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A Multiplier Theorem on Anisotropic
Hardy Spaces

Li-an Daniel Wang

Abstract. We present a multiplier theorem on anisotropic Hardy spaces. When m satisfies
the anisotropic, pointwise Mihlin condition, we obtain boundedness of the multiplier operator
Tm:Hi (R") — Hﬁ(R"), for the range of p that depends on the eccentricities of the dilation A
and the level of regularity of a multiplier symbol m. This extends the classical multiplier theorem of
Taibleson and Weiss.

1 Introduction

We present a multiplier theorem (Theorem 1.2) on anisotropic Hardy space H (R").
This space was first studied by Bownik [4] and generalizes the classical Hardy space
of Fefferman and Stein [13] as well as the parabolic Hardy spaces of Calderén and
Torchinsky [10] with a geometry and quasinorm induced by an expansive matrix A.
Since the introduction of Hi, the anisotropic structure has been extended to a num-
ber of settings: Besov [6] and Triebel-Lizorkin spaces [7], weighted anisotropic Hardy
spaces [8], variable Hardy-Lorentz spaces [1], and pointwise variable anisotropy [11],
to name just a few. However, the study of the Fourier transform on these further gen-
eralizations is still incomplete, given that analysis of the Fourier transform becomes
substantially harder.

To state our multiplier theorem, we require a few definitions; more details are in
Section 2. Let A be an n x n matrix, and | det A| = b. We say that A is a dilation matrix
if all eigenvalues A of A satisfy [A| > 1. If Ay, ..., A, are the eigenvalues of A, ordered
by their norm from smallest to largest, then define A_ and A, to satisfy 1 < A_ < |A]
and |A,| < A,. Associated with A is a sequence of nested ellipsoids {B;} jez such that
Bj.1 = A(Bj) and |Bo| = 1. If A* is the adjoint of A, then A is also a dilation matrix
with the same determinant b and eigenvalues, with its own nested ellipsoids { B } ez.

We use f and f to denote the Fourier and inverse Fourier transforms of f, respec-
tively. We say a measurable function m € L* is a multiplier on HY, if its associated
multiplier operator, initially defined by T,,f = (fm) for f € L* n H", is bounded
HY — HE. We reserve £ for the independent variable in the frequency domain, and
0¢ denotes differentiation with respect to . For a dilation matrix A, we define the
dilation operator by D, f(x) = f(Ax). Henceforth, C will denote a general constant
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that may depend on the dilation matrix A and any scalar parameters n, p, g, and may
change from line to line, but is independent of f € HA. The regularity requirement of
a multiplier m will be given by the following Mihlin condition.

Definition 1.1  Let Abe a dilation matrix. Let N € Nu{0} and let m € CN(R"\{0}).
We say m satisfies the anisotropic Mihlin condition of order N if there exists a constant
C = Cy such that for all multi-indices f3, || < N, all j € Z, and all £ € BY,,\B7,

j+1

(L) DLt D). m(§)| < C.
We can now state our main result. For r € R, the (integer) floor of r is given by | 7|.

Theorem 1.2  Let A be a dilation matrix, N € N, and denote

log A_ logb
L=(N -1 .
( logb ) logh,

If m satisfies the Mihlin condition of order N and Ty, is the corresponding multiplier
operator, then T,,: Hy — H% is bounded provided p satisfies

1 (logA_)?
1.2 ——1<|L| —"+——.
12 ng <l Jlogblog)t+

Remark 1.3 We have implicitly fixed A_ and A, determining the eccentricities of
our dilation matrix. However, we can always “tighten” the eccentricities by defining
A_and A, sothat1< A_ < A_ < |A] <--- <|Au| < A4 < A,. In the proof of Theorem
1.2, we will exploit this simple fact.

Remark 1.4  An instructive example for the dilation matrix is by setting A = 2I,,, so
A=A, =2and b =2". Then (1.2) is equivalent to 5 < p < 1, thus recovering the
classical case.

As an essential class of singular integral operators, multiplier operators have been
well studied for the classical Hardy space H and its various extensions. We briefly
discuss four classical multiplier theorems that are related to Theorem 1.2.

First, our proof of Theorem 1.2 most closely resembles that of Peetre [16] in that if
m satisfies a classical pointwise Mihlin condition with respect to the Euclidean norm
(which condition (1.1) generalizes), then it is a multiplier on Triebel-Lizorkin and
Besov-Lipschitz spaces. Second, this pointwise Mihlin condition is stronger than an
integral Hérmander condition on m, used in Taibleson and Weiss [17] and paired
with molecular decomposition of H? to prove the boundedness of T,,. Third, this
Hormander condition is equivalent to a Herz norm condition on the inverse Fourier
transforms of smooth truncations of the multiplier m, which Calderén and Torchin-
sky [10] used to prove the multiplier theorem in the parabolic setting. Lastly, Baern-
stein and Sawyer [2] further generalized this with a weaker Herz norm condition,
generalizing the previous three multiplier theorems.

For our multiplier theorem, we will assume the (strongest) Mihlin condition on
m in order to overcome the issues native to the anisotropic setting. This approach
was first considered by Benyi and Bownik [3] in the study of symbols associated
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with pseudo-differential operators. Our Theorem 1.2 is closely related to their re-
sult, though we require minimal regularity requirement on m, and we obtain a more
precise range of exponents p for which multiplier operators are bounded in terms of
eccentricity of the dilation A, as measured by log A_/log A, and log, /logb. Dingand
Lan [12] extended the multiplier theorems of [2] to the spaces T: Hi — L?, though
with an additional requirement that the dilation A is symmetric.

The rest of the paper will be organized as follows. In Section 2, we give the back-
ground information on anisotropic Hardy spaces H4. In Section 3, we give the lem-
mas needed for the proof of Theorem 1.2, from which the theorem follows imme-
diately. In Section 4, we provide the proofs of the lemmas as well as the molecular
decomposition of Hf.

2 Anisotropic Hardy Spaces and Multiplier Operators

We now introduce the anisotropic structure and the associated Hardy spaces. Given
a dilation matrix A, we can find a (non-unique) homogeneous quasi-norm, that is, a
measurable mapping p4:R"” — [0, oo) with a doubling constant c satisfying:

pa(x)=0 exactly when x =0,
pa(Ax) = bp(x) for all xeR",
pa(x+y)<c(pa(x)+pa(y)) forall x,yeR".

Note that (R”,dx,p,) is a space of homogeneous type (dx denotes the Lebesgue
measure), and any two quasi-norms associated with A will give the same anisotropic
structure. In the isotropic setting, the “basic” geometric object is the Euclidean ball
B(x,r), centered at x € R” with radius r. This has the nice property that whenever
11 < 12, we have B(x,r) ¢ B(x,r;). But for a dilation matrix A, we do not expect
B(x,r) ¢ A(B(x,r)). Instead, one can construct “canonical” ellipsoids { By } xz, as-
sociated with A such that for all k, Bx,; = A(B), Bx € Bgy1, and |Bx| = b¥. These
nested ellipsoids will serve as the basic geometric object in the anisotropic setting.
Moreover, we can use the ellipsoids to define the canonical quasinorm associated with
A as follows:

N
0 ifx=0.

By setting w to be the smallest integer so that 2By ¢ A®By = B, p4 is a quasi-
norm with the doubling constant ¢ = b*. Once A is fixed, we will drop the subscript
and p will always denote the step norm. The anisotropic quasi-norm is related to the
Euclidean structure by the following lemma of Lemarie-Rieusset [14].

Lemma 2.1 Suppose pa is a homogeneous quasi-norm associated with dilation A.
Then there is a constant c 4 such that:

Zpa(x)" < x| <capa()® ifpa(x) 21,

1) : . .
Pa(x) <|x[ <capalx)> ifpalx) <1
where c4 depends only on the eccentricities of A : (. = l?nAb*.

https://doi.org/10.4153/CMB-2017-029-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-029-0

A Multiplier Theorem on Anisotropic Hardy Spaces 393

Lastly, we observe that if A* is the adjoint of A, then A* is also a dilation matrix
with its own (canonical) norm p., though A* and A have the same eigenvalues and
eccentricities.

We let 8 be the Schwartz space, and let 8’ be the space of tempered distributions.
Suppose we fix ¢ € S such that [ ¢ dx # 0. If k € Z, we denote the anisotropic dilation
by ¢k (x) = b¥@(A¥x). Then the radial maximal function on f € 8’ is given by

Mgf(x) = skug |f * ox ()]

The anisotropic Hardy space H ﬁ consists of all tempered distributions f € 8’ so that
M, f € LP, with | f]| g = | M, f]|1». Analogous to the isotropic setting, this definition
is independent of the choice of ¢ and is equivalent to the grand maximal function
formulation (see [4, Theorem 7.1]).

We now present the atomic and molecular decompositions of HA, which greatly
simplify the analysis of Hardy spaces. For a fixed dilation A, we say that (p, g,s) is an
admissible triple if p € (0,1],1< g < oo with p < g, and s € N satisfies

1 Inb
$2 [(;_1) 1n)L_J'
For the rest of this article, (p, g,s) will always denote an admissible triple. A (p, g, s)
atom is a function a supported on x, + B; for some x, € R” and j € Z, satisfying size

condition |a[ 4 < |B;|/77!/?, and vanishing moments condition: For |a| <'s,

a(x)x%dx = 0.
[, a0
The following theorem is the atomic decomposition of H ﬁ; see [4, Theorem 6.5].

Theorem 2.2 Suppose p € (0,1] and (p, q,s) is admissible. Then f € H: (R") if and
only if
f= Z)Liai,
for some sequence (1;); € €? and (a;) a sequence of (p, q,s) atoms. Moreover,
|flp = mf{ [ (A ler : £ = 3 Aiai}

where the infimum is taken over all possible atomic decompositions.

We can also decompose f € H% with molecules, which generalize the notion of
atoms.

Definition 2.3 Let (p, q,s) be admissible, and fix d satisfying

(22) d>sli“‘+ 1oL

nb q
and define 0 = (% — 1)/d. Then wesaya function Misa (p, g, s, d) molecule centered
at xo € R” if it satisfies the following size and vanishing moments conditions:

D NM) = Mg p(x = x0) " M]g < oo,
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(ii) f xPM(x)dx = 0 forall |B] <s.

The quantity N (M) is the molecular norm of M. We say the quadruple (p, g, s, d)
is admissible if the triple (p, g, s) is an admissible triple and d satisfies (2.2). If we say
that M is a molecule, then it implicitly has an admissible quadruple. A straightfor-
ward computation shows that if a is an atom, then N(a) < C, where C is a uniform
constant.

The following theorem gives the molecular decomposition of Hardy spaces. It is
not new, since the crucial ideas are implicit in [4, Lemma 9.3], though our definition of
molecules is more general than what is used there. For completeness, we will include
the proof in the last section.

Theorem 2.4  Every molecule M is in H and satisfies

(2.3) | M| r < CN(M),

where C = C(A, p, q,s,d). Moreover, f € HA (R") if and only if there exist (p, q,s,d)
molecules {M;}; such that f = 3.; M; in 8', and 3; N(M;)? < oco. In this case, we
have

116, < CE NP,
J

3 Proof of the Multiplier Theorem 1.2

In proving that the multiplier operator is bounded on H%, we will follow this outline.

(a) Show that our multiplier operator is a convolution operator of a certain regularity.
This is the key result of this paper, given by Lemma 3.2.

(b) As is often the case with Hardy spaces, we show it suffices to verify the action
of operators on atoms. As we will see in Lemma 3.3, we only need to consider
(p, 00, s) atoms.

(c) Lastly, by Lemma 3.4, we show that the action of this operator on atoms will pro-
duce molecules whose (molecular) norms are uniformly bounded. By Theorem
2.4, this completes the proof of Theorem 1.2.

In this section, we state these lemmas, and provide a proof of Theorem 1.2 (which
follows immediately). The proofs of these lemmas are in the next section.

We start by generalizing the notion of regularity to the anisotropic setting, taken
from [4].

Definition 3.1 Let (p,q,s) be admissible, let R € N satisfy

(3.1) R > max (l -1) logh  logl. |
P logA_" logA_

and let K € CR(R"\{0}). We say K is a Calderén-Zygmund convolution kernel of
order R if there exists a constant C such that for all multi-indices & with |«| < R, and
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all k € Z, X € Bk+1\Bk,
(3.2) | D FosDEK (x)| < <
p(x)
If K is such a kernel, we say K satisfies CZC-R and its associated singular integral
operator T is defined by Tf = K = f.

The following lemma is our key result.

Lemma 3.2 Let N € Nand m € Lj,_(R"\{0}). Suppose m satisfies the Mihlin
condition (1.1) of order N, and define K by K = m. Then K is a Calderén-Zygmund
convolution kernel of order R provided R € N and satisfies

InA_ _1) Inb

(3.3) 03R<(N1nb o
+

The general method in proving that an operator T: H; — H% is bounded is to
show that T is uniformly bounded on all (p, g, s) atoms, that is, | Ta|| w <C where
aisa (p,q,s) atom. However, as we see in [5], in general it is not sufficient to deal
with (p, 00, s) atoms, though by the work of Meda et al [15], it suffices if g < oo.
This suggests that we simply need to show that our operator satisfies | Ta || Ht < 0 for
(p,2,s) atoms.

However, this approach will not work for us, because of the following complication.
Observe that we have the inclusions of the subspaces

HE? c 1> nHE c HA.
Suppose we use the approach outlined above, and after verifying | Ta| ,» < C for all
(p,2,s) atoms, we can then extend T: Hfi’nz - Hﬁ to the unique bounded extension
T: HL — HE. Next, consider the operator T, on the (middle) subspace L* n Hf,
which we initially defined by T, f = (mf). It is not clear that the extension T will
agree with T,, on (L* n Hﬁ)\Hﬁ’nz. Because of this uncertainty, we cannot conclude
that T is indeed the extension of T,, on Hﬁ.

Fortunately, for multiplier operators, we have another approach, aided by a regu-
larity result of [9, Theorem 1]. This approach also shows that it suffices, at least in our
case, to verify uniform boundedness of (p, oo, s) atoms.

Lemma 3.3  Suppose that (p, o0, s) is an admissible triple, m € L> and T,, is the
associated multiplier operator initially defined on L* n HA. Then T,, has a a unique,
bounded extension T,,: H, — H” if for all (p, 0o, s) atoms, | TmaHHi < C, where C is
independent of the atom a.

This last lemma (and the regularity condition (3.2)) first appeared in [4, Theo-
rem 9.8] for the more general Calderén-Zygmund operators. We give an alternate
proof using Theorem 2.4.

Lemma 3.4 Let R € N. Suppose T is a singular integral operator whose kernel K is
a Calderén-Zygmund convolution kernel of order R. Then T: HL(R") — HE(R™) is
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bounded provided p satisfies

(logh-)? )

1
3.4 0<—-1<R
G4 < P < ( logblogA.

Now that all the pieces are here, we can prove Theorem 1.2.

Proof of Theorem 1.2  Suppose m is a multiplier satisfying the Mihlin condition (1.1)
of order N, and L ¢ N. Then by Lemma 3.2, we have a kernel K of order R, satisfying
(3.3) such that K = m. Then by Lemma 3.4, the operator Tf = K  f satisfies the
bound || Ta|» < C for all (p, 00, s) atoms, which by Lemma 3.3, gives a unique ex-
tension T: H gA—> Hﬁ, provided p is in the range (3.4), which implies the range given
in Theorem 1.2.

However, if L € N, then [L —1] < |L|. To make the above argument hold, recall
Remark 1.3, and let 1_ and I)r be defined such that

T<A <A <] < <l <Ay <Ay,
50 that the new L, defined in terms of the new eccentricities, is slightly larger and no

longer an integer. However, |L| = | L], and we can repeat the above argument and
obtain the bound (1.2). [ |

4 Proofs of Lemmas and the Molecular Decomposition

In this section, we give the proofs of Lemma 3.2-3.4, as well as the proof of Theorem
2.4. Lemma 3.2 is the key result of this paper. Lemma 3.4 and Theorem 2.4 originally
appear in [4], and we reprove them here with our notion of molecules.

4.1 Proof of Lemmas

Proof of Lemma 3.2  Let m satisfy the Mihlin condition of order N and let R satisfy
(3.3). Fix ¥ € S(R") such that ¥ is supported on B}\B*,, and for all £ # 0,

YN W(ATE) =1

jeZ
By setting \V;(x) = b/¥(A’x), we have the identity

¥j(§) = DY (E) = ¥((a)7)E),
and ‘I7] is supported on B;H\B;f_l. We define m; = m‘i’}, which is supported on
B},,\B]_, and define K; = (m;). Then we have
m= Z m; holds pointwise and in 8', and K= Z K;in§'.
jeZ jez.

We will see that the equality for K also holds pointwise. We make the following re-
ductions to prove the CZC-R condition (3.2). First, it suffices to show that for all
multi-index f such that || < R, k € Z, and x € B,\By, |0*DkK(x)| < C/b*, which
follows from the absolute convergence

S 95D K (x)] < Ek
JEZ b
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To prove this, it suffices to prove the above convergence for k = 0:
(4.1) S|8EK; ()| < C.
je€Z
Indeed, suppose (4.1) holds. Then if k € Z, and m has the Mihlin property, then so
does DX, m, with the same constant C. Therefore, if & € B}, \Bj, then (A )*E €

]+k+1\B +k> SO
| (D1 3 D)) (DS m)(9)] = [ (D37 9F DiFm((4)*€)| < Cg.

To prove (4.1), we decompose the sum using a well-chosen integer M. Denote A}, ,,
as the eigenvalue of A* with the largest norm and |- |,p as the operator norm on
R" — R”". By the spectral theorem,

Ny = limsup || A7

]—>oo

max

Let € > 0. Then there exists an integer M > 0 such that for all j > M,

JA 16 < (1+ ) Ak, < 1+ )1,
With this M, we write
SIEK;(x)] = | 5K (x)| + 3 |08K;(x)| = Sy + S
Jjez J< J>

We call Sy and Sy the low and high spatial terms, respectively. Starting with the high
spatial terms, we fix j > M and x € B_;\By. Then we can fix another multi-index «
satisfying || = N such that there exists a constant ¢ depending only on 7 such that
|(A7x)%| > c|A/x|N. This can be done by picking a = Ne; where e; is the i-th unit vec-
tor in the canonical basis of R" and the direction i is where A/ x has the largest value in
norm. Define w(u) = (A* u)Pm(A*/u)¥(u). Using Parseval’s identity, integration
by parts, and a change of variables, we have

K () = egb? [ @Iw)(w) Gad

which we estimate using the bound from the spectral theorem.
Then the product rule gives

(4.2) @ w)(u) = 3 (‘;) (D), m W) () -3 ((A*T)?).

y<«

2711(ij u)

u,

I I

By another application of the product rule, we have a uniform constant ¢’, indepen-
dent of m, j, u such that

I < csup| a‘sDi*m)(u)| = csup| (D;‘ia‘sDiﬁm)(A*juﬂ <c.
o<y <y

We now bound I,. With u € Bf\B*,, elementary considerations from expressing
(A*7u)P as a sum of monomials show that there exists ¢ depending only on N, such
that by our choice of M and j > M,

L =] (a49u)f| < c|a |l < c(Ax(1+€)) ",
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Combining our estimates of I; and I, in (4.2), we have a constant C, depending on
the past constants, such that

| (8%w) ()| < c(Ar(1+e)) .
Then we have
bi, j (0%w)(u)
|8 KJ(X)| <b .[B;*\Bi1 (2miAix)« du

b (A1 (1+¢))/P
< C( pilalt )

b (A5 (1+¢))
<C( | Alx[l )

Note that with our choice of a and (2.1), we can sum |0P K;(x)| for j > M if

b(A;(1+¢))
plalt-

Nlogh_ 1) logb
log(A3(1+€))

Indeed, for || < R, there exists € > 0 such that the series below converges. For C;
depending only on A, 1, ¥, 8, M, we have

<1, that is, 1Bl < ( lowh
og

S PPK(x)<C Y (W)J <G
j=M+1 j=M+1 blele-

Turning our attention to Sy, we start with Parseval’s identity and a change of variables.
With C a dimensional constant, we have

Eks G =] [ @i m(OeDag
j+H1\P -1

gcbff (AT )| | (A% )| du <
B;—\Bilﬁ/—/ ———

{ij(1+|ﬁll+) if j>0,
I J2

CHIO+BIE) if j < 0.

Indeed, for u in the unit annulus B} \B*,, we have A*/u € B}

Ta\BT s i < c|A*ullfl <

Cbi%p, (u)%, with the eccentricity {; depending on the sign of j. Since m € L* and

J» < C(m,¥), we obtain the above estimate. Returning to Sy, we have a constant C,
depending only on 1, A, N, ¥, M such that

-1 M -1 M
Sp< Y |E)£Kj(x)| £ |8£Kj(x)| <c Y piQ+IBIE-) | cy pia+RIL) < o,
. = ‘

j=—o0

j=—o0 j:O

with C, = C3(n, A, N, ¥, M). This completes the estimate (4.1) and this proof. [ |
For the proof of Lemma 3.3, we need the following result from [9].

Theorem 4.1 ([9, Theorem 1]) Let p € (0,1]. If f € HY, then f is a continuous
function and satisfies

FOI<Clflrp- (&)
In particular, if f = 3; A;a;, then f(&) = 2jAjdj(§) almost everywhere and in §'.
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Proof of Lemma 3.3 Ifaisa (p, co,s) atom, it is compactly supported, so that it is
in L?> n HA, and T,,a = (ma) is well defined. Now let f € L? n HA, with an infinite
atomic decomposition f = 3; A;a; using (p, oo, s) atoms. We first establish Ty, can
pass through the infinite sum:

(43) Tmf: Tm( led]) = Z/\]Tma]
J j

Observe that passing the operator through the infinite sum is the main issue raised
by [5] and the rationale as to why the result of [15] is needed for a general sublinear
operator. In our case, where our operator is a multiplier, we show that we can do this
directly. If we denote the right-hand term above by ¢ = 3;A;T;na;, then (4.3) holds
if we can show (T, f)" = mf = ¢ in 8'. To show (4.3), we note that by Lemma 4.1,
for & € R" almost everywhere, we have (mf)(£) = 2 jAjm(§)d;(&). Then

&= (X NTna))" = Y A(Twa))" = 2 Aj(mdj) = m Y djdj = m
] J J ]

Since § = mf = (T, f)” in 8’ and pointwise, we must also have that g = T,, f, thus
establishing equality (4.3). The boundedness of T,,: L n HY, - H” follows immedi-
ately:

ZIA PIT(a)) 5 < CZI/\ I

Taking the infimum over all poss1b1e atomic decompositions, we have [T f H <
C|fI HE- Lastly, with L? n H% a dense subset of H%, there exists a unique bounded
extension T,: HY, — H, such that T, = T}, on L? N HP ]

T f1? =

Proof of Lemma 3.4 Let p satisfy (3.4) and let (p, g, s) be an admissible triple. Let
abea (p,q,s) atom supported on the ellipsoid xo + B, for some xy € R” and r € Z.
The boundedness of T follows once we establish the uniform bound of the molecular
norm N(Ta) = | Taqu’er(x - xo)dTa(x)HZ < C. Note that since (R",dx,p) is a
space of homogeneous type, T is bounded from L? to L4 for g > 1. There is a C,
depending only on T, g, and 6, such that

-0 -6 r(1-1y(1-0
| Tall}® < Cla]i® < cb™la=»)09),
By Minkowski’s inequality,

lp(x=%0)'Ta(x)ly < ( [ lp(x = x)"Ta(x) dx) "

X0+Bri20
+( f \p(x—xo)qua(x)de)l/q =L+,
(x0+Bri20)¢

The estimate for I; is immediate:

I, < bd(r+2w)(f

0+Br+2w

<Cp¥p ) = i),

1/q
|Ta(x)|%dx) " < 6029 | Tal

To estimate I, we require the following pointwise estimate from [4, Lemma 9.5]. Sup-
pose T is a singular integral operator whose kernel k is CZC-R, with R satisfying (3.1).
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Then there exists a constant C such that for every (p, g, s) atom a with support xo+B;,
all 1 > 0and x € xo + (Brs1420+1\Brs1420)s

|Ta(x)| < Cb~'R&-1B,[7VP,

With this estimate, we have

L= f x = %)% Ta(x)|9dx
j_z() xo+(Br+2w+j+l\Br+2w+j) p( | ( |

<cb iy prraRE) f

j=0 xo+Br+2w+j+1\Br+2w+j

p(x - x,,)dqu)

_ Cb—%q i p=Ja(HRE)  (dq+1) (r+20+7) _ Cbr(dq+1—%) i pi(da+1-q(1+R))
=0 =0

The geometric series converges exactly when R satisfies (3.4). Taking the power 6/q
on both sides, we have

[ p(x = xo)"Ta(x)[| < Co i3,
All together, we have N(Ta) < Cb*G=p)(=0pk0(d+3=5) _ ¢ a5 the exponent is
exactly 0. :

4.2 Proof of Theorem 2.4

We need a few preliminary results on projections and molecules, which we state with-
out proof as they are implicit in the proof of [4, Lemma 9.3]. To define the projections
needed, recall that given a dilation A, {B;}jcz denotes the “canonical” ellipsoids so
that for all j € Z, A(B;) = Bj,1. We also define | f| 115y = [ |f(x)|dx.

Definition 4.2 Lets e Nand B = {x + Bj : x € R", j € Z}. Define P; to be the
space of polynomials on R” of degree at most s. If B € B, we define 75 as the natural
projection defined by the Riesz Lemma:

[B(ﬂgf(x))Q(x)dx:fo(x)Q(x)dx, forall f e L'(B) and Q € P,.

With these projections, we make some elementary observations. Let Q = { Qq }|a<s
be an orthonormal basis of P, in L?(By)-norm, that is,

(Qu @)= [ Quix)Qp()dx = dap.
Then the projection 7p,: L'(Bg) — P; is given by

mnf = 3 ([ F)Q)dx) Q.

|a|<s

Generally, if j € Z, then 7rp,: L'(B;) — P; is given by

7'[ij = (D;] TR, Di )f
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If B = y + Bj, then 7p: L'(B) — P; is given by ngf = (Tymp, T, ) f, where T, f =
f(x - y) is the translation operator, and there exists Cy, depending only on s and Q,
such that for all B € B, given x € B,

mf (< Co [ 11T

Let 73 = Id — g be the complementary projection. Then for all B € B, 7g: LY(B) —
L1(B) is bounded, with

178 (f)l2acey < 1+ Co)| fllLacs)-

Furthermore, for all « with |a| < s, we have [, x* - (7pf)(x)dx = 0.

Lemma 4.3 Let M be a (p, q,d) molecule centered at x,.
(i)  Then |miM|p(5,) = 0as j — oo.
(ii) Define gj = (7s,M)1p, = (M — mp,M)1g,. Then g; > M in L' as j — co.

Proof of Theorem 2.4 We first prove estimate (2.3). Let M be a (p, q, d) molecule.
Without loss of generality, we assume that N(M) = ||MH}1‘9 M (u)p(u)? HZ = 1. De-
fine the quantity o by | M|, = ¢/47"/? and choose k € Z such that b* < ¢ < b**1.
From Lemma 4.3, we have the following expression for M, with convergence in L':

M =g+ (g~ g))-
=k
Note that for each j, g; has vanishing moments of order up to s, and has compact
support. We will decompose M by setting g = pray and gj,1 — g = uja;, where
(#j) 2k € ¢F has a uniform norm independent of M and (a;)3; is a sequence of
(ps q,s) atoms. We start with gz = (M — m; M)1p,. With Cy as in Definition 4.2, we
have

I gx HL'i(Bk) < HMHL'?(B,() + H”kM”Lq(Bk) <(1+ CO)HMHL‘I(B,()-

Scaling the measure, we obtain

1/q
gl e ) = (], sl |B|) < (14 Co)[ Mo g -

1_1 1_1 . .
Note that because 1 — L < 0, we have ¢ > b¥ = g177 < b*(a73), Continuing our

estimate using the definition of o, we have

==

- 1jg 1-1 111
Ml Lo gz, = 1Bl Y9I M| g = B[ M0 7F < |Bi| 4 |By[17F = Blr.

Therefore, we have |gi[q < (1+ C0)|Bk\5_%, which gives gy = pray where ay is a
(p>g>s) atom and py =1+ Cy. For j > k, we have

gj+1 = & =1\, M — 7, M + 715, M.

https://doi.org/10.4153/CMB-2017-029-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-029-0

402 L. D. Wang

Estimating the first term, we have

1 1/q
ey = Bl 07 [ IMEITp(x) )

JHID)

HMlBj+l\Bj HLq(

_1_g4 o1
< 0Byl 9By M(x)p () g = b%|Bral 4 M
< b|Bj[ 7 b<DI0-0),

Setting r = d(1-0) > 0, we obtain the estimate [M1p, \,[ 4 < b?|Bjn |5_% b=k (=),
Next, we estimate 775, M with Minkowski’s inequality:

|7s, M||Lacs;) = H Z (L_M(”)m%)Qa(A_jx)‘

Ja|<s

<Yb J\[ (1) Qu(ATu)du| | D} Q1o

|a|<s

L4(Bj)

Let C(Q) a uniform bound for | Q4 1a(,)- By a change of variables, we have
HD;;anHLq(B,-) - b 1Qalza(By) < C(Q)bé-
Next, since M has vanishing moments and é + % =1,
|, MOQu(AT)a
-| [ M@ (ATwdu] < [ 1M(u)]Qu(Aw)ldu
j j

<C(Q) /1;9 IM(u)||A7ul*du < C(Q)cy /1;5. |M(u)|p(A’ju)s(+du

< C(Q)CAb_jSQ(fm |M(u)|qp(”)dqd”)1/q(’[B€P(u)q,(5{+_d)du)l/q,‘

The first integral in the last expression can be computed as follows:

l 1 ']

61 1_1yc6-1
([ mip(uyan) ™ < [MGe)p(e)?y = 1117 = oGO
j
_ O,d(l—e) < bkr.

The second integral from Holder’s inequality can be computed directly as a geometric
series. With C a constant depending only on A, g,s,and d, and d > s{,1- %, we have

qGd) g, - f q(s8=d) gy, = Cpi(t+a (s8-d))
| ) W= X [ ) u
This gives

\/ () Qa (A Tu)du| < Co 10 pkrp/0arstemd) - gphrpit=a=®),
Then we have the following estimate on |7, M| L4:

78, M| 14 < CbB* B0~ Dpi = b p™H D = Cp/G ) piRI),
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Finally, returning to the estimate on g;,; — gj, we have
1_1 i—k) (-
501 = &illq < I ML, g, g + |, Mg + |78, Mg < CIBj|s 77600,

Therefore, if j > k, gju1 — g = 4;aj, with pj = CbU=0) (=) and where a; isa (p, g, s)
atom supported on Bj,;. Summing the coefficients, we have

Z|yjp:‘uk+ZCpb]p:(l+C0)+7_r .
far i 1=b7r?

This establishes (2.3) with C depending only on A, p, g, s, d and the cube Q, and is
independent of M.

Lastly, we prove the molecular decomposition. If f € H, then its atomic decom-
position }7; Aja; can be seen as a molecular decomposition with M; = A;a;. Then by
(2.3), we have

715 < 145505 < CEN(Aja)P < €330 < oo,
J ] ]

where in the penultimate inequality, we used the fact that the molecular norm of
atoms are uniformly bounded.

As for the converse, suppose f € §” has the molecular decomposition f = ¥; M;
with 33; N(M;)? < co. Then again by (2.3), we have

£l = 1120 M50 < 20 1M1 < CON(M;)P < oo
J A J
So f € HY, and this completes our proof. ]
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