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Abstract

Using Cohen’s classification of symplectic reflection groups, we prove that the parabolic subgroups, that is, sta-
bilizer subgroups, of a finite symplectic reflection group, are themselves symplectic reflection groups. This is the
symplectic analog of Steinberg’s Theorem for complex reflection groups.

Using computational results required in the proof, we show the non-existence of symplectic resolutions for sym-
plectic quotient singularities corresponding to three exceptional symplectic reflection groups, thus reducing further
the number of cases for which the existence question remains open.

Another immediate consequence of our result is that the singular locus of the symplectic quotient singularity
associated to a symplectic reflection group is pure of codimension two.

1. Introduction

The study of finite symplectic reflection groups over the complex numbers begun with Cohen’s clas-
sification [9]. More recently, these groups have been studied extensively in the context of symplectic
quotient singularities because Verbitsky’s Theorem [28, Theorem 1.1] says that if the quotient V /G, for
G C Sp(V), admits a symplectic resolution then necessarily G is a symplectic reflection group. See, for
example, the introduction of [7] for a more detailed overview.

The name ‘symplectic reflection group’ invites one to compare them to complex reflection groups.
A fundamental result for the latter is Steinberg’s Theorem [26, Theorem 1.5] which says that the
parabolic subgroups of complex reflection groups are generated by the complex reflections they con-
tain. Thus, it is natural to ask if the parabolic subgroups of symplectic reflection groups are themselves
generated by symplectic reflections.

This question was posed in [9, Remark (iv)] and again in [6, Question 9.1]. In this paper, we answer
the question in the affirmative.

Theorem 1.1. Let (G, V) be a symplectic reflection group and choose v € V. Then the stabilizer G, of v
in G is also a symplectic reflection group.

Specifically, the theorem says that the stabilizer of v is generated by those symplectic reflections in
G that fix v. It would be interesting to see what other properties of complex reflection groups can be
generalized to symplectic reflection groups.

The stabilizer G, of a vector v is usually called a parabolic subgroup of G. Therefore, Theorem 1.1
says that ‘every parabolic subgroup of a symplectic reflection group is a symplectic reflection group’.

The proof of Theorem 1.1 given in Section 3 is a case-by-case analysis using the classification of
irreducible symplectic reflection groups; see Propositions 3.3, 3.4, and Lemma 3.5. The proof of Lemma
3.5 relies on the computation of all maximal parabolic subgroups of seven remaining groups using a
computer algebra program; see Section 7.
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Remark 1.2. By an easy induction (see Corollary 3.6), one can show that any subgroup of G that fixes
a subset U C V pointwise is also a symplectic reflection group.

Remark 1.3. As noted in [6, Remark 9.2], it would be interesting to have a conceptual proof of
Theorem 1.1 that does not rely on the classification of symplectic reflection groups. Such a proof would
provide a deeper insight into the nature of symplectic reflection groups. The proofs of Steinberg’s
Theorem for complex reflection groups given in [19, 26], and [4, Chapter V, Exercise 8] all make
use of alternative (but equivalent) characterizations of these groups. We are not aware of any similar
characterization of symplectic reflection groups that would help here.

An immediate consequence of the main result is the following; see Corollary 4.3.

Theorem 1.4. If G is a symplectic reflection group then the singular locus of the quotient V /G is of
pure codimension two.

In Section 6, we return to the motivating geometric question regarding the existence of symplectic
resolutions. Exploiting the computational results necessary for the proof of Lemma 3.5, we are able to
show that:

Theorem 1.5. The symplectic quotients C°/W(R), C¥/W(S)), and C*°/W(U) do not admit (projective)
symplectic resolutions.

See Theorem 6.1 for the proof. This leaves 45 cases in which the existence of a symplectic
(equivalently crepant) resolution is not yet known. All remaining cases have rank 4.

A sympletic reflection can be viewed as a particular type of bireflection. It is well-known that the
latter appear in the context of complete intersections. More specifically, given a vector space V and
finite group G C GL(V), one can ask if V /G is a complete intersection; if this is the case we say that G
is a CI-group.

Before a complete (but highly nontrivial) classification of CI-groups was given by Gordeev [15] and
Nakajima [22-24], a concise necessary condition on G for it to be a CI-group was given by Kac and
Watanabe. They showed in [18, Theorem C] that if G is a CI-group then necessarily every parabolic
subgroup of G is generated by either pseudo-reflections or bireflections. If we assume V symplectic and
G C Sp(V) then this condition simply says that every parabolic subgroup of G must be a symplectic
reflection group. In light of our main result, this simplifies the statement that if G is a CI-group then G
must be a symplectic reflection group.

One might then expect that symplectic reflection groups give rise to a large number of CI-groups.
Indeed, in dimension 2, the resulting Kleinian singularities are all hypersurface, and hence every finite
subgroup of SL,(C) is a CI-group. However, we show in Proposition 5.1 thatif dim V > 4 and G C Sp(V)
is symplectically irreducible (not a proper product of symplectic reflection groups) then G is not a CI-
group. Thus, symplectic reflection groups do not appear to give any new examples of CI-groups in
dimensions larger than 4. It would be interesting to see if there are any symplectic reflection groups in
dimension 4 that are CI-groups.

2. Preliminaries

Throughout this paper, V is a finite-dimensional complex vector space equipped with a symplectic form
w:V x V— C. In particular, V is even dimensional. Let

Sp(V) :={g e GL(V) | w(g.v, g.w) = w(v,w) for all v, w € V}

be the group of symplectic automorphisms of V.
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Let G < Sp(V) be a (finite) symplectic reflection group. This means that G is generated by symplectic
reflections; these are the elements g € G with tk(g — 1) =2.

Lemma 2.1. Let v € V and H = Stabg(v). Let V¥ C V be the subspace of points fixed by H and W C V
the (unique) H-invariant complement to V¥ in V.
Then V1, W are symplectic subspaces and W is the symplectic orthogonal complement (V) to V.

Proof. For V7 to be symplectic, we need to show that w restricts to a nondegenerate form on V¥, Let
u € V". As  is nondegenerate on V, there exists w € V with w(u, w) # 0. Then 5 3~ , gw € V" and

gw w(gu, gw) = w(u, w) #0,
( |H| Z ) |H| é;
as required.

We now show that the H-invariant complement W of V# is contained in (V7). Let w € W. Then
w = =& H‘ deH gw € W by H-invariance of W, but also w' € V¥ as w' is fixed by H. Hence, we must have
w' =0 and so

w(u,w) = ﬁ Z w(gu, gw) = w(u,w)=0

geH

for all u € V" as required.
Thus, W C (V#)* and equality follows directly for dimension reasons. In particular, W is a symplectic
subspace. O

Lemma 2.2. Theorem 1.1 holds trivially for triples (V, w, G) with dimV < 4.

Proof. Let v, H=G,, and W be as in Lemma 2.1. Since W is symplectic, H is a subgroup of Sp(W).
We must have dim W < dim V and dim W is even.

If dim V =2 then there are no nontrivial symplectic subspaces of V and Theorem 1.1 is vacu-
ous. When dim V =4, every proper symplectic subspace has dimension 2 and all finite subgroups of
Sp,(C) = SL,(C) are symplectic reflection groups. Thus, Theorem 1.1 holds in this case. O

3. Proof of the theorem

We prove Theorem 1.1 case-by-case using the explicit classification of symplectically irreducible
symplectic reflection groups in [9]. Cohen’s paper is actually concerned with irreducible quaternion
reflection groups, but one can see that these classes of groups are equivalent [9, p. 295].

We recall the basic definitions leading to the different cases which we consider.

Definition 3.1. Let V be a symplectic vector space and G < Sp(V) a finite group.

(i) The group G is called complex (resp. symplectically) reducible if there exists a nontrivial
decomposition into complex (resp. symplectic) G-invariant subspaces V =V, @ V,. Otherwise,
we call G complex (resp. symplectically) irreducible.

(ii) The group G is called complex (resp. symplectically) imprimitive if there exists a nontrivial
decomposition V=V, & --- @V, into complex (resp. symplectic) subspaces V; C 'V such that
foranyie{l,... ,n}andany g € Gthereexistsje {1,...,n}withgV; =V, Inthis case, we call
the decomposition V=V, & - - - @V, a system of imprimitivity. Otherwise we call G complex
(resp. symplectically) primitive.
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Remark 3.2. Assume that (V, G) is a symplectic reflection group. If V=V, @ V, is a decomposition
of V into a direct sum of G-modules, both of which are symplectic subspaces of V, then G = G, X G,,
with each G; C Sp(V;) a symplectic reflection group. Then, the stabilizer G, = G,, x G,, of a vector
v=v,+Wwv, in V, with v; € V,, is a symplectic reflection group if and only if each G,, is a symplectic
reflection group in G;.

From now on, we assume that the action of G on V is symplectically irreducible.

3.1. Complex reducible groups

Symplectic irreducibility does not imply complex irreducibility since V might decompose into non-
symplectic G-submodules. However, this can only happen if G preserves a Lagrangian subspace h C V.
In this case, G acts on h by complex reflections; see [6, Section 4.1].

Assume now that the action of G on V is induced by a complex reflection group W < GL(h), where
V =1 & b*. For clarity, we will write H", if we mean the induced action of a subgroup H < Won b & h*.

This particular case of Theorem 1.1 was already proved as part of [3, Proposition 7.7]. Since our
claim is weaker than the statement of loc. cit., a shorter argument suffices. We give it here for the sake
of completeness.

Proposition 3.3. Theorem 1.1 holds if (G, V) is a complex reducible symplectic reflection group.

Proof. Let G be defined by a complex reflection group W as above. Let v € V, so there are v, € h and
Vs € b* withv=v, + v} and we have

Stabg(V) = Stabw(Vl)v n StabW(VZ)V .

Since bh* is the dual of the representation b, there exists v, € §) with Staby,(v,) = Staby (v}).
By Steinberg’s Theorem [26, Theorem 1.5], the group Staby,(v;) is generated by complex reflections.
We have

Staby (v;) N Staby (v2) = Stabgup,, ) (V2)

and a second application of Steinberg’s Theorem implies that this intersection is generated by complex
reflections. Hence, Stab;(v) is generated by symplectic reflections as claimed. O

3.2. Symplectically imprimitive groups

We assume from now on that G is complex irreducible.

In this section, we assume, moreover, that G is symplectically imprimitive. Let V=V, & ---®V,,
with n > 2, be a system of imprimitivity. It is explained in the proof of [9, Theorem 2.9] that we have
dim V; =2 in this case. Note that Cohen works over the quaternions and shows that dimV,=1 as a
quaternionic vector space; this is the symplectic analogue of [8, Proposition 2.2].

By Lemma 2.2, we may assume dim V > 4. Then G is constructed as follows. Let K < SL,(C)
be a finite group and let H < K be a subgroup containing [K, K]. Let G,(K, H) be the subgroup of

K S, consisting of all pairs (o, k), where k = (k,,...,k,) € K" and o € §,,, satisfying k, - - - k, € H; see
[9, Notation 2.8]. Then [9, Theorem 2.9] says that G is conjugate to some G,(K,H), where
dim V =2n.

Notice that the transpositions in S, act as symplectic reflections on V; they simply swap two
summands in the system of imprimitivity.

https://doi.org/10.1017/S0017089522000416 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089522000416

Glasgow Mathematical Journal 405

Proposition 3.4. Theorem 1.1 holds if G is complex irreducible and symplectically imprimitive.

Proof. We may assume G = G,(K, H) as described above.
Letv=,...,v,)eV=V,®---®V,. Now let o € S, such that for the permutation v' of v given
by v} := v, we have a ‘block structure’

/ / / / /

/
(Vl’ trt Vn()’ Vno-H’ Tt Vn0+n1 e Vnn+4~+nr_|+]’ Tt Vnn+4~+nr) ’

given by the condition that Kv; = Kv; if and only if there exists 0 <s <r with (Zf:,l n)+1<i,j<
> _, n., where we set n_; := 0. That is, we permute the entries of v so that elements in the same K-orbit
lie next to each other and the number of elements lying in the same orbit is given by the n;. Without
loss of generality, we may assume v, =---=v, =0. After fixing representatives wy, ..., w, for the
occurring orbits, we can find an element k € K" such that

kvV=w=Wgy,...,Wo, Wi, .., Wi,eoo 3 W', W,),

where (Kw;) N (Kw;) = for i # j and wy, = 0. Combining o and k therefore gives an element g € K S,
with g.v=w.

If an element th € G,(K, H) stabilizes the vector w, then T € S,, X §,,, x - - - x §,,. Furthermore, we
must have h=(hy, ..., h,,1,...,1) where by, ..., h,, € Kwith h; --- h, € H.

Hence, Stabg,m(v) is (K S,)-conjugate to G,,(K,H) x §,, x --- xS, , which is a (in general,
reducible) symplectic reflection group. Notice that we may have n; = 1 for some of the blocks, resulting
in trivial factors in the above product. The claim now follows as symplectic reflections are preserved

under conjugation. U

3.3. Symplectically primitive groups

The only remaining case is where G is complex irreducible and symplectically primitive. Then G is
conjugate to one of the groups classified in [9, Theorem 3.6] and [9, Theorem 4.2]. Once again, we may
assume dim V > 4 by Lemma 2.2. This leaves only seven groups to consider. These are given explicitly
via the root systems Q to U in [9, Table II] and one can check with the help of a computer that all
stabilizer subgroups are indeed generated by symplectic reflections. A list of the groups occurring in
this way can be found in Section 7.

Lemma 3.5. Theorem 1.1 holds if G is complex irreducible and symplectically primitive.

This finishes the proof of Theorem 1.1. Finally, we note how Theorem 1.1 implies the statement in
Remark 1.2. The proof is the same easy induction as in [26, Section 7] (see also [20, Corollary 9.51]);
we repeat it for the reader’s convenience.

Corollary 3.6. Let V be a finite-dimensional (complex) symplectic vector space and G C Sp(V) a finite
symplectic reflection group. Let U be a subset of V. Then the subgroup of G that fixes U pointwise is
also a symplectic reflection group.

Proof. As the action of G is linear, we may replace U be the linear span (U) and assume in the
following that U is a subspace of V.
Letu, ..., u, be abasis of U. Recalling that Stabs(U) fixes U pointwise in this discussion, we have

Stabg(U) = Stabg(u;) N Stabg((uy, . . ., uy)) .
Now
Stabg(u;) N Stabg({uz, . . ., Uy)) = Stabsiapg ({2, - - -, Ue))

and Stabg(u,) is a symplectic reflection group by Theorem 1.1. Hence, the claim follows by induction
on k. O
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4. Applications
4.1. Minimal and maximal parabolic subgroups

We note the following results on the rank of minimal and maximal parabolic subgroups where
minimality and maximality are to be understood with respect to inclusion.

Corollary 4.1. Let G < Sp(V) be a finite symplectic reflection group and let {1} # H < G be a minimal
parabolic subgroup. Then we have dim V¥ = dim V — 2, that is, H is of rank 2.

Proof. By Corollary 3.6, the parabolic subgroup H must contain a symplectic reflection s. Set
K := Stabg(V*). Then

Stabs (V" + V¥) = Stab,(V¥)=HNK,

so H = K by minimality of H. Hence dim V¥ = dim V* =dim V — 2. O
The analogous result for maximal parabolic subgroups is easier and does not require Theorem 1.1.

Lemma 4.2. Let G < Sp(V) be a finite symplectic reflection group with V¢ = {0} and let H < G be a
maximal parabolic subgroup. Then dim V¥ =2, that is, H is of rank dim V — 2.

Proof. Let S C G be the set of symplectic reflections. Since G = (S), there must exist some s € S that
isnot in H. Then dim V* =dim V — 2 and we know

dim V* +dim V¥ —dim V* N V# =dim V
as V' + VH =V, Soif dim V7 > 2 then V* N V7 £ {0}. If this is the case, then let K := Stabg(V* N V),

Since V¥ # {0}, we have K # G. But (s, H) < K so H is a proper subgroup of K. This is a contradiction.
Thus, dim V¥ = 2. O

4.2. Codimension of symplectic quotient singularities

As another application, we have the following result on the singular locus of the quotient V/G.

Corollary 4.3. (= Theorem 1.4) If G is a symplectic reflection group then the singular locus of V/G is
of pure codimension two.

Proof. Let Z C V /G be an irreducible component of the singular locus. Choose p € Z generic and
g € V a point mapping to p under the quotient map V — V/G. Let H be the stabilizer of g in G. Then
Luna’s slice theorem [21] says that the map V/H — V /G induced by the map V — V,vi— v + ¢, is étale
at 0 € V/H. In particular, the codimension at p of the singular locus in V/G equals the codimension at
0 of the singular locus in V/H.

Decompose V =W @ V7 as a H-module. The fact that p is generic in Z means that 0 is an isolated
singularity in W/H. But Theorem 1.1 says that H acts on W as a symplectic reflection group. This implies
that the singular locus of W /H has at least one irreducible component of codimension two (for instance,
along the points stabilized by a symplectic reflection). We deduce that dim W = 2 and the irreducible
component Z of the singular locus has codimension 2 in V/G. O

5. Complete intersections

In this section, we consider whether V /G is a complete intersection.
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Proposition 5.1. Let G be a symplectically irreducible finite subgroup of Sp(V) with dim V > 4. Then
G is not a CI-group.

Proof. We begin by noting that [18, Theorem A] says that if G is a CI-group then G must be a
symplectic reflection group. Assuming this, we can make use of the classifications in [9, 15].

First, let G be complex reducible, so the action of G on the symplectic space V is induced from a
complex reflection group W acting on h with V =h @ h*. If G is a CI-group, we must have [G, G] = {1}
by [15, Theorem 3]. In other words, G is abelian. But this can only happen if W = G(m, p, 1) in the
classification [25]. In particular, the group W is rank 1 and hence G is rank 2.

Next, assume that G is complex irreducible and symplectically imprimitive, with system of imprim-
itivity V=V, @ - - - @ V. Recall that this implies dim V; =2 for all i, as shown in the proof of [9,
Theorem 2.9]. But then G cannot be a CI-group by [15, 5.2] which says that if G is a CI-group then
dim V; =1 for all i.

If G is symplectically primitive and has rank at least six, then it must be complex primitive by [9]. But
then it cannot be a CI-group by [15, Theorem 5]. We note that this also follows from our computational
results in Section 7, together with the arguments in the first paragraph, since all of these groups contain
a stabilizer of type G(m, p, n) with n > 1 which is not a CI-group; this contradicts [18, Theorem C]. [

Since the finite subgroups of Sp,(C)=SL,(C) are well-known to be CI-groups, it remains to
understand which symplectic reflection groups of rank 4 are CI-groups. In theory, one could use the
classification of Gordeev and Nakajima [15, 22-24] for this, but this appears to be very difficult to do
in practice.

Modulo the groups of rank four, Proposition 5.1 answers the first half of [11, Problem 1] in the case
of symplectic quotient singularities.

6. Symplectic resolutions

In this section, we return to the question of whether the symplectic quotient V/G, for a symplectically
irreducible symplectic reflection group G, admits a symplectic (equivalently crepant) projective resolu-
tion. In recent years, much progress has been made in classifying all groups for which this question has
a positive answer. The combined work of [2, 5-7, 10, 14, 29] leaves only 48 open cases.

We explain how the computational results in Section 7 imply that the symplectic quotient associated
to the groups W(R), W(S;) and W(U) (as given in [9, Table III]) do not admit projective symplectic
resolutions.

Theorem 6.1. (= Theorem 1.5) The symplectic quotients C®/W(R), C*/W(S,), and C'°/W(U) do not
admit (projective) symplectic resolutions.

Proof. If there exists a resolution in any of these cases, then the symplectic quotient associated to
every parabolic subgroup also admits a symplectic resolution by [17, Theorem 1.6].

From the results described in Section 7, we see that W(R) (respectively W(S,)) contains a parabolic
subgroup conjugate to the complex reflection group G(5, 5, 2) (respectively, conjugate to G(3, 3, 3)). In
both cases, the quotient by this parabolic does not admit a symplectic resolution by [2]. Hence, neither
do the quotients by W(R) and W(S)).

Finally, W(S)) is the stabilizer of a root of W(U) by [9, Table III] (see also Section 7). Therefore, this
quotient cannot admit a symplectic resolution either. O

Remark 6.2. With Theorem 6.1 in hand, there are now only 45 groups for which the question of
existence of a symplectic resolution is not yet decided. These are the groups given in [7, Table 6], together
with the groups W(O;) and W(P;) fori=1,2,3 in [9, Table IlI]. All of them are symplectically primitive,

https://doi.org/10.1017/S0017089522000416 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089522000416

408 Gwyn Bellamy et al.

of rank 4. This last fact means that the strategy used in this section cannot be applied, as noted in the
proof of Lemma 2.2.

7. Explicit results on symplectically primitive groups

We state the explicit results required for Lemma 3.5 and Theorem 6.1, by listing (up to conjugacy) all
the maximal parabolic subgroups one finds for the groups in question in Section 7.2. We now give an
outline of how these groups were computed.

Given a symplectically primitive symplectic reflection group, one computes the conjugacy classes
of all subgroups using the computer algebra systems GAP [12] or Magma [1] with the command
ConjugacyClassesSubgroups or Subgroups, respectively. One then checks which of these sub-
groups are parabolic by determining their fixed space using basic linear algebra and then the stabilizer
of the fixed space using the command Stabilizer in either GAP or Magma; if this stabilizer coincides
with the group, we have found a parabolic subgroup. Let H be one of the parabolic subgroups. One now
computes all symplectic reflections contained in H by computing the conjugacy classes of H (using
ConjugacyClasses in either GAP or Magma) and checking whether the given representative is a sym-
plectic reflection. Finally, one checks whether H is generated by the conjugacy classes of symplectic
reflections determined in this way. As in Corollary 3.6, it suffices to consider the maximal parabolic
subgroups: if v, w € V, with G,, < G,, then it suffices to check, by induction on rank, that G, is generated
by symplectic reflections.

Identifying a parabolic subgroup with a group in Cohen’s classification is an easy but tedious task
using the classification and linear algebra. As the matrices generating the parabolic subgroups tend
to become quite large, we do not do this in detail here; Section 7.1 serves as an example for these
computations.

Magma and GAP files with the necessary code to generate the symplectically primitive symplectic
reflection groups can be found on the second author’s github page.'

7.1. An example: the group W(S;)

As an illustration, we show that there is a parabolic subgroup H of W(S;) which is isomorphic (as
a symplectic reflection group) to the complex reducible symplectic group coming from the complex
reflection group G(3, 3, 3).

The necessary computer calculations were carried out and cross-checked using the software package
Hecke [16] and the computer algebra systems GAP [12] and Magma [1].

7.1.1. The group

The group W(S)) is a subgroup of Sp,(C) of order 2* - 3* = 6912. Like all complex primitive groups, it
is given by a root system [9, Table II]. Cohen lists 36 root lines for the group. However, four are enough
to generate a group of the correct order. A choice of root lines are

(17i70907050’ 17_1.)9 (l_i’l_i70,0’0705070)7
(1-i0,1-14,0,0,0,0,0), (1-40,0,1-40,0,0,0).

Note that these are the ‘complexified’ versions of the vectors over the quaternions given in [9]. Thus,
the group W(S;) < Spg(C) is generated by the symplectic reflection matrices

Thttps://github.com/joschmitt/Parabolics
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1 i —1 —i —1
—il —i 1 —1
1 i1 1
1 —i 1 i-1 1
Mi=3 1 —il —i ’ M= ~1 ’
—i—1i 1 —1
-1 1 —i 1
i1 i1 1
-1 —1
1 1
—1 1
1 —1
M3 = _1 s M4 = _1 )
1 1
—1 1
1 -1

through these root lines.

7.1.2. The parabolic subgroup
Letv:=(0,0,0,1, —o, o, —at, ¢ + 1)T € C8®, where o := %(i — 1). Let H < W(S)) be the stabilizer of v.
Using the command Stabilizer in either GAP or Magma one can compute this group:

H = (M,, MsM M3, M\M,M,) .

The space V7 C C? of vectors fixed by H is generated by vand (1, —1,1,0,a + 1, —a — 1, + 1, 3c)".
Its H-invariant complement W has a basis given by the columns w, . . ., ws € C® of the matrix

where ¢ € C is a primitive 12-th root of unity such that ¢* =i.
By changing the basis from C® to W @ V# and restricting to W we may identify H with the subgroup
Hy, of Sp(W) generated by the matrices

1

g4+l P4 -2 ¢ O+ -2 -+ - +¢
==+ +2 =P -1 —¢ =+ -1 P -0+2 0=t
= =200 41 =0 =20 +1 e =202 +1 =202 +1 - +¢
0 0 =203 4¢ 0 0 +c¢
—P=¢+1 =0+ + o+ == 2+ —1 =+ -1
$=-¢ 2+e-1 =g ==t +1 =P+ +E S
4-3_1 4-3_1 C3+C2 _§3+1 _§3+1 _§3+§2_1
0 0 = =420 +2 0 0 3= +2c -1

-1

The basis of W was chosen so that the symplectic form on W is, up to a constant, given by the matrix

(")

One can see directly that Hy leaves the subspace (w,, w,, w;) invariant and that this subspace is
Lagrangian. Hence, Hy is a complex reducible, but symplectically irreducible, group coming from a
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complex reflection group in GL({w,, w,, w3)). Since the complex reflection group has rank 3 and order
54, it must be conjugate to G(3, 3, 3) in the classification [25].

7.2. Maximal parabolic subgroups

In this section, we list the maximal parabolic subgroups up to conjugation.

7.2.1. W(Q)
The group W(Q) is a subgroup of Sp,(C) of order 2° - 3* . 7 =12, 096. It is generated by the symplectic
reflections corresponding to the root lines

1
(2,0,0,0,0,0) , 5 (2i,2i, —i41,0,0,iv/5 — 1) ,
| i 1 .. .
E(21,2,z+1,0,0,z+«6), 5(2,2z,z+1,0,0,z+ﬁ).

The maximal parabolic subgroups are each conjugate to H, := G(3, 3, 2) or H, := G(4, 2, 2). They
stabilize the following vectors:

‘ v

H,|(1,0,0,a, 8,0)
H,(1,0,1,,28, )

(i«/§+i—x/§+l> andﬁ::%(—i—i—«/g).

where o 1=

Al =

7.2.2. W(R)
The group W(R) is a subgroup of Sps(C) of order 2% -3*-52.7=12,09, 600. It is generated by the
symplectic reflections corresponding to the root lines

1
(2,0,0,0,0,0) , E(i+1,i—1,0,—1‘«/§+1,—i—«/§,0),

%(0,0,i—i—l,—i,l,i—i—x/g), %(O,Zi,i—i—x/g,Z,O,—i—l).

The maximal parabolic subgroups are conjugate to H,:=G(@3,3,2), H,:=G(5,5,2), or
H; := G(D,, C,, 1). They stabilize the following vectors:

H(0.1.V5-1,¥5 1,1 (W5 - i++/5-3,0)
Hy (01,4 (5 +i=2) 4 (i3 +i+v5+1), 1L (<2i+ V5 +1))
Hy (013 (V3+3) 4 (<iv5 =i+ V3 +1) 1,1 (=iv5 - 3i) )

7.2.3. W(Sy)
The group W(S)) is a subgroup of Spg(C) of order 2* - 3* =6912. It is generated by the symplectic
reflections corresponding to the root lines

(1,1,0,0,0,0, 1, —i), (—i+1,—i+1,0,0,0,0,0,0),
(—i+1,0,—i+1,0,0,0,0,0), (—i+1,0,0,—i+1,0,0,0,0).
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The maximal parabolic subgroups are conjugate to H,:=C, x C, x C,, H,:=G(2,2,3), or
H; := G(3, 3, 3). They stabilize the following vectors:

1%
H,|(1,0,0,—1,0,0,0,0)
H,[(0,1,i,0,0,0,0,0)
H|(1,i,i,—1,0,0,0,0)
H,[(0,0,1,0,0,0,0,0)
H,/(0,1,0,0,0,0, 1,0)

1 1 1 N
H; (0, 0,0,1, 5(1 — ), E(l -1, 5(1 — D), E(l + 1))

Note that multiple occurrences of H, in the above table means that there are distinct maximal parabolic
subgroups which are conjugate in GLg(C), but not in W(S,).

7.2.4. W(S»)

The group W(S,) is a subgroup of Spy(C) of order 2'° - 3* = 82, 944. It is generated by the symplectic
reflections corresponding to the root lines

(1,i,0,0,0,0, 1, —i), (—i+1,—i+1,0,0,0,0,0,0),
(—i+1,0,—i+1,0,0,0,0,0), (2,0,0,0,0,0,0,0).

The maximal parabolic subgroups are conjugate to H,:=C, x G(3,3,2), H,:=G(2,2,3),
H;:=G(2,1,3), H,:=G(3,3,3), and Hs := G(4, 4, 3). They stabilize the following vectors:

v

H,|(1,-1,-1,0,0,0,0,0)
H,|(1,-1,0,0,0,0,i — 1,0)
H:|(0,1,0,0,0,0,0,0)
H,[(1,0,1,0,—1,i — 1, —i, 0)
Hs|(1,—i,0,0,0,0,0,0)

7.2.5. W(S3)
The group W(S;) is a subgroup of Spg(C) of order 2% -3*.5=13,317,760. It is generated by the
symplectic reflections corresponding to the root lines

(17i70’0’0507 1,_i)’ (_i+1a_i+1;0’0’09070’0)’
(-i+1,0,-i4+1,0,0,0,0,0), (2,0,0,0,0,0,0,0),
(-i+1,0,0,0,0,—-i+1,0,0).

The maximal parabolic subgroups are conjugate to H,:=C, x G(3,3,2), H,:=G(2,2,3),
H;:=G(3,3,3), and H, := G3(D,, C,). They stabilize the following vectors:

v

H,|(1,—i,0,0,0,0,3,)
H,|(0,0,2,0,—1,i,i,1)
H;/(0,1,0,—1,—1,i—1,i,0)
H,|(1,0,0,1,0,0,0,0)
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7.2.6. W(T)
The group W(T) is a subgroup of Spy(C) of order 2%-3*.5%=2,592,000. It is generated by the
symplectic reflections corresponding to the root lines
(_ {3 +§2 + 1’ §3 - {27 _1’0’ 0$0,O’0)’ (170,0’0’ 0’ 070,0)’
(,1,1,1,0,0,0,0), (1,4,0,0,0,0,—1,7),
where ¢ is a primitive 10-th root of unity.
The maximal parabolic subgroups are conjugate to H, :=C, x G(3,3,2), H, :=C, x G(5,5,2),
H;:=G(2,2,3), H:=G3,3,3), Hs:=Gy, and Hg:=G(5,5,3). They stabilize the following
vectors:

v

Hi((0,0,0,0, 1, 5(= &+ 87+ 1), =8 + 7 + 5,56 = £7)
H,|(0,0,0,0,1, —=¢* + ¢+ 1, =8 +¢%,2¢° = 2¢° = 2)
Hy|(1,0,8° + ¢+ 1,307 + 382 +4,ic> —it> = + 0 + 1,
=207 = 2i¢* = 2i =200 4207 + 4,400 =, =il + it i+ 1)
H;|(0,0,0,0,1, —¢° +¢>+2,0,8° —¢*—3)
Hy|(1,0, =+ 2+ 1,8 =, —i,ie? =il =i+ = — 1,
i =i +1,8 =%
(0,1, $(4ig? —4ic? — 20+ 30 =307 —4), (28> = 2it —6i — £* + {2 + 3),
HAITY — 4 — 20— 207 4+ 207 +6), (i — 3ig> —4i+ 00— 7 = 3),
10 —it? = 3i4207 =207 = 1)
Hg|(0,1,8% —¢%, 0% — ¢ 4+ 1, =2ig + 2i¢%, —il> +ic> — 3+ 2 + 1,
—i it +i—1,i— 3+
Note that there are two distinct maximal parabolic subgroups which are conjugate in GLg(C), but not
in W(T).

IS

H

[

7.2.7. W(U)
The group W(U) is a subgroup of Sp,,(C) of order 2" -3°.5.11=12,096. It is generated by the
symplectic reflections corresponding to the root lines

(2,0,0,0,0,0,0,0,0,0),
©,2,i-1,i—1,2,0,0,—i+1,-i+1,0),
©,2,i-1,-i—1,2i,0,0,i—1,—-i—1,0),
©,2,-i—-1,i—1,0,0,0,i+1,i - 1,2),

2,i—1,i—1,2,0,0,—i+1,-i4+1,0,0).

The maximal parabolic subgroups are conjugate to H, :=C, x G(2,2,3), H, :=C, x G(3, 3, 3),
H;:=G6s,H,:=G(3,3,4), and Hs := W(S)). They stabilize the following vectors:

v

H|(2,0,i—1,0,—i+3,2i+2,-2,—i—1,0,i — 1)
H,|(0,2,i—1,0,—i—1,—6i,0,i+ 1,0, —i + 1)
Hi|(1,0, =2i+ 1,i 4+ 1, —i + 1, —i, 2i, i, —2i, 0)
H|(2,0,0,—i—1,—i— 1,0, —i+ 1, =2, —i — 1,i+ 1)
Hs|(2,0,i+1,0,i—1,0,—2i,i—1,0,i+1)
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