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GROUP ACTION ON THE DEFORMATIONS OF A
FORMAL GROUP OVER THE RING OF
WITT VECTORS

OLEG DEMCHENKO anpD ALEXANDER GUREVICH

Abstract. A recent result by the authors gives an explicit construction for a
universal deformation of a formal group ® of finite height over a finite field k.
This provides in particular a parametrization of the set of deformations of ®
over the ring O of Witt vectors over k. Another parametrization of the same
set can be obtained through the Dieudonné theory. We find an explicit relation
between these parameterizations. As a consequence, we obtain an explicit
expression for the action of Autx(®) on the set of O-deformations of ® in
the coordinate system defined by the universal deformation. This generalizes
a formula of Gross and Hopkins and the authors’ result for one-dimensional
formal groups.

81. Introduction

Let ® be a d-dimensional formal group of height h over a perfect field
k of characteristic p >0, and O denote the ring of Witt vectors over k.
The deformation functor Defq assigns to any Artinian local O-algebra
R the set of *-isomorphism classes of deformations of ® over R, where
two deformations of ® are x-isomorphic if there exists an isomorphism
between them with identity reduction. Grothendieck [11] proved that Defg
is representable by the formal spectrum of the ring of formal power series
in d(h — d) variables with coefficients in O. In other words, there exists
a formal group I' over O[[t1, ..., t4pn—q)]] called a universal deformation
of ® such that for any deformation F of ® over R, there is a unique
homomorphism g : O[[t1, ..., tgn—a)]] = R such that p.I" is x-isomorphic

to F. Notice that Grothendieck’s proof does not allow one to construct
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I' explicitly. In the case where ® is one-dimensional, an explicit universal
deformation was constructed by Hazewinkel [9]. For arbitrary ® it was done
by the authors in [5].

For the x-isomorphism classes of the deformations of ® over O, there is
another explicit description due to the Dieudonné theory. The Dieudonné
module D(®) of ® is a certain profinite module over the Dieudonné ring E.
Fontaine [7] assigned a submodule of D(®) to any deformation of ® over
O so that *-isomorphic deformations correspond to the same submodule.
Honda [10] described D(®) as a factor module of E9. Thus one can show
that Defg(O) is naturally identified with the set of certain double cosets in
GL4(FE). The first purpose of the present paper is to establish an explicit
relation between two parameterizations of Defg(O): through the explicit
universal deformation and through the Dieudonné theory. For a formal
group of dimension one such relation was established in the authors’ work
[4] where a period map was constructed and an explicit formula for it was
obtained. In order to treat the general case we exercise a similar approach.
In addition to Hazewinkel’s universal p-typical formal group [9] and Honda
theory [10] that were involved in [4], we make use of covariant Honda theory
developed in [3].

It is necessary to mention that in his fundamental work [13], Zink
introduced the theory of 3n-displays which describes formal groups of finite
height over an excellent ring R. Moreover, he developed a corresponding
deformation theory which generalizes the description of Defs(QO) based
on the Dieudonné module D(®). It would be highly interesting to relate
Zink’s description of Defg(R) and the parametrization obtained through
the explicit universal deformation. Being more involved, this task is left to
a future investigation.

The group of the automorphisms of ® over k acts naturally on the right
on the functor Defg. For ¢ € Auty(®) and F € Defy(O), the action is
defined by [F]¢ = [g7! o F(g, g)], where g is a lift of ¢ over O. In the one-
dimensional case, this action was introduced by Lubin and Tate [12]. Its
deep importance for the representation theory was revealed by Drinfeld [6]
and in a more specific way by Carayol [1]. Later on, it was investigated
by several researchers. Gross and Hopkins [8] defined the p-adic period map
from the generic fiber of the deformation functor to the projective space and
proved that it is equivariant with respect to the action of the automorphism
group. It provides a linearization of the action for the deformations over O.
Chai [2] studied this action on the closed fiber of the deformation space and
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described it by certain recurrence relation. Another explicit description for
the action which also involved the p-adic period map was established by the
authors [4]. Our second purpose in the present work is to study this action in
the higher dimensional case. We proceed similarly to what was done in [4].
Namely, applying Honda’s description of Auty(®) and the explicit formula
for the period map we obtain an explicit expression for the action in terms
of the parametrization introduced in [5].

The outline of the paper is as follows. Section 2 recalls the basic definitions
related to formal groups and describing the main results of Honda theory
[10] and covariant Honda theory [3] which are our main tools. In Section 3,
Hazewinkel’s universal d-dimensional p-typical formal group Fy over the
ring Z[V] of polynomials in an infinite set V' of independent variables is
introduced. Any p-typical formal group ® over k can be obtained from Fy
by a specialization of the variables of V' in k. We recall the main result
of [5] which states that it is possible to choose a finite set {vy}ycp+ of
variables from V' and to define a homomorphism v : Z[V] — O[[ty]]ycw+ 50
that I' = v, Fy is a universal deformation of ®. In particular, it gives a one-
to-one correspondence between De fg(O) and pOIvTl.

In Section 4, a period map from the set of x-isomorphism classes of O-
deformations of ® to GL4(O)\GL4(E)/I + My(FE)u is constructed, where
E = OJ[A]] is an O-algebra with multiplication rule Aa = A(a)A, a€ O,
A denotes the Frobenius automorphism, and u € My(FE) is Honda type of
a deformation of ®. It gives another parametrization of Defs(O). Then
an explicit relation between these two parameterizations is established.
For a natural example, we deduce an explicit formula which expresses
the parameters obtained from the cosets in GL4(F) via the parameters
obtained from the universal deformation with the aid of certain rigid
analytic functions. It turns out that in the one-dimensional case, these
functions coincide up to a constant factor with the functions used by Gross
and Hopkins [8] for the definition of their p-adic period map.

Section 5 describes the action of the automorphism group of ® on
Defp(O) in the coordinate system introduced in Section 3. Honda theory
implies that Auty(®) acts on GL4(O)\GL4(E)/I + My(E)u by the right
multiplication. We show that this action agrees with the natural action
on Defp(O) (Theorem 5.1). Thus our period map linearizes the action of
the automorphism group on the moduli space which provides its explicit
description (Theorem 5.2). In the case of a formal group of dimension
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1, this result implies the equivariance of the Gross—Hopkins period map
8, Proposition 23.5].

Throughout the paper, the following notations are used. My 4(A) denotes
the set of d’' x d-matrices with entries in the ring A, Mg(A) =Mgq(A),
GLg4(A) stands for the subset of My(A) consisting of the invertible matrices.
The identity matrix is denoted by I. An entry of a matrix M € My(A) in
the ith row and the jth column is denoted by M (i, j). The matrix obtained
from M by raising all its entries to the gth power is denoted by M@, i.e.,
M@, j)=M(i,5),1<i,j<d.If p: A— A is aring homomorphism and
f € A[[X]], then p.f € A'[[X]] denotes a power series obtained by applying
1 to the coefficients of f.

§2. Formal groups and Honda theory

Let A be a ring. We denote by X the d-tuple of independent variables
(z1,...,2q) and write X7, ¢ €N, for the d-tuple (zf,...,2%). We also
consider the ring A[[X]]op of formal power series over A in variables
xi,...,xq without constant term.

A d-dimensional formal group over A is a d-tuple of formal power series
F € A[[X, Y]] satisfying the following properties

(i) F(X,0)=X;
(i) F(X,F(Y,2))=F(F(X,Y), 2)
(iii) F(X,Y)=F(Y,X).

Let F' and F’ be d- and d’-dimensional formal groups over A. A d’-tuple of
formal power series g € A[[X]]? is called a homomorphism from F to F', if
g(F(X,Y)) =F'(9(X), g(Y)). The matrix D € My 4(A) satisfying g(X) =
DX mod deg?2 is called the linear coefficient of g. It is easy to see that a
homomorphism g is an isomorphism if and only if its linear coefficient is an
invertible matrix. A homomorphism with identity linear coefficient is called
a strict isomorphism.

If A is a Q-algebra, then for any d-dimensional formal group F' over A,
there exists a unique strict isomorphism f from F to F4(X,Y)=X +Y
(see for instance [10, Theorem 1]). This f is called the logarithm of F.
It determines the formal group F uniquely, since F(X,Y) = f~1(f(X) +
).

If A is a ring of characteristic 0 and F' is a formal group over A, the
logarithm of F' is by definition the logarithm of Fygq. If, in addition, F” is
another formal group over A and ¢ is a homomorphism from F to F’ with
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linear coefficient D, then g = f'~! o (Df), where f, f' are the logarithms of
F, F', respectively (see [10, Proposition 1.6]).

Let k be a perfect field of characteristic p# 0, O be the ring of Witt
vectors over k, KC be the quotient field of O, and A : K — K be the Frobenius
automorphism. Let F = O[[A]] denote the O-algebra of noncommutative
formal power series in the variable A over O with the multiplication rule
Aa=a”A for any a € O. Extend the O-module structure on K[[X]]o to
a left E-module structure by the formula Af(X) = f2(XP). It determines
a bilinear map My 4(E) x K[[X]]¢ — K[[X]]¢". In particular, it gives a left
Mg (E)-module structure on K[[X]]d.

Denote B = pO[[X]]4. Let u € My(FE) be such that u=pl mod A. We
say that u is a type of f € K[[X]]d if /(X)=X mod deg?2 and uf € .

The next technical result will be employed in what follows.

LEMMA 2.1. [10, Lemmas 4.2 and 2.3]

(1) LetueMy(E), u=pl mod A, feK[X]]E be of type u, 11 € K[[X]]d
and 9 € O[[X])&. Then for = fora mod P iff 1 =1b2 mod P.

(2) Let u,v€My(E), u=pl mod A, fe€K[[X]]¢ be of type u and g €
O[[X])&. Then v(fog)=(vf)og mod P.

Honda theory [10] describes the logarithms of formal groups over O as
formal power series of certain Honda type.

THEOREM 2.2. [10, Theorem 2 and Proposition 3.3]

(1) Letue My(E), u=pl mod A, f € K[[X]]d be of type u. Then f is the
logarithm of a formal group over O.

(2) Let F be a formal group over O with the logarithm f € K[[X]]d. Then
there exists u € Mg(F), u=pl mod A, such that f is of type u.

With the aid of Honda theory, the category of formal groups over k can
be also described and the Dieudonné module can be constructed. Under
reduction of a formal power series with coefficients in O, we always mean
the reduction modulo p.

ProproSITION 2.3. Let Fi, F» be formal groups over O with the loga-
rithms f1, f2 € K[[X]])&, respectively. Then the reductions of Fy and Fy are
equal iff there exists v € I + AMy(FE) such that fi =vfy mod ‘B.

Proof. The “if’ part follows immediately from [5, Proposition 1]. To
prove the “only if” part suppose that the reductions of F; and F> are equal.
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According to [5, Proposition 1], there exists ¢ € GL4(E) such that f; = qfa
mod PB. Let ¢ € My(O) be such that ¢=c¢ mod A. Since X = f1(X) =
qf2(X) =cX mod (P, deg 2), we conclude I =c¢ mod p, i.e., there exists
€ My(O) such that ¢ — I =pd. Let ug € My(E) be such that ug = pl
mod A and fs is of type us. Denote v = ¢ — 'ug. Then v =1 mod A and
fi=qfo=vfo+ duzfo=vfo mod P. 0

PROPOSITION 2.4. [10, Proposition 2.6] Let v € My 4(E), ue Mg(E),
u=pl mod A and f € K[[X]]¢ be of type u. If vf € pO[[X]|&, then there
exists s € My 4(E) such that v = su.

Let F be a d-dimensional formal group over O with logarithm f € K[[X]]d
of type u € My(E), and F denote the reduction of F. The E-module
D(F) =My q4(E)f/My14(E)f NpO[[X] is called the Dieudonné module of
F. Proposition 2.3 implies that D(F) depends only on F. Since uf € ‘B,

the E-linear map M; 4(F) — D(F') defined by s~ sf + pO[[X]]o induces
a homomorphism M; 4(FE)/M; 4(E)u — D(F') which is an isomorphism by
Proposition 2.4. A formal group F is said to be of finite height if D(F) is
a free O-module of finite rank (see [7, Proposition II1.6.1]). In this case the
rank of D(F) is called the height of F.

The following theorem describes Auty(F') in terms of Honda types.

THEOREM 2.5. [10, Theorems 5 and 6] Let F' be a formal group over O
with the logarithm f € K[[X]]¢ of type u € My(E), and w € My(E). Then

(1) f~to(wf) e O[X]¢ iff there exists z € My(E) such that uw = zu.
(2) If f~Lo(wf) € O[[X])&, then its reduction is an automorphism of the
reduction of F'.

(3) If ¢ is an automorphism of the reduction of F, then there exists w €
My(E) such that f~1 o (wf) € O[[X])¢ and ¢ is the reduction of f~1 o

(wf).

Let K[l = {0 bit” [b; €K} and  K[[X]]p = {j, f(x))If; €
K[[t],}. For any >2°, a;A’ € E, define t*’ 5", a;A? = 322 a® t#"". This
provides to KC[[t]], a right E-module structure which in general looks as
follows:

Z bjtpj (Z aiAi> = Z Z bjaiA_Jj tpz.
j=0 =0

i=0 \j=0
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It determines a right Mg(E)-module structure on K[[X]]¢. In fact, asso-
ciating 3°°°, bit? with 3.°°  b;A’ identifies K[[t]], with K[[A]] provided
with screw multiplication Aa = a”A. Then the right action of E on K[[t]],
corresponds to the right multiplication in KC[[A]]. Similarly, K[[X]]g and
My (K[[A]]) can be identified, and the right action of My(E) on IC[[X]]g
corresponds to the right multiplication in Mg(IC[[A]]).

Covariant Honda theory [3] gives an alternative description of the
category of p-typical formal groups over O and can be considered as dual
to Honda theory. Only one result from this theory will be used hereafter.

PROPOSITION 2.6. [3, Proposition 1(i) and (iii)]

(1) The left My(E)-module structure on K[[X]]g induced from K[[X]]d

commutes with the right My(E)-module structure.
(2) Let feK[X]]¢ and ueMy(E), u=pl mod A. Then uf =pX iff
fu=pX.

83. Universal p-typical formal group and universal deformation

We consider polynomial rings with integer coefficients in an infinite
number of variables which are grouped together in matrices for convenience.
Let V;, be d x d-matrices of independent variables V,,(i, j). The set of these
independent variables is denoted by V = (Vi, Va, .. .).

According to Hazewinkel’s functional equation lemma [9, Section 10.2],
the d-tuple of power series fiy € Q[V][[X]]¢ defined by the recursion formula

fo(X)=X+p™ 1Y Vaol fr(X7),

n=1

where o(V,,(7, 7)) =V, (4, )P, is the logarithm of a d-dimensional formal
group Fy defined over Z[V].

Let an(V) € Q[V] denote the coefficients of fy, that means fy(X)=
S an(V)XP". Tt is clear that ao(V)=1. The following recurrence
relation will be employed hereafter.

LemMA 3.1, [9, Formula 10.4.5] pan(V) =7, an_rn(V)VZ" .
COROLLARY. p" an(V) € Z[V].

Proof. It follows immediately by induction on n. 0
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For a ring A, denote by A the A-module consisting of the infinite
sequences of elements of A. Then A° is the submodule of A*° consisting of
the sequences starting with m zeros.

A formal group F over a ring A is called p-typical, if there exists
Z:Z[V] — A such that Z,Fy = F. A morphism Z:Z[V] — A is uniquely
defined by the sequence (2(V1), Z(V2), . ..) € M4(A)> where Z(V;,) € M4(A)
is defined by (2(V;,)) (i, j) = E(Vi (4, 7)). Thus we can write by abuse of the
notation = = (Z(V1), Z(V2), . . .). We will also write Fy (z) instead of Z, Fy .

Let k, O, E be as in Section 2. Let ® be a d-dimensional formal group
over k of height h. According to [9, Corollary 25.4.29], ® is isomorphic
to a p-typical formal group over k. Thus without loss of generality we can
suppose that ® is p-typical, i.e., there exists = = (21, Zs, . . .) € My(k)> such
that ® = Fy,(=). Let E= (él, S, .. .) € My(0O)* be the sequence of matrices
which are composed of the multiplicative representatives in O of the entries
of the matrices =1, Z5, ... Then F= FV(%) is a formal group over O, and
its reduction is equal to .

Given a sequence T'= (11, T3, . . .) € Mg(k)*°, we introduce

YoB, T) =TiEP | 4+ T =P € My(k)

for n>2 and Y1(2,7) =0. Then Y=(T) = (V1 (E,T), Y2(E,T), . . .) defines
a k-linear operator on My(k)®°.

For n>1, 1<i,j<d, denote by B(,; € My(k)> the sequence of
matrices with the only nonzero entry which is equal to 1 and appears in
the nth matrix at the (4, j)th position. According to [5, Proposition §],
there exists a set

W C{(n,i,j)ln=>1,1<1i,j<d, B ¢ ImYz}

(nid)

such that {By, + ImYz|y € U} is a basis of CokerYz. Moreover, |V| =

Since Y1(V,T) =0, one has ImYz C My(k)7°, and hence {(1,7,7)|1<
i,j <d} C V. Define U ={(n,4,j)|(n+1,i,j) € U}. Clearly, I | =d(h —
d).

Let R be a complete Noetherian local ring with residue field k, and ¢
be a formal group over k. A formal group F' over R with reduction & is
called a deformation of ® over R. Let F, F’ be deformations of ® over R. An
isomorphism from F to I’ with identity reduction is called a x-isomorphism.

Similarly to By, ; j), denote by /BS(WW-) € My(R)> the sequence of matrices
with the only nonzero entry being equal to 1 and appearing in the nth matrix
at the (7, j)th position.
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Now we can formulate the main result of [5].

THEOREM 3.2. [5, Theorem 2| Let & = Fy=). Then for any complete
Noetherian local O-algebra R with mazimal ideal N containing p and residue
field k, and for any deformation F of ® over R:

(1) there exists a unique dh-tuple (Ty)pew, Ty € M, such that F is strictly
x-isomorphic to the formal group Fy (z), where Z = =+ Eweq, ngw €
Md(R)OO;

(2) there exists a unique d(h — d)-tuple (Ty)yew+, Ty € M, such that F is *-
isomorphic to the formal group Fy(z), where Z = 4 Zw@w Twﬁw €
Ma(R)>.

COROLLARY. Let (ty)ycw+ be a set of independent variables, and put

“=E4 Y e+ tyBy. Then T =F 2.

i.e., for any complete Noetherian local O-algebra R with residue field k and

(1)

s a universal deformation of ®,

for any deformation F of ® over R there exists a unique O-homomorphism
oz Ol[tyllyew+ — R such that p.I' is x-isomorphic to F.

84. Period map for deformations over O

We keep the notation of the previous section. First, we prove an auxiliary
result needed for the definition of the period map.

ProproSITION 4.1. Let Fi, F» be formal groups over O with the log-
arithms f1, fo € K[[X]]&, respectively, such that their reductions coincide.
Then

(1) Fy and Fy are strictly x-isomorphic iff f1 = fo mod ‘B.
(2) F1 and Fy are x-isomorphic iff there ezists ¢ € GL4(O) such that f1 =
cfo mod ‘B.

Proof. By definition formal groups Fy, Fy are strictly x-isomorphic (resp.
*-isomorphic) iff ffl o fo =X mod P (resp. ffl o(cfe) =X mod ‘B for
some ¢ € GL4(O)). According to Theorem 2.2(2), there exists u € My(E)
with v =pl mod A such that f; is of type u. Then Lemma 2.1(1) implies
the required statement. [

Denote ]?: fV(é)' Clearly, ]? is the logarithm of F. Further, denote u =
pl — 320 E A" € My(E).
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LEMMA 4.2. [5, Lemma 3] @f =pX.

Let F' be a deformation of ® over O with logarithm f. We denote the strict
*-isomorphism classes of F' by [F], and the *-isomorphism classes of F' by
[F]'. By Proposition 2.3, there is v € I + AMy4(E) such that f = vf mod .
Then one can define the map x from the set of the strict x-isomorphism
classes of deformations of ® over O to

I +My(pO + AE)/I + My(E)u

and the map x’ from the set of the x-isomorphism classes of deformations
of ® over O to

I+ Mg(pO)\I + My(pO + AE)/T +My(E)u
as follows: x([F]) =v(I+ Mg(E)u), X' ([F]") = (I + Mg(pO))v(I+ My(E)u).
PROPOSITION 4.3. The maps x and X' are well defined and bijective.

Proof. By Proposition 4.1(1), deformations of ® with logarithms f; and
f2 are strictly *-isomorphic if and only if fi = fo mod ‘B, i.e., (v2 — vl)fe
P. According to Lemma 4.2 and Proposition 2.4, it is equivalent to the exis-
tence of r € My(E) such that vy = v1 (I + v 'ra), i.e., vo € vy (I + Mg(E)a).
Thus x is well defined and injective. For any v € I + My(pO + AE), one
can find b € My(O) such that © = v(I + b)) € I + My(AE). Then uo— ! = pI
mod A and ﬂ@_l(@f) = pX. Hence, Theorem 2.2(1) implies that of is the
logarithm of a formal group over 0. By Proposition 2.3, this formal group
must be a deformation of ®, and thus y is surjective.

Further, according to Proposition 4.1(2), formal groups with logarithms
f1 and fy are %-isomorphic iff f; =cfy, mod P for some c € GLy(O), i.e.,
(vg — cvl)fe B. Proposition 2.4 implies that this holds iff there exists
r € My(E) such that vy = cvy (I + vy 'r@d), i.e., va € GLg(O)v1 (I + Mg(E)a).
Thus x’ is well defined and injective. Since y is surjective, X’ is also
surjective. 0

One can see that y and ' describe deformations of ® over O up to strict
*-isomorphism and up to x-isomorphism, respectively. Theorem 3.2 provides
an alternative description of the same deformations. Our aim is to establish
an explicit connection between these two descriptions.

For Z = (Z1, Zs, . ..) € Mg(O)> such that Z =2 mod p, we define

e n n—k ~(n—k
vz=T+p' Y3 ani(2) (Z,gp ) _ 2l )) A"

n=1 k=1
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~
= m)

Since Z =Z mod p, we conclude that Z® ™) mod p™t?! for any m =

p"am(Z) € Mg(O)> for any
€ My(pO) for any n > k, and

0. Moreover, Corollary of Lemma 3.1 implie

n—=k ~(myn—k
m > 0. Therefore a,,—(2) <Z,E,p ) Egcp )
hence vz € GL4(E).

N—

PROPOSITION 4.4.

(1) If Z= =+ Z¢eq, T¢§¢,, for some 1y, € pO, Y €V, then x([Fy(z)]) =
vz(I + Md(E) u).

2) If Z=E+> peu+ mb, for  some Ty€PO, YeVT, then
X ([Fvz)) = (I + Ma(pO))vz(I + My(E)u).

Proof. Since é%p ) = ~A for any n>1, the recurrence formula of

Lemma 3.1 can be rewrltten as follows

n—k nfkr = n—k
pan Zan k A Zan k ( )_:‘](cp ))

Then according to Proposition 2.6 and Lemma 4.2, one gets

fvzu= (Z an(Z)Xpn)<pI -> gszk> = vz(pX) = vz(f@) = (v2 )@
n=0

k=1

Since @=pl mod A and the right multiplication by @ in K[[X]]% corre-
sponds to the right multiplication by u in Mg(K[[A]]), we deduce that it
is injective, and hence fy () :vgf. This implies (1). Clearly, (2) follows
from (1). [

We have a natural bijection from the set I + My(pO + AE)/I + My(E)u
to the set My(pO + AE)/My(E)u which maps v(I + Mg(E)u) to v — 1 +
My(E)u. The correspondence pcl + Aq + My(E)d — (pcl — cu)a™! + g +
My(E)u is an O-module isomorphism from My(pO + AE)/Mg(E)u to
My(E)/Mg(E)u. The latter module is isomorphic as an O-module to the
direct sum of d copies of D(®). Therefore My(pO + AE)/My(E)u is a free
O-module of rank dh. Fix an O-basis of My(pO + AE)/My(E)u. Taking into
account that x is bijective (Proposition 4.3), one obtains a parametrization
of the set of strict x-isomorphism classes of deformations of ® over O.
Another parametrization of the same set is provided by Theorem 3.2(1)
applied for R = Q. Using Proposition 4.4(1) and the arithmetic properties
of the ring My(E), one can give an explicit formula which expresses the
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first parametrization through the second one. The same applies to two
parameterizations of the set of x-isomorphism classes of deformations, one
constructed with the aid of x’ and the other coming from Theorem 3.2(2).

We illustrate the last observation for the set of x-isomorphism classes
of deformations in a particular example where =,, = I, for some m > 1,
Z, =0 for n#m. This example is a direct generalization of the setting
considered by Gross and Hopkins [8] for one-dimensional formal groups.
In this case, one has w=pl — IA™ and the height of ® is equal to dm.
Moreover, ¥ = {(n, i, j)|1 <i,j <d;1<n<m} (see [5, Example 1]), and
hence, U ={(n,4, )1 <i,j <d; 1< n<m—1}

For any (7y)yecw+, Ty € pO, denote by €, the matrix in My(pO) such that
Cn(is §) =Ty (00, §) EUH I Z=E+ Y cy+ 7By, then Z, = C, for
1<n<m-1,%Z,=1,Z,=0forn>m+ 1, and

oo min(n,m—1)

n—k
vy=1+p! E E an,k(Z)C']gp Jam,
n=1

We can write vz in the form vy = fozo v A" with v, € M4(0), vg=1.
Since 4 = pI — IA™, one gets A" = p*I mod My(E)@ and therefore vy =
St A’ mod My(E)d where oy = Y720 P Vjm+i € Mg(O). This means
that there exists r € Mgy(E) such that Z@Z—ol a At =vz +ru=uvz(I +
v, ). Thus 22161 ;A" €vz(I +My(E)u), and it is obviously a unique
element of this form in vz (I + My(E)u). Moreover, ap =1 mod p which
implies that ag is invertible in My(©) and ay' =1 mod p. For 1<i<
m — 1, denote 3; = aalai. Then

m—1 m—1
I+ Bial=a5" Y aia’ € (I +My(pO))vz(I + My(E)).
=1 =0

We consider 3;, 1<i<m —1, as functions of (7y)ycy+ and establish
explicit formulas for them.

PROPOSITION 4.5.  For any (7y)ypecu+, Ty €pO, 1<i<m —1

o= lim pragmi(Z2),  Bi= lim a;)(Z)agmyi(2).

k—o00 k—o00

Proof. We write as above vz =3 ° v A", vy € Mg(O). Then vy =1

and
min(n,m—1)

n—k
Up=p Z an,k(Z)C’,(f ),
k=1
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According to Lemma 3.1, v, =a,(Z) for 0<n<m-—1, v,=a,(2) —

ptan_m(Z) for n > m. These formulas imply

00 k

;= E P Vjmyi = lim E P Vim+i
- k—o0 4
Jj=0 j=0

k
= lim | ai(2)+ > Pajmei(Z) = p oG 1ymri(2))
j=1
= lim p*agmi(2),
k—o0

for any 0 < ¢ < m — 1. The required formula for §; follows immediately. []

Remark that for any 0 <7 < m — 1, the infinite sequence pkakmﬂ(i*) €
Mg (O[[ty]]pew+) of matrices of polynomials converges in the rigid metric to
a matrix of rigid analytic functions. Thus «; can be considered as a matrix
of rigid analytic functions of variables (7y)ycw+-

When d =1, the functions «;, 0 <i<m — 1, coincide up to a constant
factor with the homogeneous coordinates of the p-adic period map intro-
duced by Gross and Hopkins; see [8, 21.6, 21.13 and 23.6].

85. Action of the automorphism group

Let F be a deformation of ® over O. For ¢ € Auti(®), we put [F])'¢=
(97 (F(g,9))], where g € O[[X]]¢ is such that its reduction is equal to ¢.
This defines a right action of Auty(®) on the set of x-isomorphism classes of
the deformations of ® over O. In the case of dimension one, this definition
is due to Lubin and Tate [12]. We give an explicit description of this action
in terms of the parametrization provided by Theorem 3.2(2).

It is easy to notice that the correspondence (I + Mgy(pO))v(l +
My(E)u) — GLg(O)v(I + Mg(E)u) is a bijection from I+ Mg(pO)\I +
My(pO + AE)/I +My(E)u to GLg(O)\GL4(E)/I 4+ Mg(E)u. Thus we
can identify these two sets. Define a right action of Autg(®) on
GL4(O)\GL4(E)/I + My(E)u in the following way: by Theorem 2.5(3),
for any ¢ € Auty(®) there exists w e GLg(E) such that ¢ is equal to
the reduction of f~(wf) modulo p. For ve GLq(E), put GLg(O)v(I +
My(E)u)¢ = GLa(O)vw(I + Mg(E)u). Theorem 2.5(1) implies that this
expression does not depend on the choice of v in the corresponding coset. If
w' € GLy(E) is such that the reduction of f_l(w’f) modulo p is equal to ¢,
then by Lemma 2.1(1), wfz w’f mod P and Proposition 2.4 implies that
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there exists s € Mg(F) such that w' —w = su, i.e., w' =w(l +w su) €
w(I + Mg(E)u). Thus the definition does not depend on the choice of w.

THEOREM 5.1. X' is equivariant with respect to the action of Auty(®).

Proof. Let F be a deformation of ® over O with logarithm f and ¢ €
Auty(®). By Proposition 2.3, there exists v € I + My(AE) such that vfz f
mod . By Theorem 2.5(3), ¢ is equal to the reduction of g = ffl(w f) for
some w € GLg(E). The formal group with logarithm w 1o g belongs to the
coset [F]'¢p, where wo € GL4(O) is such that w =wy mod A. On the other

hand, Lemma 2.1(2) implies walf og= wo_l(v )o ffl(wf) = wo_lvwf
mod P, and hence, x'([F]'¢) = GL4(O)vw(I + My(E)u) = x'([F]')¢. i

THEOREM 5.2. Let w € GLg(E) and Z® € Myg(O)>® be such that the
reduction of f_l(w A) is equal to ¢ € Auty(®) and Z) =Z + D peut 7'15}2)§¢

for some le) epO,i=1,2. Then [FV(Z(1))]’¢ = [Fv(Z(Q))]/ ioff there exist c €
GL4(0) and g € My(E) such that vy = cv,ayw(l + qu).

Proof. According to Theorem 5.1, Proposition 4.4 and the definition of
the action of ¢ € Aut,(®) on GL4(O)\GL4(E)/I + My(E)u, we get
X ([Fyz@))) = X' (Fyza))'¢) = X ([Fyz00)]) ¢
= GLd(O)UZ(l) (I—|— Md(E)’/LL\)(b = GLd(O)UZ(l)’U)(I—I— Md(E)’l/E)
On the other hand, x'([Fy/(z@)]) = GLa(O)vze) (I + Mg(E)u). This implies
the required statement. [

COROLLARY. In the setting of Theorem 5.2, suppose that =,, =1, =, =0
forn #m, and choose w; € Mg(O) such that w = 7" w; A’ mod My(E).
Then [Fy zon)'¢d = [Fyze)]" iff there exists c € GLq(O) such that

(a(()z), R ag)_1> =c (a(()l), e ani)_1> C(w),

where
wo w1 w2 Wm—1
A A A A
Pwm2—1 w02 w12 m—-2
A A A A
C’(w) = pwme pwm 1 wO wmf
Am—l Am—l Am_l Am_l
w1 bwy bws; Wy
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Proof. As we showed above Y /" )AZ € vy (I + My(E)u). Besides,
Theorem 5.2 implies

GLa(O)v ) (I + Mg(E)i) = GLg(O)v,0) w(I + My(E)a)
= GL4(O (Za ) (I + My(E)u).

Hence, there exist ¢ € GLy(O) and g € My(FE) such that

m—1 m—1
ozZ(Q)Ai =c (Z a,gl)Ai) w(l + qu)

=0

m—1
=c (Z az(l)AZ) w mod My(E)u.

=0

It is easy to check directly that

m—1
(Z agl)AZ)w = (a(()l), e 047(,?_1) C(w)(1, A, ..., A" HT mod My(E)a.
i=0

Therefore
m—1
Z az(2) (a(()l)a R agll) C(u}) (17 A,..., Am_l)T mod Md(E)a
i=0

This means that there exists r € My(E) such that
m—1 ' T
Z az(»Q)AZ —c (aél), cee 0‘57?—1) C(w) (1, A, ..., Amfl) =ru.

Since the highest power of A which appears in the left side of the equality is
less or equal to m — 1, we conclude that » must be equal to 0, which implies
the required statement. [

In the case d =1, the last Corollary provides the result by Gross and
Hopkins on equivariance of their p-adic period map [8, Proposition 23.5].
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