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Multidimensional Vinogradov-type
Estimates in Function Fields

Wentang Kuo, Yu-Ru Liu, and Xiaomei Zhao

Abstract. Let IF4[t] denote the polynomial ring over the finite field F;. We employ Wooley’s new ef-
ficient congruencing method to prove certain multidimensional Vinogradov-type estimates in F,[t].
These results allow us to apply a variant of the circle method to obtain asymptotic formulas for a
system connected to the problem about linear spaces lying on hypersurfaces defined over IF4[t].

1 Introduction

One central problem in number theory is concerned with integral points lying on
hypersurfaces. In particular, for s,k € N = {0,1,2,...} with k > 2 anda =
(a1,...,as) € (Z\ {0})%, we could ask how large s should be (in terms of k and
independent of a) so that the hypersurface

(1.1) awk+- - rawf =0

contains a non-trivial integral point. Additionally, establishing an asymptotic for-
mula for the number of such points has become a substantial research area. For
P € N, let M ; ,(P) denote the number of solutions of (1.1) with

w; € [-PPINZ 1<j<s.

A celebrated result of Wooley [10] states that, subject to a local solubility hypothesis,
whenever s > klogk + O(kloglog k), we have M, ,(P) > P~k His recent ground-
breaking work [12] can also be used to show that whenever s > 2k* + 2k — 3, we
can establish an asymptotic formula for M; ,(P). In [13], Wooley further improved
his result and showed that if k > 6, it suffices to take s > 2k* — 2k — 8. In this
case, no local solubility hypothesis is required (except for indefiniteness), since the
result of Davenport and Lewis in [3] shows that k? + 1 variables suffice to satisfy the
congruence conditions.

Because of the homogeneity of (1.1), if a non-trivial integral point lies on (1.1),
then the hypersurface contains the line through the origin and that point. Thus, the
above problem can be viewed as a question about linear spaces of dimension 1. It is
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therefore natural to consider linear spaces of higher dimension. Results concerning
the existence of such spaces date back to work by Brauer [2] and Birch [1]. Asymp-
totic estimates for linear spaces on the hypersurface (1.1) were first established by
Parsell (see [7,8]). More precisely, for d € N with d > 2, we find that the linear
spaces of dimension d are in correspondence with solutions of the system

(1.2) alui‘l---ufjl +---+asu'f5---u;”’5:O7 i1+ +ig=k
Let Mk 44(P) denote the number of solutions of (1.2) with

wj € [-PPINZ, 1<1<d, 1<j<s
and let ny = (k;d) — 1. A result of Parsell [8] states that, subject to a local solubility
hypothesis, whenever s > 2n1k((2/3) logn;, + (1/2)logk) + O(n;kloglogk), we can
establish an asymptotic formula for M, 4.(P). By employing Wooley’s new efficient

congruencing method, Parsell, Prendiville, and Wooley [9] have further improved
the above bound to

(1.3) s> 2mk+2n +1.

The main result in [9] is indeed applicable to general translation-dilation invariant
systems (for definition, see [9, Section 2]).

Let IF;[¢] be the ring of polynomials over the finite field F; of g elements whose
characteristic is p. Since there exists remarkable similarity between Z and F,[t], we
can formulate the above questions in function fields. Let k € N with p { k. For
c=(c1,...,¢) € (Fy[t] \ {0})’, consider the hypersurface defined by

(1.4) clz’f+---+cszf=0.

For P € N, let Ip be the subset of I, [¢] containing all polynomials of degree < P. Let
N k.c(P) denote the number of solutions of (1.4) with z; € Ip, 1 < j <'s. A result by
Wooley and the second author [6] states that, subject to a local solubility hypothesis,
whenever s > (4/3)klogk + O(kloglog k), we have N, (P) > (g")*". Moreover,
under the same hypothesis, their recent work on Vinogradov’s mean value theorem
in function fields can be used to prove that whenever s > 2m,k + 2n, + 1, where
1 < ny = ny(k; p) < k, we can establish an asymptotic formula for N, (P). The
Lang-Tsen theory of C;-fields (see [5, Theorem 8]) shows that (1.4) possesses a non-
trivial solution whenever s > k*+ 1. Thus, if 2n,k+2n, > k%, then the local solubility
hypothesis is automatically satisfied.

We now consider linear spaces of higher dimension in function fields. For d € N
withd > 2,letx,,...,x4 € F;[t]° be linearly independent vectors and define

Span{xl,...,xd} = {f]Xl +"'+ded | f],...,fd € ]Fq(t)}

Write x; = (xi1,...,%i5), 1 < i < d. Then the hypersurface (1.4) contains the
d-dimensional linear space Span{x, . ..,x;} if and only if

k 3 k
a(froen + -+ faxa)" + -+ eo(froes + - - + faxas)™ = 0.
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By the multinomial theorem, we see that the above equation is true for every d-tuple
(fr,...,70) € qu(t)d ifand only if x,, . . . , x; simultaneously satisfy the equations

k! , A , ,
° 1 1 1 1 . .
(e e ) =0, ak =k

Since the characteristic of I, is p, the above system is equivalent to the system
(1.5) axiy X et exl e xl =0, (..., 00) €L,

where the set £ is defined by

k!
L:{(il,...,id)eNd itetig=k and pfo——0 id'}'
i

Let Nt 4.c(P) denote the number of solutions of (1.5) with
xj€lp, 1<1<d 1<j<s.

Fori = (i),...,i5) € N9 we write |i| = i; + --- + iy, and write p fiif p 1 i for
some [ with 1 < I < d. We abbreviate a monomial of the shape x' - - - x)j by xi.
For m € N, write m in base p, say m = ag(m) + a,(m)p + - - - + ap(m)p?, where
ap(m) € [0,p —1]NZ, 0 < h < D. In order to estimate N 4.(P), we need to
estimate a Vinogradov-type system. Let

Ry =
{ie N’ | 3n e Nwitha,(k) > Land a,(i,) + - - + ap(ia) < apen(k), h € N}

and R) = {i € Ry | p ti}. Let Jsxa(P) denote the number of solutions of the
system ) ) ) )
X{+ ot =y +-- 4y, i€R,

with x;,y; € Ig for 1 < j <'s. Write: = card £, the cardinality of the set £, and
p = card Rj. A result of the third author [16] states that for k > d + 2, subject to a
local solubility hypothesis, whenever s > 2uk(log(tpk) + loglog(pk) + 10), we can
establish an asymptotic formula for N; i 4.(P).

In this paper, we will employ Wooley’s new efficient congruencing method to im-
prove the aforementioned result in [16]. In addition to obtaining an upper bound for
Js k.a(P), we will estimate a more general Vinogradov-type system. Our generalisa-
tion seems flexible and could be applied to various Diophantine problems in function
fields, including the multidimensional Waring problem and the Tarry problem. We
will return to these projects in future papers.

Let R be a finite subset of N“ satisfying the following condition:

Conditionx: for each j = (ji,...,ja) € R, ifl = (Ih,...,la) € N with
Pt (;}1) (;:),thenl € R.

https://doi.org/10.4153/CJM-2013-014-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2013-014-9

Multidimensional Vinogradov-type Estimates in Function Fields 847

Let Ji(R; P) denote the number of solutions of the system
(1.6) U rd =V, jeR,

with u;,v; € Iﬁ, 1 < j <. We will see in Lemma 3.2 that Condition* implies
that J;(R; P) satisfies a translation invariant property. This condition also plays an
important role in the process of efficient congruencing. Since p is the characteristic
of Fy, if there exist i, j € R with j = p”ifor some v € N \ {0}, then we have

N

> v = (S -v)"
=1

j=1

Thus, the equations in (1.6) are not always independent. The absence of indepen-
dence suggests that Vinogradov-type estimates for integers cannot be adapted di-
rectly into a function field setting. To regain independence, we instead consider

(1.7) R'={ieN|pti and p'i€ Rforsomeve N}.
Then we see that J;(R; P) also counts the number of solutions of the system
(1.8) utotu=vitooo+v, i€ R/,

withuj,v; € I8, 1 < j < s. By extending Wooley’s efficient congruencing method,
we will prove the following theorem.

Theorem 1.1 Letr = cardR’, ¢ = maxien- |i|, and k = ) ;5 |i|. Suppose that
d>2 ¢ >2ands > rp+r. Then for each € > 0, there exists a positive constant
Cy = Cy(s,d; 1, ¢, K; q; €) such that

d—rk+e
) 2s )

J(RP) < Ci(q"

We notice here that although the equations in (1.8) are independent, the set R is
not necessarily contained in R. This lack of inclusion prevents the transfer of certain
congruence relations between R and R’. However, such a transition is necessary to
proceed with efficient congruencing. We address this issue by introducing an alterna-
tive set extending R’ in Section 4. Since the new set satisfies Condition# and contains
R’, it allows successful use of efficient congruencing.

By [16, Lemma A.4], we see that R, satisfies Conditionx*. It also follows from
[16, Lemma 8.1] that

IR(’):{iEfRo’pJ(i} :{iENd}pTi and pvieﬂloforsomevel\l}.

In addition, a straightforward calculation shows that k = maxcx; |i| as p { k. Since
Jsk.a(P) = Js(Ro; P), we can derive the following corollary from Theorem 1.1.
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Corollary 1.2 Let p be the characteristic of g, 1 = card Rj and K = Zieng li]. Let
s,k,d € Nwithd > 2, k > 2 with p { kand s > pk + p. Then for each € > 0, there
exists a positive constant C, = C,(s, d; k; g; €) such that

Hs,k,d(P) S CZ (qP) 25d—K+5-

Let IF,(t) be the fraction field of IF,[t]. For a place w € F,[t], let F(t),, denote
the completion of F,(t) at w. By combining the above corollary with a variant of
the Hardy—Littlewood circle method, we can significantly improve the result in [16,
Theorem 1.1] as follows.

Theorem 1.3 Let p be the characteristic of IFg, « = card £ and p = card R. Let
s,k,d € Nwithd > 2,k > 2withp ¥ kand s > 2uk + 2p + 1. Suppose that
the system (1.5) has non-trivial solutions in all completions ¥ ,(t),, of F,(t). Then there
exist positive constants Cs = Cs(s, d; k; g; ¢) and n = n(d; k; q) such that

Nerae(P) = C3(g")* "  + 0((g")*~*).

An interested reader can find explicit calculations of ¢ and x in [16, Lemmas 12.2
and 12.3]. It is worth remarking that when k is of certain form, both ¢ and p are
independent of k. For example, when k = 1 + p%, E € N\ {0}, we have that t = d?
and p = d(d + 1). In this case, the bound for s in Theorem 1.3 is sharper than its
integer analogue in (1.3). Moreover, we may save additional variables by employing
a new strategy, introduced in [12—14], for transforming Vinogradov-type estimates
to minor arc contributions. We will pursue this improvement in future work.

2 Preliminaries

We begin this section by introducing the Fourier analysis for function fields. Let
A = Ty[t], and let K = IF,(¢) be the fraction field of A. Let Koo = F,((1/t)) be
the completion of IK at co. We may write each element a € K, in the shape o =
iy ai(o)t for some v € Z and a;(a) € Fg i < v. Ifa,(a) # 0, we say that
orda = v and we write (o) = g°¢®. We adopt the convention that ord0 = —o0
and (0) = 0. It is also convenient to refer to a_; as being the residue of o, denoted
by res . Given that the characteristic of F, is p, we are now equipped to define the
exponential function on K... Let e(z) denote >, and let tr: F; — F, denote the
familiar trace map. There is a non-trivial additive character e;: F; — C* defined for
eacha € F, by taking e,(a) = e(tr(a)/p). This character induces a map e: Ko, — C*
by defining, for each o € Koo, the value of e(a) to be e (res ). Let T = {a € K |
orda < 0}. Given any Haar measure do on K, we normalise it in such a manner
that [ 1do. The orthogonality relation underlying the Fourier analysis of Fy[t],
established in [4, Lemma 1], takes the shape

1, whenx =0,
e(xa) do = )
T 0, otherwise.
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Thus, forn € N\ {0}, (x1,--- ,x,) € A, and a = (ay, ..., a,) € K, we have

(2.1) / e(xjaq + - + xpa,) da =[] / e(xjoq) doy
™ =1JT

0, otherwise.

)

B {1, whenx; =0 (1 <1< n),

Let R be a finite subset of N satisfying Condition*, and let R’ be defined as in

(1.7). Recall that fori = (iy, ..., i;) € N, we write [i| = i; +- - - +i,. We also denote
2.2 = card R/, =max|i|, and k= i|.
(2.2) r = car ¢ ieR/H .;;/H

1

For X € R, let X = ¢*. For P € N, we recall that Ip = {xeA](x)< ﬁ} Let
J;(R; P) be defined as in (1.8). For h = (h)iex’ € Hieﬂ%’ Ijijp, define Ji(P;h) to be
the number of solutions of the system

Do -V =h, ie®R,
j=1

withuj,v; € I¢,1 < j <s. Thus, J;(P;h) = J,(R; P) whenever h; = 0,i € R’. For
(a) = (ai)ier’ € K, write

flasP) = Ze( Z aixi).
xelg ieR’
By (2.1), we have
((P;h) = ;)| Ze( - ihi ) da.
J.(P;h) /T,]f(ap)] e( i;;a )da

Since

J(Psh) < / | flos P)| *da = J(R; ),
T
it follows that

Pi< N < > (R P) = PR P).

heTic e/ I helTicn I
Thus, we have
(2.3) Jo(R; P) > PX4=*,

For s € N, we say that A, is admissible for R if for any € > 0 and P € N sufficiently
large (in terms of s, d, r, ¢, k, q and €), we have J,(R; P) < PM*¢. Define A to be the
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infimum of the set of exponents A; admissible for R. Thus, for P sufficiently large,
we have
Jo(R; P) < P

Write 7, = A} — 2sd + k. It follows from (2.3) that n; > 0.

In the following, we abbreviate J,(R;P) as J(P). We will focus on estimating
Jo+r(P) for s = ru with some u € N satisfying u > ¢. Then Theorem 1.1 can be
established by showing that 7, = 0. Let N € N be sufficiently large (in terms of
s,d,r, ¢, and q). Let 0 = N~12(r/s)N*? and 6§ = (6sN)~N*3), Thus, we have

(2.4) § < (2s/1)7N6/(6s).

By the infimal definition of A},,, there exists a sequence of non-negative integers

(Pm)» tending to oo, such that

*

(2.5) Jeer(Po) > B " m e N\ {0}

If P, is sufficiently large (in terms of s, d, , ¢, K, g and N), then for any Q € N with
§?P,, < Q < P,,, we have o
Jorr(Q) < QN

For N sufficiently large, we have § < (2(s + r)d)~!. Thus, for 0 < Q < P,,, by the
trivial bound | f(c; P)| < P?, we have

r)ds* A~y F _
+ Q)\5+r+6 < 2Pm Q2(s+r)d K+r/5+,.

(2.6) JeerQ) < Py

In what follows, we consider a fixed element P = P,, of the sequence (P,,)52 ;,
which is sufficiently large (in terms of s, d, 1, ¢, k, g and N). Unless stated otherwise,
all implicit constants below may depend at most on s, d, r, ¢, k, g, and N. Since our
methods involve only a finite number of steps, these implicit constants are under
control. In addition, for X € R, we write [X] for the greatest integer not exceeding
X. Finally, fora = (a1,...,a,) € A", b = (by,...,b,) € A" and g € A, we write
a = b(modg) if y = bj(modg), 1 < I < n. Then for a’,b’ € A% we write
(a,a’) = (b,b’) (modg) ifa = b (modg) and a’ = b’ (modg).

We recall that J,,(P) counts the number of solutions of the system

r S

(2.7) S (vi—d) =) (W), ie®,

i=1 j=1
with y;,z;,uj,v; € 16,1 < i <r, 1 < j <s Letw € A be irreducible, and
let hyn,v € N. Let (f) be a system of & many polynomials in Al¢,...,t,]. For

g1, .-.,8 € A" let Jac(f; g;) denote the h X n Jacobian matrix of f evaluated at g,
1 <1< n. We write rkJac(f; g, . . ., g; w) for the rank of the & x nv Jacobian matrix

(Jac(fg1), ... Jac(fg,))
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over A/(w). In addition, write I*(P; w) for the number of solutions
(vi,zi,uj,vj), 1<i<nl1<j<s,
counted by ., (P) for which
rkJac ((xi)ieggr;yl, U A W) =r

To bound J.(P) in terms of I* (P; w), we need the following lemma.

Lemma 2.1 Letv € Nwithv > r, and let w € A be irreducible. Let S(w) denote the
set of v-tuples (g1, ...,g,) withg € (A\/(w)) d, 1 <1< v, such that

rk]ac((xi)iegg/;gl, RO W) <r

We have
card S(w) < (w)"d=1Hr=1

where the implicit constant depends on v, ¢, 1, and d.

Proof This proof can be carried out by replacing R and k in the proof of [16,
Lemma 7.3] with R’ and ¢ respectively. ]

Lemma 2.2 Lets = ruwithu € Nand u 2A<Z), and let M = [OP] + 1. There exists
an irreducible polynomial w € A with (w) = M such that

Jor(P) < T*(Psw).

Proof For P sufficiently large, there exists a set P consisting of [6~!] irreducible
polynomials of degree [OP] + 1. Let S; denote the number of solutions

(yi,zi,uj,vj), 1<i<r1<j<s,
counted by Ji,(P) such that for all w € P,
rk]ac((xi)iegg/;yl, e sV Zly e ey Zss w) <r
Let S, denote the number of remaining solutions, i.e., the solutions for which
rkJac ((xi)iegg/;yh e Ve ZL, - ,z,;w) =r
for some w € P. Thus, we have
Jotr(P) = S1 + 5.

There are two cases.
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Case 1: Suppose that S, < S;. For every w € P, by taking v = 2r in Lemma 2.1, we
see that the number of (y1, ...,y 21, ...,2,) € (A/(w))*? with

rkJac ((X)ier3Y1, - Vo Zts s Zsw) <7

is O((w)*@==1). Let p = [], cpw. By the Chinese Remainder Theorem, in the
solutions counted by S, the total number of choices for (yy,...,y,,21,...,2,) €
(A/(p)¥ is O((p)zrdj_l). For each fixed choice (g, ...,g,hy,...,h,)(modp),
there are at most (P/(p))* choices for the (yi,...,y.z1,...,2) € I¥
with (y1,...,¥+21,-..,2,) = (g1,.--,8h1,...,h,) (modp). Thus, the num-
ber of (yi,...,¥r21,...,2;) € IIZJ‘” under consideration can be estimated by
O(P¥(p)="=1). Since (p) > (P)? ' ~! = P'~¥, we have

i)\Zrd<p>fr71 < I’J\Zrdf(r-#l)(lf()).
Thus, we have

Jerr(P) < 28 < P 00=0) 1 (p),

By Holder’s inequality, we have
2s 2(s+r) s/(s+1) s/(s+r)
J(P) = | | flasp)["da < ([ |flasP)| " da) T = Ry,
T T

On combining the above two estimates, we see that
Is+r(P) < ﬁZrdf(rJrl)(lfé) ]S+Y(P)S/(S+r)7

which implies that
Josr(P) < PROHNA=(rt)A=0)(st) /1

Notice that s > r¢ > k and
0 =N"(r/sN? <o~ ND < (pn)((r+ D@+ 1)
Thus, we have
(r+1)(1=0)(s+7r)/r > (r+1)(1—0)(p+1) = r¢p+d+r+1—0(r+1)(p+1) > k+1.

It follows that
Jor(P) < PROTIA=RTL

which contradicts the lower bound in (2.3).

Case 2: Suppose that S; < S,. On noticng that P < 1, we see that there exists w € P
such that S, < S3(w), where S3(w) denotes the number of solutions (y;, z;, u;, v;),
1<i<r 1< j<s, counted by S, for which

rk]ac ((Xi)iECR’;Yh s Yo Z1y ooy Zys W) =T
After rearranging variables, we have
]s+r(P) < S3(W) <K I*(P, W)

On combining Cases 1 and 2, the lemma follows. |
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In what follows, for a sufficiently large P = P,, (in terms of s, d, r, ¢, k, ¢, and N),
let M = [OP] + 1 and let w € A satisfy all conditions in Lemma 2.2. For g € A\ {0},
define

L(g) = {(al,...7ad) e A? | dega; < degg, 1<i< d}.

For ¢ € Nand ¢ € A denote by Z.(&;w) the set of r-tuples (&, ...,&,) with §; €
L(w*)and §; = £ (modw), 1 < i < r, such that

rk Jac ((Xi)ieﬂz'; (&1, [fr]3w) ="

where for n = £ (modw), write [] = [n]cwe = w(n — &). Let R = card R.
In the following sections, we will frequently apply the multinomial theorem stated
in Lemma 3.1 to treat certain congruence conditions. Since system (2.7) does not
necessarily contain all equations that are needed to use the theorem, we consider
instead the equivalent definition of J;.,(P) that counts the number of solutions of the
system

i=1 j=1

withy;, z;,u;,v; € Iﬁ, 1 <i<r 1< j<s Thus, in what follows, we will integrate
over TR instead of T". For o = (a5)jex € KR and o € %, = {1, —1}", define

folas &) = Z e( Zo‘ixj>

xEIg JER
x=¢ (mod w*)

and

Belas8) = Z ﬁ fer1(oias ;).
(€150, )EE(EW) i=1

Lets = ruwithu € Nandu > ¢. Fora,b € N, £, € AYand o, 7 € %,, define

10,(Ps.m) = / |52 (05 €T 30| da
TR

and
Kipeen = [ |§i@se2 i) da.
E '}[‘R
We then define
I,,(P) = max max maxI’,(P;¢,
ap(P) (max max max ap(P5€,m)
and

K,p(P) = max max max K} (P;&,n).
’ EEL(W) neL(wh) o.TES,  ©

To obtain Theorem 1.1, we will iterate among the mean values Ji,(P), I,(P)
and K, ,(P). The first step is to estimate J;,.(P) in terms of K ; (P) by imposing some
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initial efficient congruence conditions to the variables. Then we extract stronger con-
gruence conditions from Ky ; (P) and estimate it in terms of K, ;(P) for some b > a.
On repeating such a process, we can bound J;,(P) by a sequence of mean values
K, ;(P). A major difficulty in each stage is to well-condition the variables such that
the next efficient congruence can be extracted. We overcome this difficulty by making
use of the mean values I, ;(P).

3 The Conditioning Process

For a,b,c € N, the goal of this section is to associate I,;(P) with K, .(P) in the
way that the variables are well-conditioned in view of the definition of K, .(P). In
addition, in Lemma 3.6, we complete the initial step by relating J;..(P) to Ko 1 (P).

Lemma 3.1 Forj:(jl,...,jd)ENdandl:(ll,...,ld)eNd,write
B\ _ (i), (i
1 L I
o d j
R,f{leN ’p{(l>}.

Then for x,y € A% we have

Forj € N4, define

<HW:ZGFWL
IGR]'

Proof Thisis [16, Lemma 3.2]. [ |

We remark that Condition implies that R; C R for each j € R. We are now in
a position to deduce a translation invariance of the Diophantine system underlying
the mean value J,(P).

Lemma 3.2 Letc € Nwithc < 0~ ! — 1. Forn € N, we have

max [ |iias &) "da = 1,2 - ).
IR

geLw) Jy

Proof We observe first that for c < §=! — 1 and M = [0P] + 1, if P is sufficiently
large (in terms of 5,7, N), then P — ¢cM > 0. For ¢ € L(w°), by the definition of

fe(as &), we have
o= Y e Y awy+o)).

d j
yEI] JER

—ord w¢

By (2.1), the integral fer | felas & )| ana counts the number of solutions of the system

Dy =) (wzi+&), jeR
i=1 i=1
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with y;,z; € Igford oo 1 < i < n. By Lemma 3.1 and Conditionx, we see that the
above system is equivalent to

" n
Zy’l = szi, jeR.
i=1 i=1
On recalling that ord w = M, the lemma follows. |
Lemma 3.3 Leta,b e Nwithb > a. We have
Lop(P) < Kqp(P) + MO0y (P).

Proof For & € L(w*),n € L(w?) and 0 € %,, we see from (2.1) that I7,(P;€,m)
counts the number of solutions of the system

dooilyi-2) =) (;-v), jeR
i=1 =1
with
vi.zi €12, yi =& (modw™), z; = (modw®!), 1<i<r,
for some (&,,...,&,),((y,-..,C,) € Eqa(&w), and with

u;,v; € Ig, u=v; = n(modwb) 1<j5<y).

For v = 1 (mod w?), write [y] = w~?(y —n). Let T; denote the number of solutions
(yvi,zi,uj,v;), 1 <i <r, 1< j<scounted bylzb(P;g,n) for which

rkJac ((Mierss [wl, ..., [w], vl ..., [vhiw) <r.
Let T, denote the number of remaining solutions, i.e., the solutions for which

rk Jac ((xi)iegg/; (wi], ..., [ul, [\1],- .., [VS];W) =r

Thus, we have I7, (P;§,n) = T\ + T5.
To estimate T7, let

C={(u,...u,v,...,v) (mod w'*!) | (Vi,zi,uj,v;) counted by T} }
and
e = { (larly .oy [ugl, v, oo, [w6]) (modw) | (uy, ... us, vy, ..., V) € @}.
Consider the bijection from € to €’ defined by

(ulv-"7usavla"'7vs) — ([u1]7~~'a[us]7[vl]7~~'a[Vs])~
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By the definition of T1, it follows from Lemma 2.1 that
card © = card €@’ « <W>25(d*1)+r71'
On considering the underlying Diophantine system, we have
N
ns > |75 ) T fowr (a5 ))fprs (—as iy )dar.
.y )EC ™ j=1

By Holder’s inequality, we have

2s 2s 1/(2s)
/ 18730 T1 [T e} da < 1 ( / 187036 Plfssr (s ) )
TR j=1 j=1 TR

< Ia,b+1(P)~

It follows that
Tl < MZs(d71)+r711a7b+1 (P)

We now consider the solutions counted by T5. Since
rkJac ((Miexss (wil,- .., [, [vil, ..., [vsw) =1
after rearranging variables, we can assume that
rkJac (% )iexss [wil, ..., [wsw) =r

Thus, there exists (1,,...,n,) € Zp(n;w) such that u; = n; (mod w1 < <r
On considering the underlying Diophantine system, we see that

T, < / 137 (s ©)P B (s )iy (s )~ Tl — v )
TR

where 1 = (1,...,1) € ¥,. On recalling that s = ur, it follows from Holder’s
inequality that

1/(2u) 1—-1/(2u)
n< ([ meersian®lda) ([ eerian®ida)
TR TR

Thus, we have
1/(2u) 1—1/(2u)
T, < (Kap(P) /O (10P)) V.
On combining the above upper bounds for T; and T,, we obtain
Ly(P) < M¥4=D0=11 () 4 (Kop(P)) /O (L))
which implies that
Lp(P) <€ MPU, 4y (P) + K (P).

This completes the proof of the lemma. ]
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We remark here that by repeated applications of Lemma 3.3, whenever a, b, H € N
with b > a, we have

H—-1
(3.1 Lp(P) < Y MMEEIIIR, () + MGy (P,
h=0

Lemma 3.4 Leta,b,H € Nwith0<b—a<H<0'—1—0b Wehave

25d( 2rd— K415y

MHCA=Dr=01, (P < MM (/M) ™ (/A1)

Proof For £ € L(w*),n € L(w'*H) and o € %,, by the definition of I;HH(P; £n),
we see that

Eon®ién) < [ (s Ton(asn)ldo.
TR

By Holder’s inequality and Lemma 3.2, we have

r/(s+r) s/(s+r)
B < ( [ liese)Peda) ™ ([ untasneda)
TR TR

< (JerrP = ad) " (Jour(P — (b + EOM)) 7.

It follows from (2.6) that

Lt (P) < PP ((B/M)/ ) (B A+ ys/ ) 20t

< ﬁ&(ﬁ/ﬁa)hd—fﬁnﬁ, (ﬁ/ﬁb)hd—r’

where
T = (Mb—a-*—H)ms/(sH)A’/\I—stH.

Notice that s > r¢ > k. Since H > b — a, we see that
H(2s(d—1)+r—1) +(b—a+H)xs/(s+r) — 2sdH
<H(—2s+r—1+2ks/(s+71))
= —H+ (=25 —r+1*/s+2k)Hs/(s+7)
< —H.

Thus, we have
ﬁ(SMH(Zs(d—l)Jrr—l)'r < M—H/Z

On combining the above estimates, the lemma follows. ]

Lemma 3.5 Leta,b,H € Nwitha < band H = b—a. Suppose that b+H < 6~ —1.
Then there exists h € N with h < H such that

Lp(P) < MMW=D4r=Dp . (p) 4 fj—H/2 (ﬁ/ﬁh) 25d(}’)‘/1\7[a) 2rd=Ktsr
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Proof By (3.1) and Lemma 3.4, the lemma follows. [ |
Lemma 3.6 Fors= ruwithu > ¢, we have J,(P) < 1\712“{1(0#1 (P).
Proof For o € K& , define

5(0) = [ies0) and 1) = [ Fh(s0F(a)]afas0)] “do.
TR

where 1 = (1,...,1) € X,. Since the fixed w € A satisfies all conditions in
Lemma 2.2, we have
]s+r(P) < I*(P>W) = I*(P)

By Cauchy’s inequality, we obtain

i s 1/2 s 1/2
re) < ( / 15| folas0) *da) " ( / |F3(050)| | To(os 0] “da)
TR TR
It follows from (2.1) that the first integral above is equal to s, (P). Thus, we have

]s+r(P) < I(%o(P; 07 0)
Notice that

folas0) = > filas€).
£€L(w)
By Holder’s inequality, we have

10(P50,0) < {w) 3™ / | B3 0)| [ T1(0s )| *da,
£eL(w)

which implies that

Ié,O(P;O,O)<<< Mgeﬂ )/ |go(a,0)| |f1(a §)| “da.

Since (w) = M, we have
Jorr(P) < I 4(P;0,0) < M*y, (P).
When a = 0 and b = 1, we see that H = b — a = 1. Thus, by Lemma 3.5, we have
Ip1(P) < Ko (P) + M~'/*(P/M) it
By (2.4),  is small enough such that M'/2 > P2 _ It follows that
Jor(P) << M*[y,(P) < MZSdKO‘,l(P) e
On the other hand, we see from (2.5) that
Jour(P) > PASHIA=r41 =3

Thus, we have )
Jorr(P) < M*Ky 1 (P) + P~ Jy, (P),

which implies that R
Jorr(P) < MKy 1 (P).

This completes the proof of the lemma. ]
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4 The Efficient Congruencing Process

The goal of this section is to provide an iterative relation among the mean values
K, (P). Before proceeding, we need to estimate some auxiliary systems of congru-
ences.

Proposition 4.1 Forn,m € N\ {0}, let ,..., T, be polynomials in Alz, ..., z,]
with degrees ki, ..., kyinz = (z1,...,z,) respectively. Let w € A be irreducible. For
le N\ {0}anda = (ay,...,a,) € A", let Dy, ,(Y;a;w) denote the set of solutions
of the system of congruences

Yi(z1,...,2,) = a; (modw!), 1<i<m,
withz € A/(W'), 1 <1 < n, and rkJac(Y;z;w) = m. Then we have
card Dy, (Tsa;w) < Cy(whyr=m,
where Cy = (n!/(m!(n — m)))) ki - k.

Proof It follows from similar arguments as in [11, Theorem 1]. For more details, see
also [15, Appendix]. ]

We recall that J;(R; P) counts the number of solutions of the system
Ut+d=v+- 4V, jER,
withu;,v; € I8, 1 < j < s. Tt also represents the number of solutions of the system
w++ru=vi+oo4v ieR,

with uj,v; € I, 1 < j < s. Although the second system consists of independent
equations, it does not necessarily contain all equations of certain auxiliary congru-
ences that are used to well-condition variables. More precisely, since R’ is not neces-
sarily contained in R, for any ¢ € A\ {0}, the system of congruences

ujl+~-~+u’;5vj1+~~+v’;(modg), jeER,
does not always imply that
u+---+ul=vi+- +vi(modg), ieR.

To resolve the difficulty, we consider an alternative system. We recall that ¢ =
max;ex- |i. Let

S={p'ilie®R, neN, and p'li<g¢}.

In Lemma 4.2 we will prove that § satisfies Conditionx. In addition, since R’ C §,
we see that the above system of congruence shares the same solutions with the system
of congruences

vt +u=v 4+ +vi(modg), jeS.

This equivalence is essential in our proof of Lemma 4.3.
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Lemma 4.2 Foreachj = (ji,...,ja) € & ifl = (h,...,l)) € N with
Pt ({11) e ({:), thenl € 8.

Proof Letj = (ji,...,ja) € 8. Then thereexisti € R’ and n € Nsuch thatj = p"i.
Letl = (I},...,l;) € N with p ¢ (fl‘) e (;;‘) By Lucas’ criterion, we have

(4.1) ap(h) < an(jr), .-, an(la) < an(ja), heN.
Since ay(j1) = -+ = ap(ja) = 0,0 < h < n— 1, we see from (4.1) that
ap(ll) = =ap(ly) =0, 0<h<n—1
It follows that p"|l;, . .., p"|ls, i.e., there exists m = (m;, ..., my) € N? such that

I = p"m. Since j = p"iand 1 = p"m, we obtain
apsn(j1) = ap(in), . . .y apen(ja) = ap(ia), heN

and
apn(h) = ap(my), ..., anin(ly) = an(mg) h € N.
Then it follows from (4.1) that

ap(my) < ap(iy),...,an(my) < ap(ig), heN.

Since i € R’, there exists v € N such that p'i € R. It follows from the above
inequalities that

ap(p'my) < ap(p¥in), ..., an(p'ma) < an(p’ia), heN,

P’ plia
Pt <me1> <med)'

In view of the property of R, since p'i € R, we have p'm € R. Thus, there exist
u € R’ and ¢ € N such that p*m = p“u. Since p { u, we have v < cand m = p*"u.
This implies that1 = p"m = p™*“~"u. On recalling (4.1), we have || < |j| < ¢ and
hencel € 8. This completes the proof of the lemma. ]

which implies that

Let R; be defined as in Lemma 3.1. We remark that by Lemma 4.2, we have R; C 8
for eachj € 8.

Lemma 4.3 Leta,b € Nwithb > a, and let w € A be irreducible. For o € ¥,
m = (m)iex € A, & € L(w*) andn € L(wh), let Bgﬁb(m;ﬁ,n; w) denote the set of
solutions of the system of congruences

Zo,—(z,— — )t =m; (modwlil?), ie R,
i=1

withz; € Lw*?) andz; = & (modw™), 1 <i <r, forsome (£,,...,&,) € Za(&w).
Then we have
card BY ,(m; &, m; w) < Cs (w) 04—t (smrde,

where Cs = ((rd)!/(r!(rd — 1)!)) TTicx- |il-
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Proof Let D;(n) denote the set of solutions of the system of congruences

> oz —n)' = ni (modw™), i€ R,

i=1
with z; € L(w?) and z; = & (modw”*!), 1 < i < r, for some (§,,...,&,) €
Za(&w). Define
N= {n = (my)iews | m €A, degm; < degw"b andn; = my (modw'ilb), ie IR'}.
By (2.2), we have

o . ) < < (rg—r)b .
card By ,(m; §, 3 w) < HEZN cardD;(n) < (w) f]réajir( card D, (n)

It remains to estimate D;(n). Let (z1,...,z,) € D;(n) and write
z;=w'hij+¢§ 1<i<r
Since z; = £; (modw**™!), 1 <i < r, for some (£5,...,&,) € Z4(&w), we see that

w ™ (zi — &) = w (¢ — &) (modw).

Thus, we have
rk Jac ((Xi)iE(R/;hl, ..., hy; w) = rkJac ((xi)iegg,; &,1,..., [f,];w) =r,

where [£;] = w(&;, —€),1 < i < r. Let (y1,...,¥,) € Di(n) and writey; =
wigi +&,1 <i <r. Wehave

D oiwhi+ & =) = oilw'gi + & —n) (modw?), ie R

i=1 i=1

Let 8 be defined as in Lemma 4.2. We see from the definition of 8 that the above
system implies that

D oiwhi+&—nY =) oi(w'gi +&— ) (modw™), jeS.

i=1 i=1

On combining Lemma 3.1 with Lemma 4.2, since R’ C 8, the above system implies
that

r

Zaihg = Z ;g (modw? Iy j e R’
i-1

i=1
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For u = (u)ier’ € A’, we write D,(u) for the set of solutions of the system of
congruences

r
Zaihi = u; (mod w? 1) je R,

i=1

with h; € L(w?~%) and rk Jac ((xi)iegg/;hl, ... hy; W) = r. Then it follows from
the above argument that there exists some u such that card D,(n) < card D, (u).
Define

Vv —
{v=iex | vi €A, degv; < deg w?% and v; = u;(mod w114 (i € RN}
For v € V, denote by Ds(v) the set of solutions of the system of congruences
i oihl = v (modw?™1), ie R,
i=1
with h; € L(w?"=?) and rk Jac ((xi)iegg/;hl, ..., hy W) = r. Thus, we have

card D, (u) < <w>("_r)“ max card D5 (v).
ve

By Proposition 4.1, we have
card D3(v) < Cs <w"’b*“>'d*’,

where Cs = ((rd)!/(r!(rd — r)!)) [[;c- [i]. On combining the above estimates we
have

card Boh(m_ g, 7 W) < CS <W>(rofn)b+(/‘;7r)a+(¢b7u)(rdfr) — CS <W>(r¢d7/‘;)b+u(/{7rd)
a, > > ~ .
This completes the proof of the lemma. ]
Lemma 4.4 Leta,b € Nwitha <b<0~' — 1. We have
Ka,b(P) < M(r@dfI{)b+a(h‘7rd)]\//1(¢b7a)dr( ]5+r(P _ bM)) 17r/5 (Ib7¢5b (P)) r/s.

Proof For ¢ € L(w?),n € L(w?) and 0,7 € ,, we see from (2.1) that K7, (P;&,m)
counts the number of solutions of the system

(42) ZU’(YJI - Z:) = ZZTm(uJ;.m - ‘%,m) ? ] € R’
i=1 I=1 m=1

with

yl-,ziGIg, yi = & (modw™™),  z; =, (modw™™!) (1<i<r)
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for some (&,,...,&,), (71,---,7,) € Ea(& w), and with

d — b+1
ul,m7vl,m S IP) ulA,m - nl,m (mOdW )a

Vi = vi(modw™h), 1 <I<u, 1<m<r,
for some (1;y,...,m;,), (V11,55 V1) € Ep(n;w). On combining Lemma 3.1 with
Conditionx, we see that (4.2) is equivalent to the system

r u

S oi(yi—ny =@ —nY) =Y u(Wm =) = (vim —n)), jER

i=1 I=1 m=1

Then by the definition of R’, it follows that

r u

S oi(yi—m' =@ =) =) (e =)= v —n)), ieR’

i=1 =1 m=1

Given a solution (yi, Zi, U, Vim), 1 <i <1, 1 <1 <u, 1< m<r, counted by
KZ;}T(P; &,m), we haveu,, = vy, = 1 (mod w?). Thus, the above system implies that

(4.3) Y oilyi =) =) oi(z — ) (modwil?), i€ R

i=1 i=1
Let B(m) = B;‘)b(m; &, m; w) be defined as in Lemma 4.3. Write
r
67 (as&mpm) = > [ iw(0ias()).
€1y, )EB(m) =1

Notice that for each m = (m;)icr/ € A, the integral
/ |67, (s €, 7 m)*F} (s )| da
T™®

denotes the number of solutions (y;, z;j, U m, Vi), 1 <i<r1<I<uy,1<m<r,
counted by K77 (P; €, ) in which (yi, ..., y,) (modw?®) and (zi, .. ., z,) (mod w*)
lie in B(m). Thus, by (4.3), we have

Ka@®ems )| [6F(g mm)’F(asm™|da.

deg m;<deg whilb

ieR’

By Lemma 4.3 and Cauchy’s inequality, we have

|62y(es&mm)|* < cardBam) 0 T [fan(as ¢

(C1renC,) € B (m) =

o~ _ r 2
< M(r@d K)b+(k—rd)a Z H ‘fob(OG Cl)‘ )
(€1, EB(m) =
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It follows that
Ky (Ps&,m)

< M(mdfn)lﬁ(/{frd)a /
> >,

deg m;j<deg whilt (¢y-...¢,) € B (m)
ieR’

(1T fastos)I) | B7tas | “do
i=1
GEeLw™)

;=€ (mod w*
1<i<r

« FIrod—Rb+(i—rda Z /R ( 11[ (s G| 2) %5 (0 n)\zuda.
T i=1
)

By Holder’s inequality, we see that

> Hliweol=( X fa@ol)

=1

GELW™) CeLwW™)
;=€ (mod w") ¢(=¢ (modw)
1<i<r

< <W>d(éb7u)(r71) Z |f(bb(043 <)|2r.

CGL(WG)b)
¢=¢ (mod w")

Thus, we have
(44) K7y (P&, <
M(r(pd—n)b+(r€—rd)a]\’/]rd(</>h—a) max / ‘ fgﬁh(a; C)Zrig_z(a; 77)214’ dov.
(eL(me) TR

On recalling that s = ru, it follows from Hélder’s inequality that
/T [fonlos (o)™ d < UL U,
where
U, = /T | itasm)] "2go and U, = /r IS5 Ton(es O | da.

On considering the underlying Diophantine system, we can deduce from Lemma 3.2
that

U, < / |folas )| ™ da < Jour (P — BM),
TR

On noticing that U, = IZ"@‘h(P; 1, &), we have

/ (05 O F (s )| da < (oo (P — 0M)) ™ (L n(P)) ™.
T

On combing the above estimate with (4.4), the lemma follows. [ |
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Fora,b € Nwitha < b, we define the normalised magnitude of K, ;,(P) as follows:
(Kot (P)]) = Kap(P)(P/M")~24(P/ M),
Lemma 4.5 Leta,b € Nwitha <b<60~' — 1. We have
[Kap(P)]) < PP (M),

Proof For ¢ € L(w"), n € L(w?) and 0,7 € %,, on considering the underlying
Diophantine system, we see from Holder’s inequality that

KZ},T(P§§777) S/ |fa(a;§)2ffb(a;n)25|da
T®

2(s+7) r/(s+r) 2(s+7) s/(s+r)
g(/ﬂ!fa(a;m Ve (/Wlfb(a;n)I Vo)

Sincea<b< 97! —1, by Lemma 3.2, we have

r/(s+r) ( s/(s+r)

Kap(P) < (Jesr(P — aM)) Jorr(P — bM))
Thus, it follows from (2.6) that
[Kap(P)]] = Kap(P)(P/M?)~>4(P/M*) 2

<« BO((B/ M) (B/AIPy/ ) 2T e

(ﬁ/ﬁb)fzsd(ﬁ/ﬁa)nfzrd
< ﬁnﬁﬁré (beu)fcs/(ﬁr) )
This completes the proof of the lemma. ]

Lemma 4.6 Leta,b,H € Nwitha < b < (2¢0)~' and H = (¢ — 1)b. Then there
exists h € N with h < H such that

[Kop(P)]] <
(B/MY) "™ Ri~—H/69 4 B Rj—s=rehe/s( By nstr(1=1/9) [Kp.son(P)]]"".
Proof It follows from Lemma 4.4 that
[Kep(P)]] = Ko (P)(P/M") (/M) 2
< (Mb)st(Mu)Zrdfn]\’/\l(rodfn)lﬁ(Kfrd)uﬁ(d)bfu)drvll _r/SVZ’/S,

where ~ .
Vi = Jor (P — bM)pH_z(ﬁ—r)d and V, = Ib,qﬁb(P)Pn_z(H’r)d.

By (2.6), we see that

Vl < 1’3\6(ﬁfb)z(ﬁr)dfn(ﬁ/ﬁb)nm )
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Since H = (¢ — 1)b, we have
¢b+H=q¢b+(p—1b<20b—1<60"" — 1.
It follows from Lemma 3.5 that there exists h € N with & < H such that
V, < Mh(Zs(d—1)+r—I)KbyabbJrh(P)l/)\ﬁ—Z(sﬁ—r)d
KT H12(BR1E) ™ Bty 2 preatena,

Thus, we have
V2 < (Azid)h) ZSd(A//\Ifb) 2rd7ﬁV3,

where
_ IO
Vs = MMV (K, gy (P)]) + MH2 (/M) ™

On combining the above upper bounds for [[K,;(P)]], V; and V,, we have
[Kan (P < WP (By8at) g,
where
Q =b(2sd) +a(2rd — k) + (r¢d — K)b + (k — rd)a + (¢b — a)dr
+(=b)(2(s+1d — k) (1 —r/s) + ( — (¢b)(2sd) — b(2rd — k)) (r/s).
A straightforward computation shows that {2 = 0. Thus, we obtain
v/

[Kop(P)]] < PP (B/MY) ™ (MH1?)

+ ﬁéA’/\[(stJrrfl)hr/s(l’g\/ﬁb) Ueer(1=1/s)

(1K, so(P)]]""".
By (2.4), we have 6 < 6/(6s) and hence P < M™H/69) Thus, we have
[Ke(P)] < (B/M") "M~/
4+ PN Csmreiels (B gy IR, (P
This completes the proof of the lemma. ]

5 Proof of Theorem 1.1

We begin by establishing the following iterative process.

Lemma 5.1 Leta,b € Nwitha < b < (2¢0)~. Suppose that there exist 1) > 0,
v >0, and c > 0 with ¢ < (2s/r)N such that

Pl < POM T [Kay(P)].
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Then there exists h € N with h < (¢ — 1)b such that
Pt PN [[Kyr (P,
where
W' = (s/r) + (s/r — 1)b, "= (s/r)(c+1), v = (s/r)y+ (2s—r+1)h,
a'=b and b =o¢b+h.
Proof By Lemma 4.6, there exists h € Nwith h < (¢ — 1)b such that
[[Ka,b(P)]] < 1’3\7/5”]\//1—1/(35) + ﬁéM—(ZS—rH)hr/s ( 13\/]\’/‘117) Nepr(1—1/5) [[Kb@b-{.h(P)]] r/s'
Since § = N~1/2(r/s)N*2, by (2.4), we have c§ < 6/(6s) and hence P < M) We
also have & < 0/(6s) and hence P° < M'/(®), Then by the hypothesis on (1409,
we see that
1/57/5+,(1+7J)9) < ﬁ7]5+,—5 + P\(c+l)5ﬁ—7—(25—r+l)hr/s ( ﬁ/ﬁb) Nsrr(1—1/5) [[Kb_¢b+h (P)]] r/s.
Thus, we have
1/3\775+,(r/s+(1/)+(17r/s)b)0) < i)\(chl)éMf"/f(Zsle)hr/s [[Kb b (P)]] r/s
which implies that
P00 PUOMTY (K g (P

This completes the proof of the lemma. ]
We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1 We recall that to prove the theorem, it suffices to show that
ford > 2, ¢ > 2,and s > r¢, we have 1,,, = 0. By (2.3), we have 1, > 0 fors > r¢.

We first consider the cases that s = ru with u € Nand u > ¢. Suppose that 7, >
0. Define the sequences of non-negative integers (a,)Y_, and (b,))_, by setting ay =
0and by = 1. Then for 0 < n < N, we fix h,, € N (which will be chosen later) with
h, < (¢ — 1)b,, and define

Apyl = bn and bn+1 = (bbn + hn~

We now define the auxiliary sequences of non-negative real numbers (¢, I;j:()) (cn)ﬁjzo,
()N, by setting 10p = 0, cg = 1 and yp = 0. Then for 0 < n < N, we define

Ype1 = (/1)u+(s/r—Dby,  cur = (s/1)(cn+1),  Ypr1 = (s/1)ya+(2s—r+1)hy,.

The above sequences satisfy the following properties.
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Claim

(a) ¥, >n(p—1)¢""1,0<n<N.

() ¢, < (n+1)(s/r)"0<n<N.

(€ Y= Q2s—r+1)(by—¢"),0<n<N.

(d) For N sufficiently large (in terms of s and r), there exists a sequence (h,) such
that for 0 < n < N, we have

(5.1) b, < VN(s/r)"
and
(5.2) prer i) PO N (K, 4, (P)]).

Proof of the Claim (a) Notice that b, > ¢",0 < n < N. Since s > r¢, we have

¢n+1 Z wan + (¢ - l)bn 2 dywn + (¢ - 1)¢n.

By induction, the result follows.
(b) The upper bounds follow from a straightforward inductive argument.
(¢) Since b,+1 = ¢b, + h,, we see that

Yar1 — (/1) = (25 — 1+ 1)(bpy1 — @by).
On recalling that s/r > ¢, we have
Y1 = (25 = 1+ Dby = (s/1)7n — ¢(2s — 1+ )by > ¢( 7 — 2s — 1+ 1by) .

Since by = 1 and 7 = 0, it follows by induction that
Vo > (25—r+1)bn+¢”(’yo—(25—r+ l)bo) = (25—r+1)(bn —(b”) , 0<n<N.

(d) We now apply an inductive argument on (5.1) and (5.2) simultaneously. Re-
call thatay = 0, by = 1, ¢y = 0, ¢¢ = 1, and 7y = 0. On combining (2.3) with
Lemma 3.6, we have

I/J\Usw < 1/_)\572(5+r)d+n' ]$+r(P) < 1’3\672(5+r)d+i{]\225dK0’1 (P) — ﬁd [[I<0’1 (P) ]] )

Thus, (5.2) is true for n = 0. We notice that (5.1) is also true for n = 0 as by = 1.
Suppose that (5.1) and (5.2) are true for n with 0 < n < N. By Claim (b), we have
¢y < (2s/r)". On recalling that § = N~'/2(r/s)N*2, we see from the hypothesis of
(5.1) that

Pbut < P(s/r) N < o7 < 1/2,

which implies that b, < (2¢8)~!. Thus, it follows from Lemma 5.1 and the hypoth-
esis of (5.2) that there exists h € N with h < (¢ — 1)b,, such that

(5.3) P00 PRI [[Kyr (P
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where

' = (/D) + (s/r = Dby, ¢ =(s/r)cu+1), ~ =(s/t)yu+(2s—r+1)h,
a'=b, and b’ =¢b,+h.

Notice that ¢’ = 41, ¢/ = cy41, and @’ = a,4;. By taking h, = h, we also have
~v' = ~,41 and b’ = b,,,. Thus, we see from (5.3) that (5.2) is true for n + 1. We
now consider (5.1) for n + 1, with h, = h chosen as above. Suppose that b1 >
V/N(s/r)™*. Since s/r > ¢, we see from Claim (c) that

Tn+1 = (5/7’)771 + (25 —r+1)(by1 — Pby)
> (s/r)((2s —r+ Dby — 2s — r+ 1)(s/1)") + 25 — r+ 1) (bups — (s/1)by)
> (25— r+ 1) (bp — (s/1)™)

> (2s —r+1)(1 — 1/VN)by,.

Since

bpi :¢bn+h Szﬁbbn* 1< 971 -1,
it follows from Lemma 4.5 that
(Ko b (PY]] < PO (M)
Thus, we see from (5.3) that

ﬁ7ls+r(1+7jm+19) < j)\775+r+(cn+l+l)6 (A//\Ibnﬂ ) n—(25—r+1)(1—1/\/ﬁ).

Since k < r¢ < sand ¢ > 2, we have

k—Qs—r+1D(1—1/VN)<s—(Q2s—r+1)+2s—r+1)/VN
=—s+r—1+Q2s—r+ 1)/\/IT]
Thus, when N is sufficiently large, we obtain
k—Q2s—r+1)(1—1/VN) < —1.
By Claim (b), we see from (2.4) that § is small enough such that (¢,+; + 1)0 < 6/2
and hence
j)\nmwm(? << p\*ebuﬂ/z .
Since 1,41 > 0,60 > 0and b,; > 0, the above inequality implies that 7, = 0, which

leads to a contradiction. Thus, we conclude that b,, < v/N(s/r)"*! and hence (5.1)
is also true for n + 1. This completes the proof of Claim (d). ]
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Since § = N~'/2(r/s)N*2 and r/s < 1/¢ < 1/2, by Claim (d), we see that by6 <
(r/s)* < 1 — 6 and hence by < 0~! — 1. Since by > ¢", it follows from Claim (c)
that vy > 0. By Claim (d) and Lemma 4.5, for N is sufficiently large, we have

Pt (HYn0) o P t(ent1)d ppbne o Pl trd.

By Claim (a), we have

Nser < 1/ (Yn0) <1/ (N(¢ — 1PN 10).

In particular, on taking s = r¢, we see that § = N~'/2¢=N=2 and hence
Mhgsr < 10N /(VN(¢ — DN ™!) < r¢p*/VN.

Since we can take N as large as possible (in terms of s and r), we have 7,44, = 0.
We now consider general s € N with s > r¢. By the trivial bound | f(a; P)| < P,
we have

Jor(P) < P71 [ | f(as P)PUOde = PP (P),
'}I“R

which implies that 75y, < 1,44, for s > r¢. Thus, 754, = 0 for s > r¢. This completes

the proof of the theorem. ]

6 Proof of Theorem 1.3

Let k € Nwith p t k, and let £ and R{ be defined as in Section 1. We write ¢ = card £
and p = card R|.

Lemma 6.1 Fork>2, a = (q)icx; € Kb, and P € N\ {0}, define

F(o; P) = Ze( Z aixi) .

x€Id ieR]

For Q € N\ {0} with Q < P, leta,g € A with g monic, gcd(a,g) = 1 and (g) < Q~.

o~

For a fixed1l € L, suppose that (goy — a) < Q% and that either (goq — a) > QP* or
(g) > Q. Then we have

|F(a;P)| < <g>eﬁd+e<éfl(1 n <g>(13/(§)*k)> 1/(2;1(k+1))'

Proof By Corollary 1.2 and [16, Lemma 9.1], the lemma follows by replacing M with
Qand takings = p(k+ 1) and A; = e. [ |

Forc = (c1,...,¢) € (A\ {0})°, we recall that N, 4(P) counts the number of
the solutions of the system

c1x11+~~+csx£:0, le L,
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with x; € I8, 1< j<s Fora=(a)es €K, and P € N\ {0}, define

fila) = fi(as P) = Ze( chalxl) , 1<j<s

xeld 1L

By (2.1), we see that
Ns,kﬁd,c(P) = H f](a)da
T j=1

We now apply the Hardy-Littlewood circle method to analyze the above integral. We
begin by dividing T* into major and minor arcs as follows: given a = (a));cc € A%,
¢ € A monic with ged(a;,g) = 1,1 € £, we define the Farey arc Mi(g, a) about a/g
by

Ni(g,a) = {a e

(gag — @) < PV?P % 1¢ L}

Write (¢) = max{(c;) | 1 < j < s}. The set of major arcs M is defined to be
the union of all Mi(g,a) with a = (a1)icx € A and ¢ € A monic, which satisfy
ged(an, g) = 1and 0 < (a;) < (g) < (c)P'/2,1 € £. Then we write m = T \ 9t for
the complementary set of minor arcs. We now estimate the contribution over minor
arcs.

Lemma 6.2 Letk > 2. Foreach jwith 1 < j <'s, we have

sup | fj(a)| < P=Y/GmlkeDyre,

aem

Proof Let « € mand Q = [P/(2¢)]. By [4, Lemma 3], for eachl € £, thelg exist
a € Aand g € A monic, which satisfy ged(a, 1) = 1,0 < (@) < (g1) < Q" and
(gicjan — ar) < Q. Using the same argument as in [16, Lemma 10.1], there exists
1 € £ such that (g) > Qor (gicjon —ar) > QP*. By Lemma 6.1, we have

|f](0z)| < I’D\dfl/(4m(k+1))+e.

This completes the proof of the lemma. ]

Let I,  4(P) denote the number of solutions of the system
ot =yl 4wyl 1eg,

with x,,,y, € I&, 1 < n < m. Forh = (hi)iex; € Hieﬂ%g Ijijp, write d,nx a(P; h) for
the number of solutions of the system

(xi+-+x,) —(Yi+ - +Yy,) =h, i€R,
with x,,,y, € I, 1 < n < m. By [16, Lemma A.2], we have £ C R} and hence

Inka(P) = Z Imka(Ph),
h
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where the summation is over h = (h)iex; € Hiej% Ijip with hj = 0 wheni € L.
LetK = ZiefRO’ [i]. It follows from Corollary 1.2 that for m > pk + p, we have

(6.1) Lnga(P) < PX7Kg,, 1 a(P) < PX—tkpamd—Kte _ pamd—ikre

where the implicit constants depend on m, d, k and gq.
Lemma 6.3 Letk > 2ands > 2uk+2u+ 1. We have
13[ ’ fi) ’ dov < P—tk=1/Buplks1))
m j=1

Proof Write my = puk + pand sy = 1 + 2my. By Holder’s inequality, we have
II |fj(a)|da < sup |f1(a)| / 11 }fj(a)‘da
=1 a€m T j=2

m j=

2my)

So 2my l/(
< sup | fite)| 1 ( / [ fi(@)] " da)
aEm j=2 > J1
On considering the underlying Diophantine equations, by (6.1), we have
/ | fi(a)| 0 oy = Dy ka(P) < PMod=thve 5 < i< g
']l"/,
Thus, we see from Lemma 6.2 that

15—0[ ‘f](Oé)‘ do < l’)\d—1/(4/,/1,(k+1))+el/_)\2mnd—nk+€ < l/j\SQd—Lk—l/(Sl,/L(k'i-l)).
m j=1

Then by using the trivial bound that | fj(oz)| < Plsy+1< j <'s, it follows that
H |f1(01)|d01 < ﬁ(sfsn)d H ’f](Oé)’dOé < P\Sdfl,kfl/(sl,lu(k#—l)).
m j=1 m j=1
This completes the proof of the lemma. ]

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3 When s > 2uk+ 2+ 1, it follows from Lemma 6.3 that there
exists 7 = 1(d; k; q) > 0 such that

I1 fi(@)da = O( PH=k=n)
m j=1
When s > 2(¢+1)k+1, by [16, Theorem 6.1], subject to a local solubility hypothesis,

we have

H f](a)da = Csl/D\Sd*Lk + O(}’)\sdfbkfn) ,
m j=1
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where C3 = Cs(s, d; k; ¢; ¢) > 0. Recall that

Nikdc(P) = f[ fila)do = ﬁ fj(a)da+/ f[ fil)da.
m j=1

™ j=1 0 j=1

Since ¢4 > ¢ + 1, on combining the above estimates, the theorem follows. |
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