = 3 

is again much more difficult and is sufficiently suggestive as to what the proofs would 
be in the simpler case. 

THEOREM 5.1. There exists a constant C > 0 such that 

l + a \ - i / 2 / 1 + a v 
Vt(H) > C[l + ——J 

A consequence of the proof (as can be seen in the case n = 3), is that 

COROLLARY 5.2. There exists C\ > 0 and C2 > 0 such that 

C{e~a/2(l +a)< (f)o(eH) < C2e~a/2(l + a) 

for all H G ? . 

This result has been known for a long time. 
5.1.1. Upper bound. On the other hand, it is even easier to prove that 
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THEOREM 5.3. There exists a constant C < oo such that 

l + a \ - ' / 2 
V,(H) < C(l + ^ ) " 

5.2 Pos(3, R). As in the previous section, we can state Anker's bound (16) in simpler 
terms. 

In this case, we have 

Pt(e
H) = C^7 2 fr9 /2exp(-^(/^/(40)</>oWV f(/^. 

For the space Pos(3, R), the bound for Vt(H) is given by 

c(1 + l±^)-1/2(1 + i^)- | / 2(1 +
t + »^)- / 2 . 

As before, a = a(H) = Hx ~ H2 and (3 = (3(H) = H2 - H3. 
We will first prove that with the appropriate choice of positive constant C, the above 

expression constitutes a lower bound for Vt(H). We will then show that, with a different 
choice of positive constant C, the above expression can also serve as an upper bound for 

Vt(H). 
5.2.2. Lower bound. 

THEOREM 5.4. 

l + a \ - i / 2 / i + / 3 \ - 1 / 2 / l + o r + / 3 \ - i / 2 
Vt , „ ) ï c ( l ^ r ( l + T r ( l + ^ y 

PROOF. We will first show that 

</>o(#) Vt(H) > Ce-(a+(5\l + a)( l +/?)(1 + a + Q) 

(17) / l + a \ - i / 2 / l + i 8 \ - i / 2 / l + a + ^ x - i / 2 
(1 + i±^L)-^(1 + i±£)-^(1 + i±^)-

The proof of that equation is rather cumbersome. The strategy is to break it down into 
several cases, proving each of them in turn. Going here through all these cases would be 
rather tedious. We will instead indicate what these cases are, provide some pointers and 
give an example; the rest will be left as "exercises". 

We first note that since the problem is symmetric in a and f3, we may assume without 
loss of generality that f3 < a. We also can make use of the fact that a and a + (3 are 
then of the same order. We also recall that for x > 0, sinhx ~ -rre*. 

We also have %Sa, b) > y , l ; if we combine that observation with Lemma 3.6 
y/n\2Lx{a,b} 

and the first term of (14) along with the change of variable suggested there, we have 

UH) Vt(H) 
roo ra 

> C / / (x\ — x2 + a)(x\ +2x2+ f3)(2*i + x2 + a + (3) 
• exp(-(jc^ + 2x\ (x2 + a + (3 ) + 2x2(x2 + (3 )) / (2f)) 

• [sinha sinh(*i + a + (3) sinh(jt2 + (3) sinh(xi + x2)]~1/2dx2 dx\ 
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where C is a generic constant. 

We break down the proof of (17) into the following cases: 

[t>a 

[t<0 

(5 < 1 <a 

t > a 
1 <t<a 
(3 <V~t< 1 
y/t<P 

and 

P <<x < 1 : { 

t> 1 
OC < yft < 1 
P <y/i<a 

{y/t<p. 

We prove the case f} < 1 < a, /3 < y/t < 1 as an example: 

MH)Vt(H) 
roo ra 

> (xi -x2 +a)Oi +2JC2 + f3)(2xi +x2 + a +/3) 

• e x p ^ x 2 + 2xi to + « + /3) + 2x2(x2 + /3))/ (2r)) 

• [sinh a sinh(jci + a + (5) sinh(x2 + (3) sinh(xi +x2)]~l/2dx2 dx\ 
rOO rill 

>Ce-a(a/2)(a+(l)j J (x{+2x2+(3) 

• exp(-(x^ + 2xl(x2 + a + f5) + 2x2(x2 + (3))/ (2t))e~x^2 

- fsinh(jC2 + f3) sinh(xi + x2)]~l dx2 dx\ 
roo rl/2 

:Ce-a(a/2)(a+(3)jo JQ (*,+2*2+/3) 

• exp(-(x] + 2xx{x2 + a+(3) + 2x2(x2 + /?))/ (2t))e~Xl'2 

- [sinhto + /?) sinh(xi + x2)]~~l>2dx2 dx\. 

> 

Now, 

roo r l / 2 
y°° y (JCI + 2x2 +/3)exp(-(x2 + 2xife + a +/?) + 2x2fe + /3))/ (2*)) 

• ̂ , /2[sinh(jc2 +/3)sinh(jC! +JC2)]~1 / 2 dx2dxi 

> ^ / 0 ° ° / 0 (2J2 + /3)exp(-(y 2+2j 1fe + l + l ) ) / 2 ) ^ 2 / / - ^ / V > ' 

-1/2 

/ 2 

sinh(y2 + /3 ) sinh( —ji + y2 ) Jv2 Jvi y\ -xu y2 = x2 
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-1 r l / 2 
> C- flf te+/3)^/f-^2/%2 + /3)(tyi +y2)rl/2dy2dyi a Jo Jo 

a ./o Jo 

Z\ = yu Z2 = yi/'Vi 

>C— C Ll/\VtZ2)l/\Vtzx+y/tz2r
l/2dz2dzi a Jo Jo 

p/2 r\ rl/2 1 / 2 . 

a Jo Jo L 

The other cases require similar methods. 

If we refer to Theorem 4.5 together with (17), we have: 

ce-^\x+«xi+0)(i+HT^1+:4A)"I/2(i+^^)"'/2 

< </>0(//) Vt(H) < C V ( a + / 3 ) ( l + a ) ( l + /3)(1 + a + /3). 

We take the limit as f tends to infinity; the result is Ce~(a+P} ( 1 + a )( 1 +f3 )( 1 + a+/3 ) < 
</>o(#) < C«- ( û f + / 3 )(l + a ) ( l +i8)(l + a + 0 ) . 

This, together with (17), allows us to conclude. • 
We have proven the following corollary: 

CORROLARY 5.5. There exists C\ > 0 and C2 > 0 such that 

Cle-(a+^(l + a)(l+f3)(l+a+f3) < <fo(H) 

< C2e-(a+P\l + a)( l + /3)(1 + a + /?) 

This result was obtained first by Carl Herz in [10]. 
5.2.2. Upper bound 

THEOREM 5.6. 

/ l + a \ - i / 2 / l + f l \ - i / 2 / i + a + ^ A - i / 2 
v , ( * ) < c ( i + — ) (i + - ^ ) (i + — ^ • 

PROOF. A S a consequence of Corollary 5.5, it is enough to show that 

Mff) Vt(H) < Ce-(a+l3\l + cr)(l + /?)(1 + a + 0) 
l + a \ - i / 2 / 1 + / J N - 1 / 2 , 1 +or +/3 \ ~ ' / 2 

(1 + i±?L)-^(1 + i±£)-^(1 + i±^±£)-

The proof of that equation can also be broken into cases, each of them to be proven 
in turn. We will indicate what these cases are, give some pointers and other indications; 
the rest will be left as "exercises". 

We again will assume that (3 < a. 
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We also have !K(a9b) < y-7=—. If we refer to (14), we can write <j>0(H) Vt(H) = 

Jo°T • • + Jo°Jo • • • = /1 + /2. We then have 

rOO rCt 

— X2 + OC ){X\ + 2^2 + (3 ){2X\ + X2 + OC + j3 ) 

• e x p ^ x 2 + 2Xl(x2 +a+fl) + 2x2(x2 + /?))/ (2f)) 

• [sinh(a + /3) sinh(xi + a ) sinh^2 sinh(xi + Jt2 + /?) ] - 1 ' 2 dx2 dx\ 

where C is a generic constant. A similar bound can be found for I2. It is important to 
keep in mind that we have two terms to consider. 

The cases / < 1 + (3 and 0 < (3 < a < l a r e consequences of Lemma 3.7. The case 
t > 1 + a is easily derived from Corollary 4.6. The other "cases" are 1 < (3 < a, and 
(3 < 1 < a with 1 + f3 < t < 1 + a. 

These cases are solved using the same techniques as in the previous section and in 
Section 4. • 

Finally, we state the results of Sections 4 and 5 in the most general form possible: 

THEOREM 5.7. Consider the symmetric spaces Pos(2, R) and Pos(3, R). Suppose Pt 

is the fundamental solution of the heat equation and write 

Pt(e
H) = Ce^'r"'2 exp(-^(//)/\4t))<t>Q{H)Vt(H) 

where q is the dimension at infinity. 
Then, 

M 
Mll+^Tbm(H)t-m-Vt(H) 0 < ( - l ) 

< ^ + , ( r ( W + , ) < C M ( ^ ) 
\+r(H)\M+i 

for M > 0, and 

.,-,- / 1 + a \(fna+m2a)/2-1 

(with 0<A<B). 

6. The False Abel Inverse Transform for Pos(rc, R). The main goal of this section 
is to conclude the proof of Theorem 2.5 started in Section 2. Perhaps we should stress 
here the difficulty we encountered in the proof as begun in Section 2. If we assume that 
/ is odd, smooth and has compact support, we can use the induction hypothesis to show 
that AÇ(n,f; •) = Ç{n, T(A)/; •). The problem is to show that Q(n,f\ •) is "nice" too. 
This is a necessary ingredient in the proof by induction as shown earlier. 

https://doi.org/10.4153/CJM-1992-038-7 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1992-038-7


646 P. SAWYER 

LEMMA 6.1. Let iv(F) = Y%=\ bkFk be such that ^t{bp — bq)< 1 whenever p < q. 
Then, there exists a nonzero constant C which depends only on n such that 

\ime{-i^p)m))g(nJl/\eH{t))^ H B((l - (bp - bq))/2,1/2) 
t~^°° p<q<n 

provided lim^oo^Hiit) — //,+i(0) = oo (I < i < n — I). 

PROOF. When we use this lemma, H(t) will be tH with H G a+. We introduce H(t) 

in order to resolve a technical difficulty in the proof (see equation (18)). 

We assume first that %l(bp — bq) < 0 whenever p < q. Note that 

e'ivm))g{n-\{eiv)irH{t)\e^) = e-iv^{t))Ç(n - l ,e , v°;^) 

where H(t) = diag[ft(0]i<i<n-i and iV0(O = TTkz\{bk - bn)Zk. 

This opens the way to a proof by induction. The lemma is clearly true for n = 1 (by 
convention, an empty product is equal to 1). Assume it is true for n — 1 (n > 2). 

We want to compute 

roo 

/ e-
iv°m)) G(n-\, eiv« ; £ )epiH{,))6 (£ ) 

JH,(I) 

•nnhinh(e-//7(o)ri/2^. 

The idea is to make the change of variable xt = £* — H((f), 1 < / < n — 1 and 
use Lebesgue dominated convergence theorem to evaluate the limit. Unfortunately, if */ 
is near Hi-\(t) — //,-(f) the integrand is not bounded as a function of t since | sinh(;c/ + 

(Hi(t) - / / ,_i(0)) |~1 / 2 is then like ((///_ i(0 - ///(f)) - * / )~ 1 / 2 (elsewhere it is like 

^ e x p ( - ( ( / / / _ 1 ( / ) - / / / ( 0 ) -*.-) /2)) . 

We consider the following sets: for 2 < k < n— 1, if D is the domain of integration, 
Z>* = {£ G D : & > Hk(t) + (//*_!« - Hk(t))/2) and /) ' = D - U2<k<n-iDk. Using 
Lemma 2.3, 

If a; G £> (n-1)(0, then £ ^ ur > £ ^ £r(l<P<n-l). If we combine this with 

lim / 
//n-2(0 

rn-l(0 
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the inequalities 5R(£/ — bj) < 0 whenever i < j and £* > Hk(t) (1 <k <n— 1), then 

»(- i i /o(0(0) + iVo(a;)) 

- E »(*, - Vi)(E ̂  - E^r(o) 
/?=1 Vr=l r= l y 

k k 

V r=l r=l ' 

k k 

<»(* t-ft t + l )(E^-E«r(/)) 

<R(**-** + i ) (6 t -#*( ' ) ) 

< K(*t - &t+i)(fl*-i(0 - //*(f))/2 (whenever £ € D t ) . 

Hence, 

•nn|sinh(e-^w)r1/2^ 
i=l 7=1 

= e^(bk-bk+])(Hk^(t)-Hk(t))/2ep(H(t))Q,n \.em)\ 

which tends to 0 as t tends to oo (Ç(n, 1; J/(0) < C[è (H(t))]~l/2 ~ e~pm))). 

The same reasoning shows that || e~
ll/o(H(0)em ||̂  j s uniformly bounded for ( GD. 

To compute the limit, we can now replace the domain of integration D by D7. We now 
use the change of variable mentioned above: 

iim f""-^""-^2...re(-^-,)(»«»^(n_lte,vo.trm) 

• n sinhf^ - xj + (Hi(t) - Hj(t)))e^:lWM-».('»/2 
i<j<n-\ ^ ' 

• n n|sinh(jc /+// /(0-//y(0)r1 /2^. 
/=17=1 

By the induction hypothesis, 

(18) lim e(-fro+P.-i)W))g(/I _ i 9 ^o . ^+W)) = cn_i(i /0)^°"p- , ) ( x ) 

f — • o o 

where Cn_i(i/0) = I V ^ - i B((l - (bp - bq))/ 2,1/2). 
We use again Lemma 2.3 to show that the integrand is bounded by 

Ce~^ *</2 n?~/ sinn"1/2JC/. 
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Finally, the limit becomes 

2 ( n - l ) / 2 | ° ° . . J^e^(x)-pn^x)Cn_i(l/o)e^:l(n-\-2i)Xl/2 JJ s i n h - l / 2 ^ ^ 

= 2(-i)/2cn_1(i/0) r . . . r ^ v ^ » 1 ^ 2 n^inh-1/2^^ 
•/0 «̂  0 • i 

= 2<"-1)/2Cn_1(i/o)TT re^-^-'/^sirùT^Xidxi 

= 2<w-1>/2Cfi_i(i/0)n
1 4 = ^ ( 1 / 2 - (ft/ - W / 2 , 1 / 2 ) 

/=i v 2 

which gives the desired expression. 
By imitating the proof of Lemma 2.3, one finds that if $t(bp — bq)< K < 1 whenever 

p < q, there exits 0 < CK < oo such that \Ç(n,jv\eP)\ < CKeU{il/{H))[è{H)]-xl2 

(liiriA'_,i- CK = oo). It follows, by analytic continuation, that the lemma is valid if 
U(bp — bq)< 1 whenever p < q. m 

The notation and results that can be found in chapter IV (§ 5, §6 et §7) of Helga-
son's [8] are particularly pertinent to the rest of the section. 

PROOF OF THEOREM 2.5 (END). The result is true for n = 1. Assume it is true for 
n - 1 (n > 2). 

Let À be the set of all linear combinations of the positive roots having non-negative 
integer coefficients and let A be the set of all linear combinations of the positive roots 
having integer coefficients. 

We define ;a£ to be the set of complex-valued linear functionals on a such that 
i(sX - tX) £ A for s ^ t and (/x, p) ^ 2/(p, A ) for all p G A - {0} and s G W. 
'a^ is a dense open connected subset of the set of complex-valued linear functionals on 
a. 

CLAIM. Suppose iv(F) — EJLj b^Fk is such that | ?H(bp—bq)\ < 1 for all/? and q and 
v G ra£. Then, there exists a positive constant independent of v such that 

£ (n ,E , € W (de t j ) ^ ; e" ) = C(7r(z/))_1 |c(^)l_2^(^)-
Recall that if À is a linear functional on a and s E W, then sX (H) = X(s~lH). Note 

that <t>v{^) = JK e{iv-P){H{eHk)) dk and c is Harish-Chandra c-function. 
We verify the claim. A consequence of the beginning of the proof and of the in

duction hypothesis is that if/ is odd and decreases quickly enough, then AÇ(n,f; •) = 
Cj(n,Y(A)f; •). We can extend the result further by the following device: Suppose/ = 
£sew(det s)elsu with v as in the claim: e llf is odd, smooth and decreases quickly 
enough. If one computes the asymptotic expansion of AÇ(n, e~ / ' / ;•) = 
Ç(n, r(A)(£T'2/'/); •), one finds that AÇ(n,f\ •) = Ç(n, T(A)/; •). 

Ç{n, T,s£w(âets)elsl/ ; e*1) is then an eigenvector of A for the eigenvalue —(72 + v1) 

Assume for now that 0 < §l(bp — bq) < 1 whenever p < q. 
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Using the notation preceding the claim, we write 

/x<EA 

whenever v € 'a£. We set TQ(V) = 1 ; with the proper recursive definition on the rM(i/), 
the conditions on 'a£ ensure that functions O^, with s running in the Weyl group, form 
a basis of the eigenspace of A for the eigenvalue —(72 + ^2) . 

Hence, g{n,Y.sew(àtis)eisi/\eH) = E ^ w ^ O O ^ t f O . 

Since H G a+, aE(y) = \imt^OQe{-il/+^tH)Ç(n,eil/',etH) = YlP<q<nB^(l - (bp -

bq))/2,1/2 J: the first equality follows from the fact that the series defining Q>u con
verges absolutely and uniformly on each subchamber { / / G a + : <*/(//) > C > 0(1 < 
i < 0} (again see [8]) and the second equality is a consequence of Lemma 6.1. 

This gives ai(v) = C(ir(i/)) c(i/)\c(i/)\~2: this is a consequence of the relation 
B( 1 / 2 — x, 1 / 2) = tan(7rx) B(x, 1/2) and the expression for the ofunction as given by 
T. S. BhanuMurtiin[13]. 

The functions Ç(n, J2sew(det s)elsu ; e*1} are analytic in v in the domain | %t(bp—bq)\ < 
1. As a consequence, one finds that the coefficients as(v) are also analytic in the do
main 'a£ Pi \U(bp — bq)\ < 1: see for instance exercise B17 page 486 in [8]. The 

formula ai(i/) — c(ir(i/)) c(v)\c(v)\~2 is then valid in the same domain. Finally, 

if we replace v by si/' in Ç[n, TtSew{à.tts)elsv\efi^ = Y.sew as(v)Q>sv(H), we find that 

a*(y) = (das/)aI(sv') = C(ir(yj)~lc(si/')\c0/)\-2. 
This proves the claim since <t>u = 52sew c(si/)<f>su. 
Suppose that/ is an odd function. We write/ for the Euclidean Fourier transform of 

/• 
f(H) = C f f(v)e"{H)dv 

= m^lJ{sv)eiMH)dl/ 

= ^ l mll(tels)eis»{H)dv. 
I w\ Ja> sew 

Hence, 

(19) C(n,f;Ji) = c[ f-^-à>AeH)\c{u)\-2dv. 
Ja* 7T(l/) 

The equation on the right hand side satisfies the conclusions of the theorem. • 
COROLLARY 6.2. Iff is a K-invariantfunction on Pos(«, R) of compact support then 

f=CÇ(n,d(ir)F(f';.);•) 

(we recall that F(f; •) is the Abel transform off). 

PROOF. F(f; •) is Weyl invariant so d(ir)F(fm
9 •) is odd, decreases quickly enough and 

its Euclidean Fourier transform is Cir(i/)f(i/) (fis the spherical Fourier transform of/). 
The rest follows from equation (19) and the inversion formula (see [8], Theorem 7.5 page 
454). • 
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COROLLARY 6.3. Let Wt(H) = C^~7Vn/23(7r)exp(-r2(//)/(40). Ç(n,Wt;-)is 
the fundamental solution of the heat equation for Pos(rc, R) (modulo a constant). 

PROOF. The Abel transform of the heat kernel is known to be 

Ce~l2tt~nl2 exp ( -^ ( / / ) / (40). 

The result follows from the previous corollary. • 

7. Conclusion. In Section 6, we show that the "candidate" we gave in Section 3 for 
the heat kernel of Pos(w,R), Pt{eP) = Q(n,Wt,H) where Wt(H) 
C^7 2 rrn /23(7r)exp(-^(/f) /(40), is actually the right one even for n > 3. However, 
to prove this, we had to rely on the heavy machinery involving Plancherel's formula and 
the eigenfunctions of the Laplace-Beltrami operator. The methods we have used in Sec
tions 3, 4 and 5, we believe, are more likely to be open to generalization to other type of 
Riemannian manifolds. 

Another point is that to prove similar bounds for Pos(rc, R) (n > 3) will be quite 
difficult using our transform, especially the lower bound. On the other hand, a slight 
improvement of Lemma 2.3 would allow us to compute an asymptotic expansion for 
the heat kernel, something the expression of Pt based on Plancherel's formula does not 
provide. 

We think it is better to leave this development to a further paper. 
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