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Abstract

Let L = −∆ +V be a Schrödinger operator on Rn, n ≥ 3, whereV is a potential satisfying an appropriate
reverse Hölder inequality. In this paper, we prove the boundedness of the Riesz transforms and the
Littlewood–Paley square function associated with Schrödinger operators L in some new function spaces,
such as new weighted Bounded Mean Oscillation (BMO) and weighted Lipschitz spaces, associated with
L. Our results extend certain well-known results.
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1. Introduction

In this paper we consider the Schrödinger operator defined by L = −∆ +V, which is
a Schrödinger operator acting on L2(Rn) (n ≥ 3), where V is a nonnegative potential
in the reverse Hölder class Bq for some q ≥ n/2. Recall that given 0 ≤ V ∈ Lq

loc(Rn)
with 1 < q ≤ ∞,V is said to be in the reverse Hölder class Bq if there exists a constant
C = C(q,V) > 0 such that the reverse Hölder inequality( 1

|B|

∫
B
Vq dx

)1/q
≤

C
|B|

∫
B
V dx

holds for every ball B ⊂ Rn.
In recent years, the theory of singular integrals related to Schrödinger operators has

attracted a great deal of attention of many mathematicians; see [2–7, 9, 10, 12–
15, 18, 20, 23] and references therein. For the classical case of V = 0, the Riesz
transforms are bounded on Lp(w) for all 1 < p < ∞ and w ∈ Ap, where Ap is the
Muckenhoupt class of weights, and bounded on the weighted BMO spaces BMOβ(w)
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for a suitable index β and a suitable weight w; see [16, 17]. WhenV is a nonnegative
polynomial, the Lp boundedness of Riesz transforms was obtained in [23]. Later,
Zhen investigated the boundedness of the Riesz transforms for Schrödinger operators
with potentials in the class Bq. The boundedness of the Riesz transforms on the
weighted Bounded Mean Oscillation (BMO) spaces was obtained in [2]. The condition
V ∈ Bq for some 1 < q < ∞ is essential in the theory of singular integrals related to
Schrödinger operators.

In particular, whenV ∈ Bn/2, the theory of new weights for singular integrals related
to L was introduced in [3]. Let us recall its brief definition as follows (see [18]).

LetV ∈ Bn/2. The critical radius function ρ(·) is defined by

ρ(x) = sup
{
r > 0 :

1
rn−2

∫
B(x,r)
V(y) dy ≤ 1

}
, x ∈ Rn.

Following [3], for θ ≥ 0 and 1 < p <∞, the class of weights AL,θp is defined as those
weights w such that (∫

B
w dz

)1/p(∫
B

w−1/(p−1) dz
)1/p′

≤ C|B|Ψθ(B)

for every ball B = B(x, r), where Ψθ(B) = (1 + r/ρ(x))θ.
When p = 1, the class AL,θ1 is defined as those weights w such that

1
|B|

∫
B

w dz ≤ Cw(y)Ψθ(B) a.e. y ∈ B

for every ball B = B(x, r).
For p ≥ 1, they define the class

AL,∞p =
⋃
θ≥0

AL,θp .

Note that the classes AL,θp are necessarily increasing with θ and, if θ = 0, they
coincide with the Muckenhoupt class Ap. In general, the class AL,θp is strictly larger
than the class Ap when θ > 0; see [3].

It was proved in [3] that the Riesz transform R = ∇L−1/2 and the Littlewood–Paley
square function defined by

GL( f )(x) =

(∫ ∞

0
|t2Le−t2L f (x)|2

dt
t

)1/2
(1.1)

are bounded on Lp(w) for w ∈ AL,∞p , 1 < p <∞, and of weak type (1,1) for w ∈ AL,∞1 .
The purpose of this paper is to prove the boundedness of the Riesz transform and

the Littlewood–Paley square function related to L on new weighted BMO spaces and
new weighted Lipschitz spaces with more general weights than AL,∞p . To proceed, we
first define the new weights in what follows.
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Definition 1.1. Let θ ≥ 0 and 1 ≤ p < ∞. A function w : Rn → R is said to be
in the class DL,θp if there exists a constant C = C(w) > 0 such that, for every ball
B = B(x, r) ⊂ Rn and t > 1,

w(tB) ≤ Ctnpw(B)Ψθ(B),

where tB denotes the ball with the same center as B and t times its radius, and
w(E) =

∫
E w(x) dx for E ⊂ Rn.

For 1 ≤ p <∞, we set
DL,∞p =

⋃
θ≥0

DL,θp .

Definition 1.2. For 0 ≤ β < 1, θ ≥ 0, and for a weight w ∈ L1
loc(Rn), the weighted

BMO spaces BMOβ,θ
L

(w) are defined for every function f ∈ L1
loc(Rn) satisfying the

inequalities ∫
B
| f − fB| dy ≤ Cw(B)|B|β/n when r < ρ(x) (1.2)

and ∫
B
| f | dy ≤ Cw(B)|B|β/nΨθ(B) when r ≥ ρ(x) (1.3)

for every ball B = B(x, r) in Rn, where fB stands for the mean of f over B. The norm
‖ · ‖BMOβ,θ

L
(w) can be defined as the maximum of the two infimums of the constants that

satisfy (1.2) and (1.3).

Notice that, when w ∈ Ap and θ = 0, the space BMOβ,θ
L

(w) has been introduced
in [1]. Moreover, if w ∈ AL,∞p for some p > 1, then w may not satisfy the doubling
condition and thus our BMOβ,θ

L
(w) space is a significant extension of those in [1].

On the other hand, for β > 0 and w ∈ L1
loc(Rn), as in [1], the Lipschitz-type space

Λ
β
L

(w) can be defined as the set of all functions f ∈ L1
loc(Rn) such that there exist

positive constants C1 and C2 satisfying the inequalities

| f (x) − f (y)| ≤ C1[Wβ(x, |x − y|) +Wβ(y, |x − y|)],

provided that |x − y| ≤ ρ(x), and∫
B(x,ρ(x))

| f | dy ≤ C2|B(x, ρ(x))|β/nw(B(x, ρ(x)))

for all x ∈ Rn, where

Wβ(x, r) =

∫
B(x,r)

w(y)
|y − x|n−β

dy.

This paper is devoted to proving the boundedness of the Riesz transform
and the square function on the new weighted spaces BMOβ

L
(w) and Λ

β
L

(w) (see
Theorems 5.2 and 5.4). Note that when w satisfies the doubling condition, we have
Λ
β
L

(w) = BMOβ
L

(w); see [1, Proposition 4]. Thus, Theorem 5.2 is an extension
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of [2, Theorem 1]. It should be emphasized that the method used in [2] is based on
the BMOβ,θ

L
(w)-boundedness of ∇(−∆)−1/2, (−∆)−1/2∇ when w ∈ Ap and θ = 0. This,

however, may not be applicable to our setting due to the new weights w ∈ DL,∞σ .
The paper is organized as follows. Section 2 gives some facts about the critical

functions and the new weights. In Section 3 we establish the John–Nirenberg
inequality for BMOβ,θ

L
(w) and other important properties related to these new spaces.

Section 4 gives some kernel estimates. The boundedness of Riesz transforms and
square functions on BMOβ,θ2

L
(w) and Λ

β
L

(w) is established in Section 5.
In this paper, we denote by Ec the set Rn \ E and by χE its characteristic function.

All the positive constants are signified as C although they may be different on the same
line. We write A . B and A ∼ B if there exist some positive constants C,C′ such that
A ≤ CB and C′A ≤ B ≤ CA, respectively.

2. Preliminaries

Let us now recall some properties of the critical radius functions (see [18, Lemma
1.4]).

Proposition 2.1. LetV ∈ Bn/2. Then there exist C > 0 and k0 ≥ 1 such that

C−1ρ(x)
(
1 +
|x − y|
ρ(x)

)−k0

≤ ρ(y) ≤ Cρ(x)
(
1 +
|x − y|
ρ(x)

)k0/(k0+1)

for all x, y ∈ Rn.

Corollary 2.2. LetV ∈ Bn/2. Then there exist C > 0 and k0 ≥ 1 such that

1 +
R
ρ(x)

≤ C
(
1 +

R
ρ(x0)

)k0+1

for all x0 ∈ R
n and x ∈ B(x0,R).

We also note that the class of weights AL,∞p satisfies the following properties (see
[19]).

Proposition 2.3. The following statements hold:

(i) AL,θp ⊂ AL,θq for all 1 ≤ p ≤ q <∞;
(ii) if w ∈ AL,∞p with p > 1, then there exists ε > 0 such that w ∈ AL,∞p−ε ;

(iii) w ∈ AL,θp if and only if w1−p′ ∈ AL,θp′ , where θ ≥ 0 and 1/p + 1/p′ = 1.

The relationship between the classes AL,∞p and DL,∞p is given in the lemma below.

Lemma 2.4. Let θ ≥ 0 and 1 ≤ p <∞. If w ∈ AL,θp , then w ∈ DL,θp
p(1+θ/n).

Proof. Let t ≥ 1 and B = B(x, r) for some x ∈ Rn. We have

(χB)tB =
1
|tB|

∫
tB
χB dx =

1
|tB|

∫
tB
χBw1/pw−1/p dx.
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Applying Hölder’s inequality with exponents p and p′,

[(χB)tB]p . |tB|−p
(∫

tB
χ

p
Bw dx

)(∫
tB

w−p′/p dx
)p/p′

. |tB|−p
(∫

tB
χ

p
Bw dx

)
|tB|pw(tB)−1Ψθp(tB)

. w(tB)−1
(∫

tB
χ

p
Bw dx

)
Ψθp(tB)

. w(tB)−1w(B)tθpΨθp(B).

Thus,
w(tB) . tnp(1+θ/n)w(B)Ψθp(B),

which completes the proof of the lemma. �

3. BMOβ,θ

L
(w) space and John–Nirenberg inequality

Let β ∈ [0, 1), θ ≥ 0, and w ∈ L1
loc(Rn). We first define the space B̂MO

β,θ

L as the set
of all functions f ∈ L1

loc(Rn) satisfying∫
B
| f − fB| dy ≤ Cw(B)|B|β/nΨθ(B) (3.1)

for every ball B = B(x, r) ⊂ Rn. The norm ‖ · ‖
B̂MO

β,θ

L (w)
on B̂MO

β,θ

L (w) is defined to be
the infimum of the constants that satisfy (3.1).

Using the same argument as in the proof of [17, Theorem 3], we come up with the
following result.

Proposition 3.1. Let θ, θ1, θ2 ≥ 0, p, σ ≥ 1, and w ∈ AL,θp ∩ DL,θ1
σ .

(1) If p = 1, then there exist positive constants M and C such that

w(x ∈ B : | f (x) − fB|w−1(x) > α) ≤ M exp
(

−Cα
|B|β/n‖ f ‖

B̂MO
β,θ2
L (w)

Ψφ(B)

)
w(B)

for any α > 0, f ∈ B̂MO
β,θ2

L (w) with β ∈ [0, 1), and for any ball B.
(2) If 1 < p <∞, then there is a constant K > 0 such that

w(x ∈ B : | f (x) − fB|w−1(x) > α) ≤ K
(
1 +

α

|B|β/n‖ f ‖
B̂MO

β,θ2
L (w)

Ψφ(B)

)−p′

w(B)

for any α > 0, f ∈ B̂MO
β,θ2

L (w) with β ∈ [0, 1), and for any ball B.

The next results follow from some basic facts (and hence we will skip the proof).
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Theorem 3.2. Let θ, θ1, θ2 ≥ 0, p, σ ≥ 1, and w ∈ AL,θp ∩ DL,θ1
σ . Then, for every

ν ∈ (1, p′] \ {∞}, there exists a constant Cv > 0 such that(∫
B
| f − fB|

νw1−ν dy
)1/ν
≤ Cν‖ f ‖B̂MO

β,θ

L (w)
|B|β/nw(B)1/νΨφ(B)

for all B = B(x, r) ⊂ Rn and for all f ∈ B̂MO
β,θ2

L (w) with β ∈ [0, 1). Here we recall that

φ = θ1(k0 + 2) + θ2 + θ(k0 + 1), p′ =
p

p − 1
.

The next proposition is very crucial and will be used frequently in this paper.

Proposition 3.3. Let σ ≥ 1, β ∈ [0, 1), θ1, θ2 ≥ 0, w ∈ DL,θ1
σ , and f ∈ BMOβ,θ2

L
(w). Then

there exists a constant C > 0 such that for every ball B = B(x, r),∫
B
| f | dy ≤ C‖ f ‖BMOβ,θ2

L
(w)w(B)|B|β/nΨθ2 (B) max

{
1,

(
ρ(x)

r

)nσ−n+β}
,

provided that σ > 1 or β > 0, and∫
B
| f | dy ≤ C‖ f ‖BMOβ,θ2

L
(w)w(B)|B|β/nΨθ2 (B) max

{
1, 1 + log2

(
ρ(x)

r

)}
if σ = 1 and β = 0.

Proof. In the case of r ≥ ρ(x), the conclusion can be obtained from (1.3). Now we
consider the case of r < ρ(x). Let j0 be such that

2 j0−1 <
ρ(x)

r
≤ 2 j0 .

Then
1
|B|

∫
B
| f | dy .

1
|2 j0 B|

∫
2 j0 B
| f | dy +

j0−1∑
j=0

1
|2 jB|

∫
2 jB
| f (y) − f2 jB| dy

. ‖ f ‖BMOβ,θ2
L

j0∑
j=0

w(2 jB)|2 jB|β/n−1Ψθ2 (2 jB)

. ‖ f ‖BMOβ,θ2
L

j0∑
j=0

w(2 jB)|2 jB|β/n−1.

By using w ∈ DL,θ1
σ and Ψθ1 (B) . 1, we deduce that∫

B
| f | dy . ‖ f ‖BMOβ,θ2

L

w(B)|B|β/n
j0∑

j=0

2 j(nσ−n+β)

. ‖ f ‖BMOβ,θ2
L

w(B)|B|β/n
(
ρ(x)

r

)nσ−n+β
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as long as σ > 1 or β > 0. Furthermore, if σ = 1 and β = 0, then
j0∑

j=0

2 j(nσ−n+β) = j0 + 1 ≤ 1 + log2

(
ρ(x)

r

)
.

Combining these estimates, we obtain the desired estimates. �

Now set B = {B(x, r) ⊂ Rn : x ∈ Rn, r < ρ(x)}. We have the following proposition.

Proposition 3.4. Let β ∈ [0, 1), p, σ ≥ 1, θ, θ1, θ2 ≥ 0, and w ∈ AL,θp ∩ DL,θ1
σ . Assume

that f ∈ BMOβ,θ2
L

(w). Then, for each ν ∈ [1, p′] \ {∞}, there exists a constant Cν > 0
such that ( 1

w(B)

∫
B
| f − fB|

νw1−ν dy
)1/ν
≤ Cv‖ f ‖BMOβ,θ2

L
(w)|B|

β/n, B ∈ B

and ( 1
w(B)

∫
B
| f |νw1−ν dy

)1/ν
≤ Cv‖ f ‖BMOβ,θ2

L
(w)Ψφ(B)|B|β/n, B < B. (3.2)

Proof. By the continuous inclusion BMOβ,θ2
L

(w) ⊂ B̂MO
β,θ2

L (w), it suffices to prove that
the left-hand side of (3.2) is dominated by ‖ f ‖BMOβ,θ2

L
(w).

Since AL,θp ⊂ AL,θν′ with 1/ν + 1/ν′ = 1, for every ball B < B,( 1
w(B)

∫
B
| f |νw1−ν dy

)1/ν
≤

( 1
w(B)

∫
B
| f − fB|

νw1−ν
)1/ν

dy + | f |B
(w1−ν(B)

w(B)

)1/ν

≤ || f ||BMOβ,θ2
L

(w)|B|
β/n[Ψφ(B)

+ w(B)1/ν′(w1−ν(B))1/ν|B|−1Ψθ2 (B)]

. || f ||BMOβ,θ2
L

(w)|B|
β/nΨφ(B),

where the second inequality follows from Theorem 3.2 and thus we complete the proof
of the proposition. �

Proposition 3.5. Let p, σ ≥ 1, θ, θ1, θ2 ≥ 0, and w ∈ AL,θp ∩ DL,θ1
σ . Then, for each

v ∈ [1, p′] \ {∞}, there exists Cν > 0 such that:

(i) if σ > 1 or β > 0, then(∫
B
| f |vw1−v dy

)1/v
≤ C‖ f ‖BMOβ,θ2

L
(w)w(B)1/v|B|β/nΨφ(B) max

{
1,

(
ρ(x)

r

)nσ−n+β}
for every ball B = B(x, r) and f ∈ BMOβ,θ2

L
(w);

(ii) if σ = 1 and β = 0, then(∫
B
| f |vw1−v dy

)1/v
≤ C‖ f ‖BMOβ,θ2

L
(w)w(B)1/v|B|β/nΨφ(B) max

{
1, 1 + log2

(
ρ(x)

r

)}
for every ball B = B(x, r) and f ∈ BMOβ,θ2

L
(w).
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Proof. Let f ∈ BMOβ,θ2
L

(w) and B be a ball in Rn. In the case of r ≥ ρ(x), our
conclusion can be deduced from (3.2). If r < ρ(x), we can write

f = f − fB +

j0−1∑
j=0

( f2 jB − f2 j+1B) + f2 j0 B,

where 2 j0−1 < ρ(x)/r ≤ 2 j0 . This implies that(∫
B
| f |vw1−v dy

)1/v
≤

3∑
i=1

Ii,

where

I1 =

(∫
B
| f − fB|

vw1−v dy
)1/v

,

I2 = [w1−v(B)]1/v
j0−1∑
j=0

| f2 jB − f2 j+1B|,

I3 = [w1−v(B)]1/v| f2 j0 B|.

The first term can be estimated easily by using Proposition 3.4. For the second term,
since w ∈ AL,θv′ and Ψθ(B) . 1,

[w1−v(B)]1/v .
|B|

w(B)1/v′ .

This implies that

I2 . |B|w(B)−1/v′
j0−1∑
j=0

1
|2 jB|

∫
2 j+1B
| f − f2 j+1B| dy

. |B|w(B)−1/v′‖ f ‖BMOβ,θ2
L

(w)

j0−1∑
j=0

|2 jB|
β/n−1

w(2 jB)

. |B|β/nw(B)1/v‖ f ‖BMOβ,θ2
L

(w)

j0−1∑
j=0

2 j(β+nσ−n).

If β > 0 or σ > 1,

I2 . |B|β/nw(B)1/v‖ f ‖BMOβ,θ2
L

(w)

(
ρ(x)

r

)nσ+β−n
.

If β = 0 and σ > 1,

I2 . |B|β/nw(B)1/v‖ f ‖BMOβ,θ2
L

(w)

(
1 + log2

(
ρ(x)

r

))
.
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On the other hand, by r2 j0 ≥ ρ(x),

I3 . |B|w(B)−1/v′w(2 j0 B)|2 j0 B|β/n−1
(
1 +

2 j0 r
ρ(x)

)θ2

. |B|β/nw(B)1/v2 j0(β+nσ−n)

. |B|β/nw(B)1/v
(
ρ(x)

r

)β+nσ−n
.

Here we has used 2 j0 r ∼ ρ(x). Finally, by combining these estimates, we obtain the
desired result. �

4. Some kernel estimates

In what follows, we denote by kt(x, y) the kernel of e−tL with t > 0. Some estimates
of kt are presented below. The following lemma is essentially taken from [8].

Lemma 4.1. Suppose that V ∈ Bq for some q > n. For every N > 0, there exist constants
C > 0 and c > 0 such that for all x, y ∈ Rn and t > 0,

|∇kt(x, y)| ≤ Ct−(n+1)/2e−|x−y|2/ct
(
1 +

√
t

ρ(x)
+

√
t

ρ(y)

)−N
.

By [11], we have the following lemma.

Lemma 4.2. Suppose that V ∈ Bq for some q > n/2. For every N > 0, there exist
constants C > 0 and c > 0 such that for all x, y ∈ Rn and t > 0,

|kt(x, y)| + t|∂tkt(x, y)| ≤ Ct−n/2e−|x−y|2/ct
(
1 +

√
t

ρ(x)
+

√
t

ρ(y)

)−N
.

The following proposition plays an important role in proving the BMO boundedness
of the Riesz transform.

Proposition 4.3. Suppose that V ∈ Bq for some q > n. For every N, M > 0, there exist
constants C > 0 and α > 0 such that for |h| ≤ M

√
t, 0 < δ < 1 − n/q,

|∇kt(x + h, y) − ∇kt(x, y)| ≤ C
(
|h|
√

t

)δ
t−(n+1)/2e−|x−y|2/αt

(
1 +

√
t

ρ(x)
+

√
t

ρ(y)

)−N
.

Proof. Fix t > 0 and x, y ∈ Rn. We now consider the equation

∂tu +Lu = 0. (4.1)

By [8, page 18], there exist C > 0,m0 > 1 such that for any solution u to (4.1),(∫
B(x,R)

|∇2u|q
)1/q
≤ CRn/q−2

{( R
ρ(x)

)m0

+ 1
}

sup
B(x,2R)

|u| + CRn/q sup
B(x,2R)

|∂tu|.
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Taking u(x, t) = kt(x, y) and then using the imbedding theorem of Morrey, we deduce
that

|∇kt(x + ξ, y) − ∇kt(x, y)| . |ξ|1−n/q
(∫

B(x,R)
|∇2kt(z, y)|q dz

)1/q

.
(
|ξ|

R

)1−n/q 1
R

[{( R
ρ(x)

)m0

+ 1
}

sup
z∈B(x,2R)

|kt(z, y)|

+
R2

t
sup

z∈B(x,2R)
|t∂tkt(z, y)|

]
for all x, y ∈ Rn, |ξ| < 2R.

We now consider three cases.

Case 1: |x − y| ≥
√

t. Let R =
√

t/8. If z ∈ B(x, 2R), then |z − y| ≥ |x − y| − |x − z| ≥
|x − y| −

√
t/4. Since |x − y|/

√
t ≥ 1,

|z − y|2

t
≥
|x − y|2

t
−
|x − y|

2
√

t
+

1
16
≥
|x − y|2

2t
+

1
16
.

Using Lemma 4.2,

|∇kt(x + h, y) − ∇kt(x, y)|.
(
|h|
√

t

)1−n/q
t−(n+1)/2e−|x−y|2/αt

(
1 +

√
t

ρ(y)

)−γ[( √t
ρ(x)

)m0

+ 1
]

.
(
|h|
√

t

)δ
t−(n+1)/2e−|x−y|2/αt

(
1 +

√
t

ρ(y)

)−γ(
1 +

√
t

ρ(x)

)m0

. (4.2)

Note that 1 +
√

t/ρ(z) +
√

t/ρ(y) ≥ 1 +
√

t/ρ(z) ≥ C(1 +
√

t/ρ(x))1/(k0+1) for all z ∈
B(x, 2R). This along with Lemma 4.2 implies that

|∇kt(x + h, y) − ∇kt(x, y)| .
(
|h|
√

t

)δ
t−(n+1)/2e−|x−y|2/αt

(
1 +

√
t

ρ(x)

)−(γ/(k0+1)+m0)
. (4.3)

Setting λ(γ) = 1
2 min(γ, γ/(k0 + 1) + m0), we note that (1 +

√
t/ρ(x))(1 +

√
t/ρ(y)) ≥

1 +
√

t/ρ(x) +
√

t/ρ(y). We then multiply side by side of (4.2) and (4.3) to find that

|∇kt(x + h, y) − ∇kt(x, y)| .
(
|h|
√

t

)δ
t−(n+1)/2e−|x−y|2/αt

(
1 +

√
t

ρ(x)
+

√
t

ρ(y)

)−λ(γ)+m0/2
.

Choosing γ such that λ(γ) − m0/2 > N,

|∇kt(x + h, y) − ∇kt(x, y)| .
(
|h|
√

t

)δ
t−(n+1)/2e−|x−y|2/αt

(
1 +

√
t

ρ(x)
+

√
t

ρ(y)

)−N
.
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Case 2: |x − y| ≤
√

t and |h| ≤ |x − y|/4.
Let R = |x − y|/8. If z ∈ B(x0, 2R), then |z − y| ∼ |x − y|. Using Lemma 4.2,

|∇kt(x + h, y) − ∇kt(x, y)| .
(
|h|
|x − y|

)1−n/q
√

t
|x − y|

t−(n+1)/2e−2|x−y|2/αt
(
1 +

√
t

ρ(y)

)−2γ

×

[(
|x − y|
ρ(x)

)m0

+ 1 +
|x − y|2

t

]
.

(
|h|
|x − y|

)δ √t
|x − y|

t−(n+1)/2e−|x−y|2/αte−|x−y|2/αt

×

(
1 +

√
t

ρ(y)

)−γ(
1 +

√
t

ρ(y)

)−γ(
1 +

√
t

ρ(x)

)m0

,

where we used |h|/|x − y| ≤ 1, |x − y|/
√

t ≤ 1 in the second inequality.
In view of Corollary 2.2,

|∇kt(x + h, y) − ∇kt(x, y)| .
(
|h|
|x − y|

)δ √t
|x − y|

t−(n+1)/2e−|x−y|2/αte−|x−y|2/αt

×

(
1 +

√
t

ρ(y)

)−γ(
1 +

√
t

ρ(x)

)−γ/(k0+1)+m0

.
(
|h|
√

t

)δ( √t
|x − y|

)δ+1
t−(n+1)/2e−|x−y|2/αte−|x−y|2/αt

×

(
1 +

√
t

ρ(y)

)−γ(
1 +

√
t

ρ(x)

)−γ/(k0+1)+m0

.

Put λ(γ) = min(γ, γ/(k0 + 1) − m0). Using the inequality e−x2
≤ Cηxη for all x ≥ 1,

η > 0,

|∇kt(x + h, y) − ∇kt(x, y)|.
(
|h|
√

t

)δ
t−(n+1)/2e−|x−y|2/αt

(
1 +

√
t

ρ(x)
+

√
t

ρ(y)

)−λ(γ)

.
(
|h|
√

t

)δ
t−(n+1)/2e−|x−y|2/αt

(
1 +

√
t

ρ(x)
+

√
t

ρ(y)

)−N
(4.4)

as long as λ(γ) > N.

Case 3: |x − y|/4 < |h| ≤
√

t. By the semigroup property,

kt(x + h, y) − kt(x, y) =

∫
Rn

kt/2(y, z)[kt/2(x + h, z) − kt/2(x, z)] dz.

Thus,

|∇kt(x + h, y) − ∇kt(x, y)| ≤
∫
Rn

kt/2(y, z)|∇kt/2(x + h, z) − ∇kt/2(x, z)| dz

=

∫
|z−x|≤4|h|

. . . +

∫
|z−x|>4|h|

. . . = S1 + S2.
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By Lemmas 4.1 and 4.2,

S1 . t−(n+1)/2
(
|h|
√

t

)n(
1 +

√
t

ρ(y)

)−2γ
.

Hence, from the assumption |x − y|/4 < |h| <
√

t,

S1 . t−(n+1)/2
(
|h|
√

t

)n(
1 +

√
t

ρ(y)

)−2γ

. t−(n+1)/2
(
|h|
√

t

)δ(
1 +

√
t

ρ(y)

)−2γ
e−|x−y|2/αte|x−y|2/αt

. t−(n+1)/2
(
|h|
√

t

)δ(
1 +

√
t

ρ(y)

)−2γ
e−|x−y|2/αt.

We now take care of S2. Due to |z − x| > 4|h| > |x − y| and |h| ≤
√

2
√

t/2 := M
√

t/2,
applying (4.4),

S2 .

∫
|z−x|>4|h|

kt/2(y, z)
(
|h|
√

t

)δ
t−(n+1)/2e−|x−y|2/αt dz

.
(
1 +

√
t

ρ(y)

)−2γ( |h|
√

t

)δ
t−(n+1)/2e−|x−y|2/αt

∫
|z−x|>4|h|

t−n/2e−|y−z|2/αt dz

.
(
1 +

√
t

ρ(y)

)−2γ( |h|
√

t

)δ
t−(n+1)/2e−|x−y|2/αt.

Hence,

S1 + S2 .
(
1 +

√
t

ρ(y)

)−2γ( |h|
√

t

)δ
t−(n+1)/2e−|x−y|2/αt.

Using Lemma 4.2,

S1 + S2 .
(
1 +

√
t

ρ(y)

)−γ(
1 +

√
t

ρ(x)

)−γ/(k0+1)( |h|
√

t

)δ
t−(n+1)/2e−|x−y|2/αt

.
(
|h|
√

t

)δ
t−(n+1)/2e−|x−y|2/αt

(
1 +

√
t

ρ(y)
+

√
t

ρ(x)

)−N
,

provided that min(γ, γ/(k0 + 1)) > N. This completes our proof. �

Setting qt(x, y) = kt(x, y) − pt(x, y), by the Kato–Trotter formula (see [11]),

qt(x, y) =

∫ t

0

∫
Rn

ps(y, z)V(z)kt−s(x, z) dz ds.

Therefore,

∇qt(x, y) =

∫ t

0

∫
Rn

ps(y, z)V(z)∇kt−s(x, z) dz ds.

From Proposition 4.1, using the arguments in [11, Propositions 2.16 and 2.17], we
have the following results.
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Proposition 4.4. There exist a rapidly decaying function ψ ≥ 0 and C > 0 such that

∇qt(x, y) ≤ C
( √t
ρ(x)

)2−n/q 1
√

t
ψt(x − y)

for all x, y in Rn and t > 0.

Proposition 4.5. For every 0 < δ < 1 − n/q and M > 0, there exist a rapidly decaying
function ψ and C > 0 such that

|∇qt(x + h, y) − ∇qt(x, y)| ≤ C
(
|h|
ρ(y)

)δ 1
√

t
ψt(x − y)

for all x, y ∈ Rn and t > 0, with |h| < Mρ(x) and |h| < |x − y|/4.

5. Boundedness of Riesz transforms and square functions

5.1. Rieszs transforms. Let K(x, y) denote the kernel of R. The following lemma
is essentially taken from [2].

Lemma 5.1. If V ∈ Bq with q > n, then for every k there exists a constant C such that

|K(x, y)| ≤
C(

1 +
|x − z|
ρ(x)

)k

1
|x − z|n

.

Now we are ready to prove the first main result.

Theorem 5.2. Let V ∈ Bn and β ∈ (0, 1), θ ≥ 0 such that 0 ≤ β + θ < 1 − n/q0, where
q0 = sup{q : V ∈ Bq}. Assume that the weight function w ∈ DL,∞σ ∩ AL,∞p for some
p ∈ (1,∞) and

1 ≤ σ < 1 +
1 − n/q0 − β − θ

n
.

Then the Riesz transform R is bounded from BMOβ,θ
L

(w) into Λ
β
L

(w).

Proof. We use the idea in [1]. Note that

R f (x) = ∇L−1/2 f (x) =

∫ ∞

0
∇e−tL f (x)

dt
√

t
=

∫
Rn

∫ ∞

0
∇kt(x, y)

dt
√

t
f (y) dy.

Let f ∈ BMOβ,θ2
L

(w). We will see that for x and y in Rn,

|R f (x) − R f (y)| . ‖ f ‖BMOβ,θ
L

(w)[Wβ(x, |x − y|) +Wβ(y, |x − y|)], (5.1)

provided that |x − y| ≤ ρ(x), and∫
B(x,ρ(x))

|R f (u)| du ≤ ‖ f ‖BMOβ,θ2
L

ρ(x)βw(B(x, ρ(x))). (5.2)
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Since w ∈ DL,∞σ ∩ AL,∞∞ , there exist θ1, θ3 ≥ 0 and 1 < p < ∞ such that w ∈ DL,θ1
σ ∩

AL,θ3
p . Thus, w1−p′ ∈ AL,θ3

p′ .
Note that we may choose q > n and β + θ2 < δ0 < 1 − n/q such that

σ < 1 +
δ0 − β − θ2

n
.

Suppose that ‖ f ‖BMOβ,θ2
L

= 1; let us start with (5.2). For B = B(x, ρ(x)), we write
f = f1 + f2, with f = fχ2B.

By [3, Theorem 3], R is bounded on Lp′(w1−p′). Thus,∫
B
|R f1| . w(B)1/p

(∫
B
|R f1|p

′

w1−p′
)1/p′

. w(B)1/p
(∫

2B
| f |p

′

w1−p′
)1/p′

. w(B)ρ(x)β,

where in the last inequality we used Proposition 3.5 and the fact that w ∈ DL,θ1
σ .

Applying Lemma 5.1,∫
B
|R f2| .

∫
B

∫
(2B)c
|K(x, z) f (z)| dz dx

.

∫
B

∫
(2B)c

(
ρ(x)
|x − z|

)k 1
|x − z|n

| f (z)| dz dx

. ρ(x0)k+n
∫

(2B)c

f (z)
|x0 − z|k+n dz,

where we used ρ(x) ∼ ρ(x0) and |x − z| ∼ |x0 − z|.
Setting B j = 2 jB, due to w ∈ DL,θ1

σ ,∫
(2B)c

| f (z)|
|x − z|n+k dz ≤

∞∑
j=1

∫
B j+1\B j

| f (z)|
|x − z|n+k dz

≤ ρ(x)−n−k
∞∑
j=1

2− j(n+k)
∫

B j+1

| f (z)| dz

. ρ(x)−n+β−kw(B)
∞∑
j=1

2− j(n−β+k−nσ−θ2).

Taking k to be sufficiently large, the last sum is finite and hence (5.2) holds true. To
see (5.1), for |x − y| ≤ ρ(x),

|R f (x) − R f (y)| ≤
∣∣∣∣∣∫ ρ(x)2

0

∫
Rn

[∇kt(x, z) − ∇kt(y, z)] f (z) dz
dt
√

t

∣∣∣∣∣
+

∣∣∣∣∣∫ ∞

ρ(x)2

∫
Rn

[∇kt(x, z) − ∇kt(y, z)] f (z) dz
dt
√

t

∣∣∣∣∣
:= A1 + A2. (5.3)
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If t > ρ(x)2, then, from |x − y| ≤ ρ(x), we have |x − y| <
√

t. By Proposition 4.3,

A2 .

∫ ∞

ρ(x)2

∫
Rn
|kt(x, z) − kt(y, z)| | f (z)| dz

dt
t

. |x − y|δ
∫ ∞

ρ(x)2

∫
Rn

e−|x−z|2/ct | f (z)| dzt(−n−δ)/2 dt
t

for all 0 < δ < δ0.
Moreover, for B = B(x,

√
t),∫

Rn
e−|x−z|2/ct | f (z)| dz .

∫
B
| f | + tM/2

∞∑
k=0

∫
2k+1B\2k B

| f (z)|
|x − z|M

dz

for some M > 1 which is fixed later.
Since f ∈ BMOβ,θ2

L
(w) and t > ρ(x)2,∫

B
| f | . w(B)tβ/2Ψθ2 (B).

To deal with the sum in k, we use w ∈ DL,θ1
σ to obtain

tM/2
∞∑

k=0

∫
2k+1B\2k B

| f (z)|
|x − z|M

dz .
∞∑

k=0

2−kM
∫

2k+1B
| f |

. tβ/2Ψθ2 (B)w(B)
∞∑

k=0

2−k(M−β−nσ−θ2),

and the sum being finite for sufficiently large M.
Since |x − y| ≤ ρ(x) <

√
t and −n + β + nσ − δ + θ2 < 0, then, by choosing δ close to

δ0,

A2 . |x − y|δ
∫ ∞

ρ(x)2
w(B(x,

√
t))

( √t
|x − y|

)θ2

t(−n+β−δ)/2 dt
t

. |x − y|δ−nσ−θ2 w(B(x, |x − y|))
∫ ∞

|x−y|2
t(−n+β−δ+nσ+θ2)/2 dt

t

. w(B(x, |x − y|))|x − y|−n+β

.Wβ(x, |x − y|).

In order to deal with the second term of (5.3), we write∣∣∣∣∣∫ ρ(x)2

0

∫
Rn

[∇kt(x, z) − ∇kt(y, z)] f (z) dz
dt
√

t

∣∣∣∣∣ ≤ I + J,

where

I =

∣∣∣∣∣∫ ρ(x)2

0

∫
Rn

[∇qt(x, z) − ∇qt(y, z)] f (z) dz
dt
√

t

∣∣∣∣∣
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and

J =

∣∣∣∣∣∫ ρ(x)2

0

∫
Rn

[∇pt(x, z) − ∇pt(y, z)] f (z) dz
dt
√

t

∣∣∣∣∣.
To estimate I, for B = B(x, 4|x − y|), we write

I ≤ I1 + I2 + I3,

where

I1 =

∫ ρ(x)2

0

∫
Bc

[∇qt(x, z) − ∇qt(y, z)] f (z) dz
dt
√

t
,

I2 =

∫ ρ(x)2

0

∫
B
|∇qt(x, z)|| f (z)| dz

dt
√

t
,

and

I3 =

∫ ρ(x)2

0

∫
B
|∇qt(y, z)|| f (z)| dz

dt
√

t
.

We denote B j = B(x, 2 j+3|x − y|) and j0 as the integer part of log2(ρ(x)/|x − y|). If
z ∈ Bc, then, by applying Proposition 4.5, for 0 < δ < δ0, there exists a rapidly decaying
function ψ such that

I1 . |x − y|δ
∫ ρ(x)2

0

∫
Bc

ψt(z − x)
ρ(z)δ

| f (z)| dz
dt
t

.
(
|x − y|
ρ(x)

)δ ∫ ρ(x)2

0

∫
Bc

(
1 +
|x − z|
ρ(x)

)δk0

ψt(z − x)| f (z)| dz
dt
t
,

where the last inequality follows from Proposition 2.1.
Next,∫

Bc

(
1 +
|x − z|
ρ(x)

)δk0

ψt(z − x)| f (z)| dz =

∞∑
j=0

∫
B j\B j−1

(
1 +
|x − z|
ρ(x)

)δk0

ψt(z − x)| f (z)| dz,

where B j = B(x, 2 j+3|x − y|). Thus, I1 ≤ I11 + I12, where

I11 =

(
|x − y|
ρ(x)

)δ ∫ ρ(x)2

0

j0∑
j=0

∫
B j\B j−1

(
1 +
|x − z|
ρ(x)

)δk0

ψt(z − x)| f (z)| dz
dt
t

and j0 is the integer part of log2(ρ(x)/|x − y|).
If j ≤ j0 and z ∈ B j \ B j−1, then (1 + |x − z|/ρ(x))δk0 . 1. Moreover, since ψt(z − x) .

tε/2/|x − z|n+ε for some ε > 0,

I11 .
(
|x − y|
ρ(x)

)δ ∫ ρ(x)2

0
tε/2

dt
t

j0∑
j=0

∫
B j\B j−1

| f (z)|
|x − z|n+ε dz

.
|x − y|δ−n−ε

ρ(x)δ−ε

j0∑
j=0

2− j(n+ε)
∫

B j

| f (z)| dz

for sufficiently small ε.
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It follows from Proposition 3.5 and the fact that w ∈ DL,θ1
σ , in the case σ > 1 or

β > 0, that
j0∑

j=0

2− j(n+ε)
∫

B j

| f (z)| dz .
j0∑

j=0

2− j(n+ε)w(B j)|B j|
β/n

(
ρ(x)

2 j+3|x − y|

)nσ−n+β

.
ρ(x)nσ−n+β

|x − y|nσ−n w(B)
j0∑

j=0

2− jε

.
ρ(x)nσ−n+β

|x − y|nσ−n w(B),

where we used Ψθ2 (2 jB) . 1 for all j = 0, j0 in the first inequality.
From 1 ≤ σ < (δ0 − β − θ2)/n + 1 and |x − y| < ρ(x), by choosing ε small enough

and δ close to δ0, we have δ − β − nσ + n − ε > 0. Therefore,

I11 .
(
|x − y|
ρ(x)

)δ−β−nσ+n−ε w(B)
|x − y|n−β

.
w(B)
|x − y|n−β

.

Similarly to the case of β = 0 and σ = 1, using Proposition 3.5 and the inequality
1 + log2(t) . tε/2, t > 1/8, (5.4)

we obtain the same estimate of I11 by an argument as above.
Next we estimate I12. For M > δk0 + nσ + β,

ψt(z − x) . t(M−n)/2|z − x|−M .

Also, if z ∈ B j \ B j−1 for j > j0, then |x − z| > ρ(x). Therefore,

I12 ≤ C
(
|x − y|
ρ(x)

)δ+δk0
∫ ρ(x)2

0
t(M−n)/2 dt

t

∞∑
j= j0+1

2 jδk0

∫
B j\B j−1

| f (z)|
|z − x|M

≤ C
|x − y|δ+δk0−M

ρ(x)δ+δk0−M+n

∞∑
j= j0+1

2− j(M−δk0)
∫

B j

| f (z)| dz.

For j > j0, the radius of B j is 2 j+3|x − y| > ρ(x) and Ψθ2 (B) . 1. Hence,∫
B j

| f (z)| dz . w(B j)|B j|
β/nΨθ2 (B j)

. 2 j(nσ+β+θ2)|x − y|βw(B),
which in turn implies that

I12 .
(
|x − y|
ρ(x)

)−M+δk0+δ+n w(B)
|x − y|n−β

∞∑
j= j0+1

2− j(M−δk0−nσ−β−θ)

.
(
|x − y|
ρ(x)

)n−nσ+δ−β−θ w(B)
|x − y|n−β

.
w(B)
|x − y|n−β

,

with an appropriate choice of δ.
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We next estimate I2. Let M > n. From Proposition 4.4, for t < ρ(x)2,

∇qt(x, y) .
( √t
ρ(x)

)δ
t−(n+1)/2

(
1 +
|x − z|
√

t

)−M
. (5.5)

Then we may write I2 = I21 + I22, where

I21 =

∫ |x−y|2

0

∫
B
|∇qt(x, z)| | f (z)| dz

dt
t

and

I22 =

∫ ρ(x)2

|x−y|2

∫
B
|∇qt(x, z)| | f (z)| dz

dt
t
.

We consider the case σ > 1 or β > 0. To take care of I21, let Bt = B(x,
√

t) with t ≤ ρ(x)2

and N be the integer part of log2(4|x − y|/
√

t). Using estimate (5.5),∫
B
|qt(x, z)|| f (z)| dz ≤

t(δ0−n)/2

ρ(x)δ0

(∫
Bt

| f | + tM/2
∫

B\Bt

| f (z)|
|x − z|M

dz
)

≤
t(δ0−n)/2

ρ(x)δ0

(∫
Bt

| f | + tM/2
N∑

j=0

∫
2 j+1Bt\2 jBt

| f (z)|
|x − z|M

dz
)

≤
t(δ0−n)/2

ρ(x)δ0

(N+1∑
j=0

2− jM
∫

2 jBt

| f |
)
.

Since w ∈ DL,δ1
σ and Ψθ2 (2 jBt) . 1 for all t < ρ(x)2, j ≤ N + 1,∫

B
|qt(x, z)|| f (z)| dz .

t(δ0−nσ)/2

ρ(x)δ0−nσ+n−βw(Bt)
N+1∑
j=0

2− j(M−n)

.
t(δ0−nσ)/2

ρ(x)δ0−nσ+n−βw(Bt)

as long as M > n.
Thus,

I21 . ρ(x)−δ0+nσ−n+β

∫ |x−y|2

0
t(δ0−nσ)/2w(Bt)

dt
t

. ρ(x)−δ0+nσ−n+β

∫ |x−y|2

0
t(δ0−β−nσ+n)/2Wβ(x,

√
t)

dt
t

. ρ(x)−δ0+nσ−n+β

∫ |x−y|2

0
t(δ0−β−nσ+n)/2 dt

t
Wβ(x, |x − y|)

.
(
|x − y|
ρ(x)

)δ0−β−nσ+n
Wβ(x, |x − y|).
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Notice that δ0 − β − nσ + n > 0 and |x − y| < ρ(x). We then have

I21 .Wβ(x, |x − y|).

To deal with I22, we use (5.5) and Proposition 3.5 to obtain

I22 =

∫ ∞

|x−y|2

∫
B
|∇qt(x, z)| | f (z)| dz

dt
t

. ρ(x)−δ0

∫ ∞

|x−y|2
t(δ0−n)/2 dt

t

∫
B
| f |

.
w(B)
|x − y|n−β

(
|x − y|
ρ(x)

)n−nσ+δ0−β

.
w(B)
|x − y|n−β

≤ CWβ(x, |x − y|),

where n − nσ + δ0 − β > 0, |x − y| < ρ(x), and Ψθ2 (B) . 1.
Thus,

I2 .Wβ(x, |x − y|).

Similarly to the case of β = 0 and σ = 1, using Proposition 3.5 and inequality (5.4),
we also arrive at the same estimate of I2 by an argument as above.

Using the same argument as above,

I3 .Wβ(x, |x − y|).

Taking the estimates of I1, I2, and I3 into account, we find that

I .Wβ(x, |x − y|).

We now take care of J. To proceed, observe that∫
Rn

[∇pt(x, z) − ∇pt(y, z)] fB dz = 0.

Hence,

J =

∣∣∣∣∣∫ ρ(x)2

0

∫
Rn

[∇pt(x, z) − ∇pt(y, z)]( f (z) − fB) dz
dt
√

t

∣∣∣∣∣ ≤ J1 + J2,

where

J1 =

∣∣∣∣∣∫ ρ(x)2

0

∫
2B

[∇pt(x, z) − ∇pt(y, z)]| f (z) − fB| dz
dt
√

t

∣∣∣∣∣
and

J2 =

∣∣∣∣∣∫ ρ(x)2

0

∫
(2B)c

[∇pt(x, z) − ∇pt(y, z)]| f (z) − fB| dz
dt
√

t

∣∣∣∣∣,
with B = B(x, |x − y|).
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For z ∈ (2B)c, we have |y − z| ∼ |x − z|. Applying the mean value theorem,

|∇pt(x, z) − ∇pt(y, z)| .
(e−u2/(Ct)

tn/2+1 +
u2e−u2/(Ct)

tn/2+2

)
|x − y|,

with min(|x − z|, |y − z|) ≤ u ≤ max(|x − z|, |y − z|).
Thus,

|∇pt(x, z) − ∇pt(y, z)| .
(e−|x−z|2/(Ct)

tn/2+1 +
|x − z|2e−|x−z|2/(Ct)

tn/2+2

)
|x − y|.

Using the change of variables s = |x − z|2/Ct,

J2 ≤ |x − y|
∫

(2B)c
| f (z) − fB|

∫ ρ(x)2

0

e−|x−z|2/(Ct)

tn/2+1

dt
√

t
dz

+ |x − y|
∫

(2B)c
| f (z) − fB| |x − z|2

∫ ρ(x)2

0

e−|x−z|2/(Ct)

tn/2+2

dt
√

t
dz

≤ |x − y|
∫

(2B)c

| f (z) − fB|

|x − z|n+1 dz
∫ ∞

0
e−ss((n+1)/2)−1 ds

+ |x − y|
∫

(2B)c

| f (z) − fB|

|x − z|n+1 dz
∫ ∞

0
e−ss((n+3)/2)−1 ds.

It is easy to see that the last expression is bounded by

C|x − y|
∫

(2B)c

| f (z) − fB|

|x − z|n+1 dz.

Since w ∈ DL,θ1
σ , the above expression is bounded by

C|x − y|
∫

(2B)c

| f (z) − fB|

|x − z|n+1 dz . |x − y| |B|−1/n
∞∑
j=1

2− j 1
|2 jB|

∫
2 j+1B\2 jB

| f (z) − fB| dz

. |x − y| |B|−1/n
∞∑
j=1

2− j
j+1∑
k=1

1
|2kB|

∫
2k B
| f (z) − f2k B| dz.

The last expression is bounded by

C|x − y||B|−1/n
∞∑
j=1

2− j
j+1∑
k=1

w(2kB)Ψθ2 (2kB)
|2kB|1−β/n

. |x − y|
∞∑

k=1

w(2kB)
|2kB|1−β/n

|2kB|−1/n2kθ2 .

This implies that

J2 . |x − y|
∞∑

k=1

w(2kB)

(2k|x − y|)n+1−β 2kθ2

. |x − y|β−nw(B)Ψθ1 (B)
∞∑

k=1

2−k(n+1−β−nσ−θ2)

.

∫
B

w(u)
|x − u|n−β

du =Wβ(x, |x − y|).
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To deal with J1, we write∫ ρ(x)2

0

∫
2B
|∇pt(x, z)| | f (z) − fB| dz

dt
√

t
.

∫ ∞

0

∫
2B
|x − z|

e−|x−z|2/Ct

tn/2+1 | f (z) − fB| dz
dt
√

t
.

By using the change of variables s = |x − z|2/Ct, the last expression is

C
∫

2B

| f (z) − fB|

|x − z|n

∫ ∞

0
e−ss((n+1)/2)−1 ds .

∫
2B

| f (z) − fB|

|x − z|n
dz.

Setting B j = 2− j+1B,∫
2B

| f (z) − fB|

|x − z|n
dz ≤

∞∑
j=0

∫
B j\B j+1

| f (z) − fB|

|x − z|n
dz

.
∞∑
j=0

1
|B j|

∫
B j

| f (z) − fB| dz.

Hence,

J1 .
∞∑
j=0

j∑
k=1

1
|Bk|

∫
Bk

| f (z) − fBk | dz .
∞∑
j=0

j∑
k=1

w(Bk)Ψθ2 (Bk)
|Bk|

1−β/n

.
∞∑
j=0

( 2 j

|x − y|

)n−β

w(B j) .
∞∑
j=0

( 2 j

|x − y|

)n−β

w(B j\B j+1)

.
∞∑
j=0

∫
B j\B j+1

w(z)
|x − z|n−β

dz .
∫

2B

w(z)
|x − z|n−β

dz =Wβ(x, |x − y|),

where we used Ψθ2 (Bk) . 1 in the third inequality.
This and the estimate of J2 imply that J .Wβ(x, |x − y|), which completes the proof

of the theorem. �

5.2. Littlewood–Paley square function. In this subsection, we consider the
boundedness of the Littlewood–Paley square function GL defined in (1.1) on
BMOβ,θ2

L
(w). We assume that Qt(x, y) is the kernel of the operator t2Le−t2L. In what

follows, we always set Vr(x) = |B(x, r)| and V(x, y) = |B(x, |x − y|)| for all x, y ∈ Rn and
r ∈ (0,∞). By [21], we have the following lemma.

Lemma 5.3. Let V ∈ Bn/2. Then there exist constants ε ∈ (0, 1], γ, δ1 ∈ (0,∞), and
δ2 ∈ (0, 1) such that:

(i) |Qt(x, y)| .
1

Vt(x) + V(x, y)

( t
t + |x − y|

)γ( ρ(x)
t + ρ(x)

)δ1

;

(ii) |Qt(x, y) − Qt(x′, y)| .
1

Vt(x) + V(x, y)

(
|x − x′|

t + |x − y|

)ε( t
t + |x − y|

)γ
;

(iii)
∣∣∣∣∣∫
Rn

Qt(x, y) dy
∣∣∣∣∣ . ( t

t + ρ(x)

)δ2

.
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Next we prove the second main theorem.

Theorem 5.4. Assume that V ∈ Bn/2 and ε, γ, δ1, δ2 are the constants defined as in
Lemma 5.3. Set Θ = min(ε/3, γ, δ1, δ2/3). Let p, σ ≥ 1, β ∈ (0, 1), θ, θ1, θ2 ≥ 0 be such
that

β + θ1 + θ1 < Θ, σ < 1 +
Θ − β − θ1 − θ2

n
and φ := θ1(k0 + 2) + θ2 + θ(k0 + 1), with k0 defined in Proposition 2.1. If w ∈ DL,θ1

σ ∩

AL,θp , then the Littlewood–Paley square function GL is bounded from BMOβ,θ2
L

(w) into
BMOβ,φ

L
(w).

Proof. Recall that

GL( f )(x) =

(∫ ∞

0
|Qt( f )(x)|2

dt
t

)1/2
,

where Qt f (x) = t2Le−t2L f (x).
We may assume that ‖ f ‖BMOβ,θ2

L
(w) = 1. We first prove that for all balls B =

B(x0, r) (r ≥ ρ(x0)), ∫
B
|GL( f )(x)| . |B|β/nw(B)Ψφ(B). (5.6)

For any x ∈ B, we write

GL( f )(x) =

(∫ 8r

0
|Qt( f )(x)|2

dt
t

+

∫ ∞

8r
|Qt( f )(x)|2

dt
t

)1/2

≤

(∫ 8r

0
|Qt( f )(x)|2

dt
t

)1/2
+

(∫ ∞

8r
|Qt( f )(x)|2

dt
t

)1/2

= GL,1( f )(x) + GL,2( f )(x).

From the Lp′(w1−p′) boundedness of GL (see [3, Theorem 5]) and Proposition 3.5,∫
B
GL,1( fχB).w(B)1/p

(∫
B
G1( fχB)p′w1−p′

)1/p′

.w(B)1/p
(∫

B
| f |p

′

w1−p′
)1/p′

.w(B)|B|β/nΨφ(B). (5.7)

Set Bx = B(x, r). For any x ∈ B and t ∈ (0, 8r), by (i) of Lemma 5.3, and 2 j+1B ⊂
2 j+2Bx ⊂ 2 j+3B,

|Qt( fχBc )(x)| .
∫

Bc

1
Vt(x) + V(x, y)

( t
t + |x − y|

)γ
| f (y)| dy

.
( t
r

)γ ∞∑
j=0

2− jγ

V2 j−1r(x)

∫
2 jBx

| f (y)| dy

.
( t
r

)γ ∞∑
j=0

2− j(γ−θ2)|2 jBx|
β/n−1w(2 jBx).
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By w ∈ DL,θ1
σ and γ < 1 + ((Θ − β − θ2)/n),

|Qt( fχBc )(x)| .
w(B)|B|β/n

|B|

( t
r

)γ ∞∑
j=0

2− j(γ−nσ−β+n−θ2)

.
w(B)|B|β/n

|B|

( t
r

)γ
.

From the above inequality, we arrive at∫
B
GL,1( fχBc )(x) dx .

w(B)|B|β/n

|B|

∫
B

[∫ 8r

0

( t
r

)2γ dt
t

]1/2

dx

. |B|β/nw(B). (5.8)
Combining (5.7) and (5.8),∫

B
GL,1( f )(x) dx . |B|β/nw(B)Ψφ(B). (5.9)

Put Bx,t := B(x, t). To prove (5.6) with GL,2, we first notice that for all x ∈ B and t ≥ 8r,

|Qt( f )(x)| .
∫
Rn

1
Vt(x) + V(x, y)

( t
t + |x − y|

)γ( ρ(x)
t + ρ(x)

)δ1

| f (y)| dy

.
(
ρ(x)

t

)δ1
∞∑
j=0

2− jγ 1
V2 j−1t(x)

∫
2 jBx,t

| f (y)| dy

.
(
ρ(x)

t

)δ1−θ2
∞∑
j=1

2− j(γ−θ2)|2 jBx,t |
β/n−1w(2 jBx,t).

By w ∈ DL,θ1
σ ,

|Qt( f )(x)| . |B|β/n−1w(B)
(
ρ(x)

t

)δ1−θ2−nσ+n−β ∞∑
j=1

2− j(γ−θ2−nσ+n−β)

. |B|β/n−1w(B)
(
ρ(x)

t

)δ1−θ2−nσ+n−β
.

Then ∫
B
G2( f )(x)| dx . |B|β/n−1w(B)

∫
B

[∫ ∞

8r

(
ρ(x)

t

)2(δ1−θ2−nσ+n−β)]1/2
dx

. |B|β/n−1w(B),
which together with (5.9) gives (5.6).

For B = B(x0, r) with r < ρ(x0), we may assume that r < ρ(x0)/8. For all x ∈ B, we
write

GL( f )(x) =

[∫ 8r

0
|Qt( f )(x)|2

dt
t

+

∫ ∞

8r
|Qt( f )(x)|2

dt
t

]1/2

≤

[∫ 8r

0
|Qt( f )(x)|2

dt
t

]1/2
+

[∫ ∞

8r
|Qt( f )(x)|2

dt
t

]1/2

= GL,r( f )(x) + GL,∞( f )(x).
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It suffices to show that for almost every y ∈ B,∫
B
|GL( f )(x) − GL,∞( f )(y)| dx . |B|β/nw(B).

Observe that for almost every y ∈ B,∫
B
|GL( f )(x) − GL,∞( f )(y)| dx ≤

∫
B
|GL,r( f )(x) + GL,∞( f )(x) − GL,∞( f )(y)| dx.

We first prove that ∫
B
Gr( f )(x) dx . |B|β/nw(B). (5.10)

We set f = f1 + f2 + f3, where f1 = ( f − fB)χ2B and f2 = ( f − fB)χ(2B)c . By the
Lp′(w1−p′)-boundedness of GL (see [3, Theorem 5]),∫

B
Gr( f1)(x) dx .w(B)1/p

(∫
B

[Gr( f1)(x)]p′w1−p′ dx
)1/p′

.w(B)1/p
(∫

B
| f − fB|

p′w1−p′
)1/p′

. |B|β/nw(B). (5.11)

For all x ∈ B, by (i) of Lemma 5.3, Ψθ1+θ2 (B) . 1, and 2 j+1B ⊂ 2 j+2Bx,r ⊂ 2 j+3B,

|Qt( f2)(x)| .
∫

(2B)c

1
Vt(x) + V(x, y)

( t
t + |x − y|

)γ
| f (z) − fB| dz

.
∞∑
j=1

( t
2 j−1r

)γ( 1
V2 j−1r(x)

∫
2 j+1B
| f (z) − fB| dz

)
. |B|β/n−1w(B)

( t
r

)γ
Ψθ1+θ2 (B)

∞∑
j=1

( j + 2)2− j(γ−nσ−β−θ2+n)

. |B|β/n−1w(B)
( t
r

)γ
,

which further implies that∫
B
Gr( f2)(x) dx . |B|β/n−1w(B)

∫
B

[∫ 8r

0

( t
r

)2γ dt
t

]1/2

dx

. |B|β/nw(B). (5.12)

By (5.11) and (5.12), to prove (5.10), it remains to show that∫
B
Gr( fB)(x) dx . |B|β/nw(B). (5.13)

We consider the case β > 0 or σ > 1. By Proposition 3.5, we observe that

| fB| . |B|β/n−1w(B)
(
ρ(x0)

r

)nσ−n+β

.
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For all x ∈ B and t ∈ (0, 8r), from (iii) of Lemma 5.3 and the fact that r < ρ(x0)/8, it
follows that

|Qt( fB)(x)| .
( t
ρ(x)

)δ2

| fB| . B|β/n−1w(B)
(
ρ(x0)

r

)nσ−n+β( t
ρ(x0)

)δ2

,

which along with t ≤ 8r < ρ(x0) yields (5.13).
For the case of β = 0 and σ = 1, by the same argument and using the inequality

1 + log2 s . su/2 for s > 1/8 and sufficiently small u, we also arrive at (5.13).
For x, y ∈ B,

|GL,∞( f )(x) − GL,∞( f )(y)| ≤
(∫ ∞

8r
|Qt( f )(x) − Qt( f )(y)|2

dt
t

)1/2
.

For t ∈ [8r,∞) and x, y ∈ B, we write

|Qt( f )(x) − Qt( f )(y)| ≤
∣∣∣∣∣∫
Rn

[Qt(x, z) − Qt(y, z)][ f (z) − fBx,t ] dz
∣∣∣∣∣

+ | fBx,t |

∣∣∣∣∣∫
Rn

[Qt(x, z) − Qt(y, z)] dz
∣∣∣∣∣

= J1 + J2.

Note that |x − y| ≤ 2r < t/2 for all x, y ∈ B. We deduce from (ii) in Lemma 5.3 that

J1 .

∫
Rn

1
Vt(x) + V(x, z)

[
|x − y|

t + |x − z|

]ε[ t
t + |x − z|

]γ
| f (z) − fBx,t | dz

.
(r

t

)ε ∞∑
j=0

2− jγ

V2 j−1t(x)

∫
2 j+1Bx,t

| f (z) − fBx,t | dz

.
(r

t

)ε
Ψθ1+θ2 (Bx,t)

∞∑
j=0

|Bx,t |
β/nw(Bx,t)
|Bx,t |

( j + 2)2− j(γ+n−nσ−β−θ2).

By Bx,t ⊂ Bx0,2t ⊂ Bx,3t and t/ρ(x) . t/r,

J1 .
(r

t

)ε−θ1−θ2
∞∑
j=0

|Bx0,t |
β/nw(Bx0,t)
|Bx0,t |

( j + 2)2− j(γ+n−nσ−β−θ2).

Using w ∈ DL,θ1
σ ,

w(Bx0,t) .
( t
r

)nσ
Ψθ1 (B) .

( t
r

)nσ
.

Thus,

J1 . |B|β/n−1w(B)
(r

t

)ε−θ1−θ2−nσ−β+n ∞∑
j=1

( j + 2)2− j(γ+n−nσ−β−θ2)

.
|B|nw(B)
|B|

(r
t

)ε−θ1−θ2−nσ−β+n
(5.14)

as long as r < t.
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We also have∣∣∣∣∣∫
Rn

[Qt(x, z) − Qt(y, z)] dz
∣∣∣∣∣.∫

Rn

1
Vt(x) + V(x, z)

[
|x − y|

t + |x − z|

]ε[ t
t + |x − z|

]γ
dz

.
(r

t

)ε ∞∑
j=0

2− jγ .
(r

t

)ε
. (5.15)

By (iii) in Lemma 5.3,∣∣∣∣∣∫
Rn

[Qt(x, z) − Qt(y, z)] dz
∣∣∣∣∣ . ( t

t + ρ(x0)

)δ2

. (5.16)

We consider the case of β > 0 or η > 1. Combining (5.15), (5.16), and Proposition 3.5,

J2 . | fBx,t |

∣∣∣∣∣∫
Rn

[Qt(x, z) − Qt(y, z)] dz
∣∣∣∣∣2/3( t

t + ρ(x0)

)δ2/3

. |Bx,t |
β/n−1w(Bx,t)Ψθ2 (Bx,t) max

{
1,

[
ρ(x)

t

]nσ−n+β}
×

(r
t

)ε/3(r
t

)min(ε/3,δ2/3)( t
t + ρ(x0)

)min(ε/3,δ2/3)

. |Bx0,t |
β/n−1w(2Bx0,t)

( t
r

)θ2(
1 +

[
ρ(x)

t

]nσ−β+n)(r
t

)ε/3( r
ρ(x0)

)min(ε/3,δ2/3)
.

Using w ∈ Dθ1
η ,

J2 . |B|β/n−1w(B)
(r

t

)ε/3+n−nσ−β−θ2[
1 +

(
ρ(x0)

r

)nσ+β−n]( r
ρ(x0)

)min(ε/3,δ2/3)

. |B|β/n−1w(B)
(r

t

)ε/3+n−nσ−β−θ2( r
ρ(x0)

)min(ε/3,δ2/3)−nσ−β+n

. |B|β/n−1w(B)
(r

t

)ε/3+n−nσ−β−θ2

. (5.17)

For the case of β = 0 and η = 1, by the inequality 1 + log2 s . su/2, for s > 1/8 and u
small enough, we also have that

J2 . |B|β/n−1w(B)
(r

t

)ε/3+n−nσ−β−θ2

.

By (5.14) and (5.17),

J1 . |B|β/n−1w(B)
(r

t

)Ω1

, J2 . |B|β/n−1w(B)
(r

t

)Ω2

,

where Ω1 = ε − θ1 − θ2 − nσ − β + n,Ω2 = ε/3 + n − nσ − β − θ2.
Therefore,

|Qt( f )(x) − Qt( f )(y)| . |B|β/n−1w(B)
(r

t

)min(Ω1,Ω2)

for all x, y ∈ B and t ≥ 8r.
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This implies that

|GL,∞( f )(x) − GL,∞( f )(y)|. |B|β/n−1w(B)
[∫ ∞

8r

(r
t

)2 min(Ω1,Ω2) dt
t

]1/2

. |B|β/n−1w(B).

Thus, ∫
B
|GL,∞( f )(x) − GL,∞( f )(y)| dx . |B|β/nw(B).

This together with (5.10) leads to∫
B
|GL( f )(x) − GL,∞( f )(y)| dx . |B|β/nw(B)

for almost every y ∈ B. This completes our proof. �
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[11] J. Dziubański and J. Zienkiewicz, ‘Hp spaces for Schrödinger operators’, Fourier Anal. Relat. Top.
56 (2002), 45–53.
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