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SHORT NOTES 

GENERALIZATION OF HAEFELI ' S C REEP-A NGLE ANALYSIS 

By R. I. PERLA* 

(Alta Avalanche Study Center, Alta, Utah 84070, U.S.A. ) 

ABSTRACT. Using geometrica l arguments, Haefeli developed a stress a na lysis for slabs of compressible 
viscous ma terials. His ana lysis was based on a key parameter called the creep angle. A genera li za tion of the 
creep a ngle, called the deforma tion-ra te coeffi cient, is d eri ved by replacing geometri cal a rguments with 
continuum mecha nics. Once the deforma tion-ra te coeffi cient is found from in situ m easurem ents, the stress. 
fi eld of the slab can be determined from a set of hyperboli c partial differential equations. 

R ESUME. Ceneralisation de l'analyse de l'angle de glissement de H aifeli. A partir d e considerations geometriques, 
H aefeli a reali se une a na lyse d es efforts mis en j eu pour des glissements en plaques de ma teri a ux visqueux 
compressibles. Son ana lyse etait fondee sur un pa ra metre cle appele a ngle d e glissement. U ne generalisa tion 
d e la notion d 'angle d e g lissem ent, a ppele coeffi cient de vitesse de deforma tion, a ete ela boree en rempla~ant 
les considera tions geometriques pa r d es m eca nismes continus. U ne fois determine le coeffic ient de vitesse d e 
deforma tion pa r d es mesures in sitll, le champ d es efforts sur la plaque peut etre calcule it partir d 'une serie 
d 'equa tions differentiell es partielles hyperboli ques. 

ZUSAMMENFASSUNG . Verallgemeinerung der K riechwinkel-Analyse von Haefeli. Auf der G rundlage geometri­
sch er Betrachtungen entwickelte H aefeli eine Belas tungsanalyse fLir Scheiben von komprimierbarem, 
viskosem M a teria l. Der H auptpara meter seiner Ana lyse ist d el' sogena nnte Kriech winkel. Eine Verallge­
m einerung des Kriechwinkels, die " K oeffi zient d er Vel'formungsgeschwindigkeit" gena nnt wird , liisst sich 
herI eiten, wenn man die geometrischen Betrac htungen dul'ch K ontinuumsmechanik ersetzt. 1st del' 
K ocffi zient der Verformungsgeschwindigkeit durch l\1essungen in situ gefund en, so kan n das Belastungsfeld 
d er Scheibe aus einem Sa tz von hyperbolisc hen parti ellen Differential-Gleichungen bes timm t werden. 

r. I NTRODUCTION 

The c reep-ang le a nalysis was p roposed b y Haefeli ( 1963, 1967) as a prac tical meth od of obta ining 
the stress in the neutra l zone o f inclined pla nar sla bs composed o f compressible viscous m a teri a ls such 
a s snow or cl a y. By neutra l zone, H aefe li m eant tha t p o rtio n of th e sla b th a t is free from ed ge effec ts, 
essentia lly, the centra l region of the slab. With re feren ce to Figure I , the neutral zone is modeled a s a 
pla na r sla b extending to in fi nity in two directions, x and z. F o r this simple geometry, sp a ti a l g radients 
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Fig. I. Creep angle f3 in the neutral zone of a slab. 

* Presen t address: R ocky M oun tain F orest and R a nge Experimen t Sta tion, Fort Collins, Colorado 8052 1,. 
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exist only in the y -direction, that is, a/ox and %z are null. Furthermore, the neutral zone is assumed 
to be a region of plane d eformation-rate, wherein the creep velocity in the z-direction is zero. The creep 
angle, {3, in Haefeli's original treatment, is simply the angle formed by the x-axis and the trajectory of 
the moving snow particles. 

Assuming coincidence of principal stress and principal deformation-rate axes, Haefeli utilized 
geometrical constructions to determine the neutral zone stress components as 

H 

Ixy = g sin 6 J p(y) dy, 
y 

H 

Iyy = - g cos 6 J p(y) dy, 
y 

Ixx = Iyy + 21xy tan {3, 

where p is the slab density, 6 is the slab inclination to the horizontal, and H is the slab thickness. It will 
be the purpose of this short note to extend Haefeli's analysis to include non-neutral regions and non­
planar slabs. A more detailed discussion of this particular problem, with application to snow slabs, is 
found in Perla (197 I). 

H. THE DEFORMATION-RATE COEFFICIENT 

We choose a purely viscous constitutive law to relate the following slab variables: stress tensor 11" 

d eformation-rate tensor dkl , temperature T, and density p. The constitutive law is expressed in cartesian 
tensor notation as 

lij = Ji; (dkl , T, p) 

whereJj j is a tensor function. A spatial reference system is attached to the slab's substratum at a con­
venient point, and d1j is computed from the creep components Ui, accord ing to 

Material isotropy is assumed; Equation (2) must then reduce to (Truesdell and Noli, 1965) 

Ilj = </>, Olj + </>zdlj + </>3dikd"'j 

where </>1 are functions of T, , and the scalar invariants of dkl • In Equation (4), the summation conven­
tion is observed for double subscripts, and 011 is the Kronecker delta. The expansion of Equation (4) 
for the components Ixy, Iyy, and Ixx is 

Ixy = rP,dxy + rP3dxidiy, 
tyy = rPl + rP2 dyy + rP3dytdiy, 
Ixx = rPl + </>,dxx + </>3dxtdix, (5) 

where the summation is on i only. For plane deformation-rate problems, wherein diz vanishes, Equation 
(5) may be manipulated a lgebraically to give the simple relationship 

Ixx = Iyy + 2Dlxy (6) 

where D (x,y), a quantity we call the deformation-rate coefficient, consists of 

D (x,y) = dxx- dyy = ( oux _ Ouy) / ( OUY + oux) . 
2dxy ox oy ox oy 

In the neutral zone, %x is null, and hence Equation (7) reduces to 

dux 
D (y) = - - -. 

duy 
(8) 

In the special case, where Ux and Uy vary linearly with y, D (y) represents the tangent of the creep angle. 
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Ill. GENE R ALIZATION 

Plane problems require simultaneous solution of Equation (6) and the equations of equilibrium 
which are 

alxx alx y . 
- + - + p(y ) g sm B = 0, ox ay 
alx y otyy 
- + - - p(y ) g cos B = o. ox o..y 

The set of Equations (6) and (9) are hyperbolic partial differential equations in the unknowns txy , tyy , 

and I xx. Solutions can be found for arbitrary slab geometries, provided D (x,y) can be specified through­
out the region of interest, and boundary conditions can be specified a t the slab- atmosphere interface. 
Figure 2 illustrates the genera l problem. If D (x,y) can be specified within the region bounded by 
NPMN, then it is possible to find the cha racterist ics of Equations (6) and (9), namely NQ and MQ . The 
point Q must be contained within NPMN . If t ;r;y and t yy can be specified a long NM, then t XY , t yy , and I xx 

can be determined uniquely within the region bounded by NQMN. This is the Cauchy problem in hyper­
bolic partial differential equa tions ; numerical solutions are available (Panov, 1963). 

Fig. 2 . Characteristics NQ. and MQ. within a slab region qf interest N PM N. 

The hyperbolic system, Equations (6) and (9), is linear and avoids the non-linear problems of the 
a ltern ative, elliptical system which consists of Equations (4), (9), and the compatibility equations for 
plane deformat ion-rate. Moreover, solution of the elliptical system requires knowledge of the elusive 
phenomenological functions </> t, and knowledge of the boundary conditions a round the entire slab 
region of interest. In contrast, th e hyperbolic system requires in silu measurement of D (x, y ). Such 
measurement seems feasible for a wide variety of natural slabs. 

It is worthwh ile to note that th e above analysis could be repeated for deformations instead of 
deform a tion-rates. A deform a tion tensor cou ld replace d iet in Equation (2) . The a nalys is would carry 
through with displacements replacing velocities, U x and Uy . In this case, the experimental task is in situ 
m easurements of d eformations instead of deformation-rates. 
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