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Abstract

The associativity of the regular semidirect product of existence varieties introduced by Jones and Trotter
was proved under certain conditions by Reilly and Zhang. Here we establish associativity in many new
cases. Moreover, we prove that the regular semidirect product is right distributive with respect to the join
operation. In particular, both associativity and right distributivity yield within the varieties of completely
simple semigroups. Analogous results are obtained for e-pseudovarieties of finite regular semigroups.
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Introduction

The wreath product and, more generally, the semidirect product constructions originate
in group theory, but they have also been playing a central role in the theory of finite
semigroups for along time. Since a semidirect product or the wreath product of regular
semigroups need not be regular, these constructions have been modified in the context
of regular semigroups in several ways, see [3, 6, 9]. In the present paper, we deal with
the product introduced in [9] by Jones and Trotter. They noticed that Reg(A * B),
the set of all regular elements in a usual semidirect product A * B, is a (regular)
subsemigroup in A x B provided A and B are regular semigroups and one of them is
completely simple. They introduced a partial operation—called the regular semidirect
product—on the set of all e-varieties of regular semigroups as follows: if % and ¥
are e-varieties such that % or ¥ C ¥.%, the (e-)variety of all completely simple
semigroups, then % %, ¥ is defined to be the e-variety generated by all semigroups
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Reg(A * B) with A € % and B € ¥. Furthermore, they established a number
of important properties of this product, and provided interesting decompositions of
certain e-varieties, for example of L.# and &.7, the e-varieties of all locally inverse
and of all E-solid semigroups.

The regular semidirect product of e-varieties is a generalization of the usual product
of group varieties and is analogous to the semidirect product of pseudovarieties of finite
semigroups. These classical products are well known to be associative (see [4, 13, 14]).
The equality (% *, V) *, ¥ = U *, (¥ *, #) has been proved recently by Reilly
and Zhang [15] in cases, where at least two of the e-varieties %, ¥, # are group
varieties and some additional conditions are fulfilled.

The aim of this paper is to prove associativity under more general conditions. We
establish the equality (% *, ¥)x, # = U *, (¥ %, ¥ ) ifeither )  C €S, ¥ or
W CESL adV*x ¥ CLForESL,or(i) ¥V, ¥ CE€S.

Analogously, the semidirect product of e-pseudovarieties—the finitary analogues of
e-varieties—can also be defined. Note that an interesting relationship is presented by
Auinger and Trotter [1] between the usual semidirect product of certain pseudovarieties
and the regular semidirect product of related e-pseudovarieties.

It turns out that our arguments carry over to e-pseudovarieties. What is more,
in this context, ‘overall’ associativity is obtained in the sense that the equality
(U V)%, W = U, (¥ *.H#) is verified for any e-pseudovarieties %, ¥, ¥/,
where both sides are defined, that is, for any e-pseudovarieties %, ¥, # such that at
least two of them are e-pseudovarieties of completely simple semigroups.

In Section 1 we summarize the notions and results needed in the paper. The aim
of Section 2 is to prove that if %, ¥ are e-varieties such that % or ¥ C ¥.% and
Z generates % ,then {X wir B : X € &', B € ¥} generates % %, ¥, where X wrr B
stands for the subsemigroup of all regular elements of the usual wreath product of
X by B. As a corollary, we obtain that {(Awrr BYwrrC: Ae%,Be¥,Ce¥}
generates (% *, ¥) x, # provided at least two of the e-varieties %, ¥, # are con-
tained in €. Another corollary is the right distributivity of the regular semidi-
rect product with respect to the join operation. Section 3 is devoted to proving
that {Awrr (Bwir C) : A € %, B € ¥, C € #') generates % x, (¥ *, #') provided
U,V , ¥ are e-varieties such that at least two of them are contained in ¥.% and
Yx# C LS or £%. In Section 4 we establish the equality (% *, ¥) x, # =
U *, (¥ x, %) in case (i) above and in cases, where either ¥ C ¥ U % and
WCES oV CES and ¥ C¥4. (Here ¥ and £ Z stand for the varieties of all
groups and of all left zero semigroups, respectively.) In Section 5 first we investigate
the regular semidirect products, where one of the factors is a variety of rectangular
bands. We show among others that, for every e-variety ¥ with ¥ € Z%, we have
YV, RB =V * XZ, where % and £ denote the varieties of all right zero
semigroups and of all rectangular bands, respectively. Moreover, we verify that the
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regular semidirect product of completely simple varieties is ‘almost always’ equal to a
regular semidirect product, where one of the factors is a group variety. These two re-
sults allow us to obtain from the main result in Section 4 the general associativity result
mentioned above. In the last section we summarize our results on e-pseudovarieties.

Associativity of another product of e-varieties based on a generalization of the
A-semidirect product to regular semigroups, where the second factor is locally %#-
unipotent is investigated in [2].

1. Preliminaries

For the standard notions and notation in semigroup theory the reader is referred
to [7]. A class of regular semigroups is termed an existence variety, or briefly an
e-variety ([5], see also [11]) if it is closed under forming direct products, regular
subsemigroups and homomorphic images. Note that a class of completely regular
semigroups or that of inverse semigroups constitutes an e-variety if and only if it
is a variety of unary semigroups in the usual sense when, for a completely regular
semigroup, the unary operation maps each element to its inverse within the maximal
subgroup containing it, and, for an inverse semigroup, the unary operation maps each
element to its unique inverse. For example, the classes of all groups, all completely
simple semigroups, all completely regular semigroups, all inverse semigroups, all
orthodox semigroups, all locally inverse semigroups, all E-solid semigroups and
all regular semigroups form e-varieties. We introduce notation for the following e-
varieties:

T —trivial semigroups,
£ % —left zero semigroups,
X Z —right zero semigroups,
X PB—rectangular bands,
& —groups,
LY —left groups,
XY —right groups,
¥ . —completely simple semigroups,
€7 (¥V)—completely simple semigroups whose subgroups belong to a group
variety ¥/,
€ #—completely regular semigroups,
L.# —locally inverse semigroups (that is, regular semigroups whose regular
submonoids are inverse semigroups),
L ¥ —regular semigroups whose regular submonoids belong to an e-variety ¥/,
& —E-solid semigroups (that is, regular semigroups whose subsemigroup
generated by the idempotents is completely regular),
X/ —regular semigroups.
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Let & be a class of regular semigroups. The e-variety generated by ¥ is denoted
by {¥).. Denote by P¥, S,% and H¥ the classes consisting of all direct products of
members of €, of all regular subsemigroups of members of € and of all homomorphic
images of members of &, respectively. It is easy to see that PS, ¢ C S,P¥ and
PHY CHPY. If ¢ C L. or € C &, then it was proved by Yeh [16] that also
S, H¥% C HS, ¥, and, as it is usual with varieties of algebras, we have (¥}, = HS,P¥.
However, the inclusion S,H¥ C HS,% does not hold for any class € of regular
semigroups, and the class (HS,)?% might be larger than HS, ¥, see an example by
Kadourek [10]. Using the terminology that a regular semigroup T regularly divides a
regular semigroup S if T is a homomorphic image of a regular subsemigroup of S, the .
latter fact can be expressed also in the way that regular divisibility is not a transitive
relation. Put

D*¥ = (S € #£.¥ . there exist S, Sy, ... , S; € £ such that
So € €, Sy = S and S, regularly divides S; (i =0, 1, ...k - 1)}.

Clearly, we have D*% = |J2,(HS,)*¢ and HD®¥ = S,D*¥¢ = D*H¥ =
D>S,¥ = D>%.

The operator P allows us to form the direct product of any set of members in the
given class. The above inclusions containing P do not imply the inclusion PD*¥ C
D>*P¥. Hence we have to iterate the operators D™ and P transfinitely in order to
get (€), from €. More precisely, we obtain (¥), as the union E¥ of the following
transfinite sequence E; ¥ (i is an ordinal):

E ¥ =%
and

Ee D>*P(E.¥) if i = k + 1 for some ordinal k;

" Ui Ee®  ifi is a limit ordinal.

For, it is routine to verify that E¥ is closed under the operations P, S, and H, and
so it is an e-variety. Furthermore, an easy transfinite induction shows that, for every
ordinal i, E;¥ is contained in any e-variety containing ¥, and so the same is true
for E¥.

For simplicity, we consider every class of regular semigroups as an abstract class,
that is, we suppose that every class contains each isomorphic copy of its members.

If S and T are semigroups, then by writing T < S we mean that T is a subsemigroup
in §. If T is a regular subsemigroup in §, then we write that T <, S. The set of all
regular elements of a semigroup S is denoted by Reg(S).

As usual, we denote by S' the smallest monoid containing S. Then S’ is equal to
S if S has an identity element 15, and S = S U {15} with 15 ¢ S otherwise. If T < §
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and T has no identity, then we choose 17 to be equal to 15. So, for any semigroups
S, Twith T < S, wehave T! < S

If §, T are semigroups and ¢ : S — T is a surjective homomorphism, then ¢ can
be uniquely extended to a surjective monoid homomorphism S! — T!, which we
denote by ¢'. For, if S has an identity, then surjectivity of ¢ ensures that 15¢ is an
identity in T, that is, 15¢ = 17 and ¢ is a monoid homomorphism. So ¢! = ¢. If §
has no identity, then define 15¢! = 1.

If A, B are non-empty sets, then the set of all mappings of A into B is denoted by
BA. If B is a semigroup, then B* stands for the direct power of B to the exponent A,
and the product of the elements «, 8 in the semigroup B* is denoted by a8 or « - B.
In contrast, if « € BA and B € C? for some sets A, B, C, then their composition is
denoted by « o 8.

For any o € B4, the equivalence relation on A induced by « is denoted by kera.
Suppose now that « € B* is surjective. If 8 € C? is any mapping, then ¢ o 8 € C4
and ker (@ o B) D kera. Conversely, for every mapping & € C* with ker& D kera,
there exists a unique mapping n € CZ such that £ = a o 5. This 7 is denoted by &,.

Let A and B be semigroups. Denote by End A the endomorphism monoid of A.
By a (left) action of B on A we mean an antihomomorphisme¢ : B — End A, ¢ — ¢,.
For brevity, we denote ag, by @ (@ € A, t € B). If B is a monoid, then this action is
said to be left unitary if ¢,, is the identity automorphism, or, equivalently, if '%a = a
for every a € A. The semidirect product A * B of A by B with respect to this action
is defined on the set A x B by the multiplication

(a,t)(b,u) = (a-'b, tu) (a,be A, t,u € B).

A straightforward calculation shows that A * B is a semigroup.

The wreath product of a semigroup A by a semigroup B is the semidirect product
of the direct power A®' of A by B with respect to the following action: for every
o € A% and t € B, we define @ € A®?' by x () = (xt)a (x € B). Notice that this
action is left unitary provided B has an identity. The wreath product of A by B is
denoted by A wr B.

There is a natural embedding of any semidirect product A * B, where the action of
B on A is left unitary provided B has an identity, into A wr B:

v:AxB —> AwrB, (a, b)v = (a, b), whereo : B! > A, xa =% (x € BY).

A semidirect or the wreath product of regular semigroups need not be regular.
However, Jones and Trotter [9] introduced a regular version of the semidirect product,
and initiated the study of the product of e-varieties induced by this product. They
noticed that if A and B are regular semigroups, B acts on A and at least one of
A and B is completely simple, then Reg(A % B) forms a (regular) subsemigroup
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in A x B, and they defined the regular semidirect product A x, B of A by B to be
Reg(A * B). In particular, Reg(A wr B) is a regular subsemigroup in A wr B, which
we denote by A wrr B. Since a homomorphism maps regular elements to regular ones,
we have (Reg(A * B))v C Reg(A wr B) for the natural embedding v, and so A *, B
is embeddable into A wrr B as long as the action of B on A is left unitary provided B
has an identity.

Given two e-varieties %, ¥ such that  or ¥ C €., their regular semidirect
product is defined in [9] as follows:

Ux*x,V ={(A*,B:Ae€%,B e ¥ and B acts on A such that
the action is left unitary provided B has an identity),.

Since each A *, B in the generating set is embeddable into A wrr B, we obtain the
following result.

RESULT 1.1. If % and ¥V are e-varieties such that % or ¥ C €., then we have
Ux*x,V =(AwrrB:Ac¥%,Be%)..

We also need the following results from [9].

~.

RESULT 1.2. Let ¥, # be e-varieties such that ¥V or ¥ C €.%.
(i) Wehave ¥ x, # < L.# if and only if either

(LID) YCLS and W CE€Y
or
(LI2) VCCRB and ¥ C LS.

(ii) We have ¥ x, # < & if and only if either

(ESD) YC¥S and W CES
or
(ES2) YV CEYS and W CXY.

RESULT 1.3. Let A, B be regular semigroups such that A € €.% and B acts on A.
Then (A x B) - E(A *x B) C Reg(A * B).

RESULT 1.4. Let ¥ be any e-variety. Then we have
G YV RBCLY,

i) LZV*RZLifV CRZ, and
(i) €L =V * RZXifT £V C¥.
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RESULT 1.5. Forany e-varieties V', # withV , W C€.%, wehave ¥V x, ¥ C€.%.

Since every semidirect product of a left zero semigroup by another semigroup is
isomorphic to their direct product, we get the following result, see [15].

RESULT 1.6. For any e-variety ¥, we have L% x,V = LZX Vv V.

2. Generating sets of % *, ¥ via those of %

First we determine the regular elements of a semidirect product of regular semi-
groups. This lemma plays a crucial role throughout the paper. In the main result of
the section, we prove that if %/, ¥ are e-varieties such that % or ¥ < ¥.¥, and
X CUsuchthat % = {(Z )., then % *, ¥ =(XwaB:X e Z,Be?V),. As
a consequence, we obtain that {(AwrrB)wirC : A € %,B € ¥, C € ¥#'} gener-
ates the e-variety (% *, ¥') %, # provided at least two of the e-varieties %, ¥, #
are in €. Moreover, we establish that (\/iE ; %,) * VY =\, % *, V) for any
e-varieties %; (i € I) and ¥ if either %, C ¢ foreachic Ior ¥ C ¢€.%.

The regular elements in a semidirect product of regular semigroups can be described
in the following way.

LEMMA 2.1. Let A and B be regular semigroups and let B act on A. Then
Reg(A « B) ={(a,b) € Ax B : thé;e exists b € V(b) such that ®*a > & a in A).

Moreover, if (a,b) € A * B, x € V(a) and b' € V(b) such that **a > & a, then
(*x, b') € V((a, b)).

PROOF. Suppose first that (a, b)) € Reg(A x B). Then there exists (¢, b') €
V((a, b)), that is, there exist ' € A and b’ € B such that (a, b)(a’, ¥')(a, b) = (a, b)
and (@', b')(a, b)(a’, b') = (a’, b') hold. Thisimpliesthat ¥’ € V(b) and a-%’-**a = a.
Hence it is immediate that a € A - ®a, and so a < ¢ *a.

The reverse inclusion follows if we prove the last statement. Suppose that (a, b) €
AxB,x € V(a) and b € V(b) such that ®a > ¢ a. It is obvious that **x € V(*’a)
also holds, and so %’x - %’a is an idempotent .#-related to *’a. Therefore, %Ya > & a
implies a - %’x - a = a, whence (a, b)(*x, b')(a, b) = (a, b). Since % - Yq - ¥ =
bbby . bbg . bx) = btPx) = ¥k, we also have (%x, ¥')(a, b)(®x, b') = (*x, b'), proving
that (%, b') € V((a, b)). O

Now we intend to show that if a regular semigroup Q is obtained from another
one, say A [from other ones, say A; (i € I)] by forming a regular subsemigroup or a

homomorphic image [or the direct product], then Q wrr B is obtained from A wrr B
[from A; wrr B (i € I)] by making use of the same operator.
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LEMMA 2.2. Let A, A’, B be semigroups such that A’ < A. Then A’wrB <
A wrB.

PROOFE. This is obvious. O

LEMMA 2.3. Let A, A’, B be regular semigroups such that A’ <, A and A or
Be€e¥%. Then A’ wir B <, A wir B.

PROOE. By Lemma 2.2, we have A’ wrr B = Reg(A’wrB) < A'wrB < AwrB,
and so A’wrr B <, Reg(Awr B) = Awrr B. O

LEMMA 2.4. Let A, A, B be semigroups, and let ¢ : A — A be a surjective
homomorphism. Then the mapping ® : Awr B — A wr B defined by («, b)® =
(a 0 ¢, b) is a surjective homomorphism.

PROOCF. Straightforward. g

LEMMA 2.5. Let A, A, B be regular semigroups, where A or B € €. Let ¢ :
A — A be a surjective homomorphism. Then the mapping ®, : Awrr B — A wir B
defined by (a, b)®, = (a o @, b) is a surjective homomorphism.

PROOF. The mapping &, considered here is the restriction to regular elements of
the homomorphism & defined in Lemma 2.4. Therefore, all we have to show is
that if (o, b) € Reg(_A_ wr B), then there exists « € A?' such that @ = « o ¢ and
(ct, b) € Reg(A wr B).

Let (@, b) € Reg(A wr B). Then Lemma 2.1 shows that there exists b’ € V(b)
such that @ > & & in ZBI, that is, (xbb')@ > ¢ x@ in A for any x € B'. For every
@ € A, let us choose and fix an inverse @ of @ in A. Since A is regular and ¢ is a
surjective homomorphism, for each @ € A, there exist mutual inverse elements r;, 7,
in A such that r;¢p = a and r,¢ = a’. Let us fix such a pair for each a € A. Define
o € A?' in such a manner that

!
X = Txg * Typyg * Txbb)a

for every x € B'. Then (xbb')a = ryuy)z for each x € B!, and hence *’a > &
easily follows. Thus (a, b) € Reg(A wr B). Moreover, for every x € B!, we have

x(@od) = (xa)P = (reg * T(yppyg * Tetrya)P = X% - ((xbb)@)' - (xbb)a,

where ¢ = ((xbb)a) - (xbb')a is an idempotent ¥ -related to (xbb')a. Since
(xbV')a > & xa, we infer that x& - € = x@, proving that x(a 0 ¢) = x@ (x € B'),
that is, o o ¢ = @. The proof is complete. O
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LEMMA 2.6. Let A; (i € I) and B be semigroups. Define a mapping

P (HA") wrB — n(A,»er)

iel iel

as follows: for every (a, b) € (]'L.E,A,«) wr B, let (a, b)® be F € [],, (A; wr B),
where, for eachi € I, iF = (iF|,iF,) € A;wrB such that iF, = band x(iF)) =
i(xa) for any x € B'. Then ® is an embedding.

PROOF. Let (, b), (B, ¢) € ([1,c; Ai) wr B, and let (o, b)® = F, (8, 0)® = G.
In order to show that & is injective, suppose that F = G. Then b = iF, = iG, = ¢
and i(xa) = x(iF}) = x(iG,) = i(xB) are valid for every i € I and x € B'. Thus
we see that b = ¢ and @ = $ which was to be shown.

In order to verify that ® is a homomorphism, we have to prove that ((«, b)(8, ¢))P=
FG. By definition, we have

(ay b)(ﬁ’ C) = (a . bﬂi bC)
and, for every i € I, we obtain that

(i(FG), i(FG),) = i(FG) = iF - iG = (iF,, iB)(iGy, iGy)
(iF, PG, iF - iGy) .

il

However, since (o, b)® = F and (B, c)® = G, we have
iFb=b,x(iF) =i(xa) and iG,=c,x(iG)) =i(xB)

foreveryi € I andx € B'. Thus bc = i F, - iG, = i(F G), easily follows. Moreover,
forany i € I and x € B', we infer that

ix(@-B) = i(xa - (xb)B) = i(xa) - i((xb)B) = x(iFY) - (xb)(iG))
=x (iF;-%iG))) =x (iF, - ""(iG))) = x(i(FG)y).

Hence we see that ((a, )(8, ¢)) ¢ = F G, and the proof is complete. O

LEMMA 2.7. Let A; (i € I) and B be regular semigroups such that either A; €
€ for everyi € I or B € €. Define a mapping &, : (H,.GIA,-) wrrB —
]_[l.e, (A; wrr B) as follows: for every (o, b) € (l—[iG,A,-) wir B, let (o, b)®, be
F €[], (A;wrr B), where, for each i € I, iF = (iF, iF;) € A;wrr B such that
iF; =band x(iF\) = i(xa) for any x € B'. Then ®, is an embedding.
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PROOF. The mapping @, defined here is the restriction to regular elements of
the embedding ¢ given in the previous lemma. Since ® maps regular elements to
regular ones, and an element in the direct product [],., (A; wrr B) is regular if and
only if each of its components is regular, we see that (Reg (([T,., A:)) wrB))® <
[1.c; Reg (A; wr B). Thus the assertion follows by Lemma 2.6. a

We can summarize the results obtained so far as follows.

PROPOSITION 2.1. Let & C #.% and let B € #.% such that either & C €.
or B € €. Let Q be one of the operators H,S,,P,D* and E = { ).. Then,
for any Q € QZ, we have QwrrB € S,Q{XwrrB : X € Z}ifQ =P and
QwirB € Q{X wrr B : X € &'} otherwise.

PROOF. To get the statement for the operators H, S, and P, we apply Lemma 2.3,
Lemma 2.5 and Lemma 2.7, respectively. By applying the statements obtained for H
and S,, an induction on n shows that, for every natural number n, we have @ wrr B €
(HS,)"{X wrr B : X € 4 }provided Q € (HS,)"Z . Hence we infer the statement for
D*. Finally, the statements for D* and P allow us to prove by transfinite induction that,
for every ordinal i, we have Qwrr B e E{X wrr B : X € 2"} provided Q € E; Z".
Thus we deduce the statement for E = { },. « O

Now we are ready to prove the main result of the section.

THEOREM 2.1. Let % , V¥ be e-varieties suchthat % or¥V C €., andlet Z < U
suchthat U ={Z).. Then¥ x, ¥V = (XwnnB:X e Z,B e V).

PROOF. By Result 1.1, we have % %, ¥ = (AwrrB : A € %,B € ¥).. Hence
the inclusion % *, ¥ D (XwrrB : X € &, B € ¥), is obvious, and, in order to
prove the reverse inclusion, it suffices to show that, forany A € % and B € ¥, we
have AwrrB € (XwrrB : X € &, B € ¥).. However, this follows immediately
from Proposition 2.1. g

This theorem has two important corollaries. The first one is applied in Section 4
when proving associativity of the regular semidirect product under certain conditions.

COROLLARY 2.1. Let % ,Y , W be e-varieties such that at least two of them are
contained in €. Then (% *, V) *, ¥ is defined, and it is generated by

Y ={(AwrrB)wirC:Ae%,Be¥,Ce¥}

PROOF. The first assertion is obvious by Result 1.5 and by definition. The second
one follows from Theorem 2.1, since % %, ¥ = (AwrrB : A € Z,B € ¥), by
Result 1.1. O
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The second corollary is the right distributivity of the regular semidirect product
with respect to the join operation.

COROLLARY 2.2. Let %; (i € I) and ¥ be e-varieties such that either U; < €.
foreachi €l orV C €. Then we have (\/ 7/,) * VY =\, H* V).

iel

PROOF. Notice that \/ = (U.e; %).» and apply Theorem 2.1 to see that

1€I

(\/%)*,V:(prrB:XeU%,BeV) c(U@x») =\ @,

iel iel iel iel

The reverse inclusion is obvious. 0

3. Generating sets of % x, ¥ via those of ¥

The topic of this section is similar to the topic of Section 2. It is natural to
try to follow the line developed in the previous section. However, the analogue of
Lemma 2.6 (or, equivalently, that of Lemma 2.7) does not hold even for groups (see
{14, pp. 39-40]). Thus the analogues of Theorem 2.1 and Corollary 2.1 are proved
only under certain restrictions.

For our later convenience, first we introduce a generalization of the wreath product
and regular wreath product constructions.

Let A, B and B be semlgroups such that B < B. Then S = {(a,b) € AwrB :
b € B} is a subsemigroup in A wr B, and it is a semidirect product of the direct power
A8 of A by B. The action is, however, not necessarily left unitary if B has an identity.
We denote this S by A wr B[B). In particular, if A and B are regular semigroups and
A or B € ¥.%, then Reg(A wr B[l?]) is a regular subsemigroup in A wr B[1§], and
we denote it by A wrr B[l}].

Now we verify the analogues of Lemma 2.2 through Lemma 2.5.

LEMMA 3.1. Let A, B, B’ be semigroups such that B < B. Then Awr B'[B] is
a subsemigroup in A wr B, and the mapping ® : A wr B'[|B] — A wr B’ defined by
(a, b)® = (al(py, b) is a surjective homomorphism.

PROOF. Obvious.’ g
LEMMA 3.2. Let A, B, B’ be regular semigroups such that A or B € €. and
B’ < B. Then A wrr B'[B] is a regular subsemigroup in A wrr B, and the mapping

D, : Awrr B'[B] — Awrr B’ defined by («, b)Y, = (¢|s). b) is a surjective
homomorphism.
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PROOF. The first assertion is clear. The mapping &, is a restriction to regular
elements of the homomorphism & defined in the previous lemma. Therefore, all we
have to show is that if (8, b) € Reg(A wr B’), then there exists @ € A®' such that
olgy = B and (a, b) € Reg(A wr B'[B]).

Since (B, b) € Reg(A wr B’), Lemma 2.1 ensures that there exists ¥ € V(b) such
that 8 > & Bin A®', that is, (ybb')B > o yB in A for every y € (B')!. Let us
choose and fix an element r in A, and define @ € A?' in the following manner: for
every x € B, put

xB if x € (B)!;
xa = { (xbb)B ifx ¢ (B) andxbb’ € B';
r if xbb' ¢ B’.

Obviously, we have @)y = B. By the property of § mentioned above, we have
(xbb)a > & xa for every x € (B’)'. Furthermore, if x ¢ (B’)!, then the equality
(xbb)a = xo follows immediately from the definition. Thus *a > & « in A®', and
so (a, b) € Reg(A wr B'[ B]). The proof is complete. O

REMARK 3.1. Notice that this proof does not utilize the fact that B is regular. It
suffices to assume that B’ is regular and A oL B’ € ¥.%. Thus the following more
general statement also holds. Let A, B, B be semigroups such that A, B are regular,
Aor B € ¢ and B < B. Then the mapping Y : A wrr B[é] — A wir B defined
by (a, b)Y = (a}s:, b) is a surjective homomorphism.

LEMMA 3.3. Let A, B, B be semigroups and ¢ : B — B a surjective homomor-
phism. Then

P = {(a,b) € AwrB : ker¢' C kera}

is a subsemigroup in A wr B, and the mapping ® : P — A wr B defined by (o, b)® =
(g, bp)—for the definition of oy see Section 1—is a surjective homomorphism.

PROOF. Leta, B € A®' with ker ¢! C kera, ker 8, and let b € B'. Then, for every
x,y € B! withx¢! = y¢', we have (xb)¢' = (yb)¢' since ¢' is a homomorphism,
and so (xb, yb) € ker¢!. This implies (xb, yb) € ker B whence x(}8) = (xb)B =
(yb)B = y(38) follows. Thus we have shown that ker ¢! C ker“8. Furthermore, we
alsohave x (¢ -%8) = xa - (xb)B = ya - (yb)B = y(«-?8), whence ker ¢' < ker (a-%8)
can be deduced. Therefore, (a, b), (B, ¢) € P implies (a, b)(B, ¢) = (-8, bc) € P,
and so P is, indeed, a subsemigroup in A wr B.

If (8, b) € A wr B, then (¢' o B, b) € P forevery b € B with b = b, and, clearly,
(¢' o B, b)® = (B, b). Thus @ is surjective. Now let (a, b), (8, ¢) € P. Then

(&, BY(B, NP = (@ - B, bA)P = ((@ - B)y1, (bC)P)
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and

(@ DYP(B, )P = (a4, bP) (B, cp) = (@1 - **Byr, b - c@).

In order to verify that these elements are equal, it suffices to check the equality of the
first components. Consider any x € B!, then

(x@") (g1 - By) = (xP g - (x@")(*By1) = x (@' 0 agr) - (xp' - b) By
=x(¢' oay) - (xb)PHBs = x(p' 0 ag) - (xb) (' 0 By)
=xa- (xb)B =x(a - B).

Since (« - %8)4: is the unique mapping such that o - 8 = ¢! o (a - 88)4:, we infer that
(@ - %B)y = @y - By, This shows that ® is a homomorphism. O

LEMMA 3.4. Let A, B, B be regular semigroups such that A or B € €., and let
¢ : B — B be a surjective homomorphism. Then

P, = {(a,b) € Awrr B : ker¢' C kera}

is a regular subsemigroup in A wrr B, and the mapping ®, : P, — A wrr B defined
by (a, b)®, = (ay, bep) is a surjective homomorphism.

PROOE. Clearly, P, = P N (A wrr B), where P is the subsemigroup in A wr B
introduced in the previous lemma. Therefore, P, is a subsemigroup in A wrr B. We
intend to prove that P, isregular. Let (a, b) € P,, thenitis aregularelementin A wr B,
and so, by Lemma 2.1, there exists & € V(b) suchthat??a > & arin A?'. Letus choose
and fix an inverse @’ of a for each a € A. Define £ € AB' in the way that x§ = (xa)’
for every x € B'. Then, clearly, we have £ € V(a), and Lemma 2.1 ensures that
(%€, V') € V((a, b)). However, ker¢! C kera, which implies by the definition of &
that also ker ¢' C ker£ and ker¢' C ker®§. Thus (%%, b') € P,, showing that («, b)
is regular also in P,. Consequently, we have P, = Reg(P) <, A wrir B.

The mapping defined in the lemma is the restriction to P, of the homomorphism
given in the previous lemma. Therefore, in order to prove the second statement, it
suffices to show that if (8, I;) € Reg(A wr B), then there exists (a, b) € P, such that
(a, b)® = (B, b). Since (8, b) € Reg(A wr B), by Lemma 2.1, there exists &’ € V(b)
such that 8 > o, B in A_El, thatis, (ybb')B > ¢ yBin A forevery y € B'. Since Bis
regular, there exists a pair b, b’ of mutual inverse elements in B such that b = b and
b = Y. Define a = ¢' o B. Then (a, b) € P and (o, b)® = (B, 5) immediately
follow. Moreover, for every x € B!, we have

(xbb)a = (xbb)(p' 0 B) = ((xbb)¢")B
= (x¢' bV > ¢ (x¢")B =x(9' 0 B) = xa,
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and so *a > o a in A®'. This implies, by Lemma 2.1, that (@, b) € A wrr B. Thus
(«, b) € P, which completes the proof. g

By making use of Lemma 3.2 and Lemma 3.4 instead of Lemma 2.3 and Lemma 2.5,
respectively, an argument similar to that in the proof of Proposition 2.1 verifies the
following analogue of Proposition 2.1.

PROPOSITION 3.1. Let A € £ and let ' C #.5 such that either A € €. or
Z C 6. Then, forany Q € S,Z UHZ, we have Awrr Q € HS, {Awrr X :
X € X'}, and forany Q e D*Z, we have Awrr Q e D*{AwrrX : X € Z').

This proposition implies the following analogue of Theorem 2.1.

THEOREM 3.1. Let %, ¥ be e-varieties suchthat % orV C €., andlet Z C ¥V
suchthatV =D°Z . Then¥ x, ¥V = (AwrtX :A e U, X € Z)..

The condition that ¥ = D®Z" seems to be rather strong in general. However, if
Z CLFor S, then DX =HS, Z, and so ¥ = D®Z is satisfied if and only
ifY =(Z).and PZ C HS, Z . Thus we obtain the following corollary.

COROLLARY 3.1. Let %,V be e-varieties~such that either ¥ C ¥.% or both
Y C€SF and ¥V C LF or 8. Let & C ¥V such that ¥V = (Z'). and
P2 CHS,Z.Then %,V ={(AwrrX :A e, X € Z&)..

Let us notice that the extra condition on the generating set involved in this corollary
is satisfied by the generating set 2~ of % *, ¥ presented in Result 1.1. We prove
somewhat more. Denote the generating set given in the definition of % *, ¥ by
Z*. We have seen that 2 € 2 C S, % . First we show that PZ™* € 2. If
A, € %, B; € ¥ and B, acts on A, for every i € I, then [],, B; acts on [],, A;
componentwise. Note that [ ,., B; has an identity if and only if each B; (i € I) has
an identity, and if this is the case, then the action of [],, B; on [],, A; is left unitary
if and only if the action of B; on A; is left unitary for all i € I. Thus PZ™* C Z™*
follows. This implies P2 CPZ*C Z2*C S, Z.

Now, by applying Corollary 3.1 instead of Theorem 2.1, the argument in the proof of
Corollary 2.1 shows that Z *, (¥ *, #) = (Awrt (BwrrC) : A e %4, Be ¥,C¢
W), provided at least twoof %, ¥, ¥ are in ¥ and ¥ x, # C L# or &%. Thus
we deduce the following corollary.

COROLLARY 3.2. Let %, ¥ , W be e-varieties such that at least two of them are
contained in €. Then U *, (¥ x, #') is defined, and

Z={Awoa(BwrrC):Ae¥,Be¥, Cec¥)
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isasubclassin U *, (¥ x, #). If, moreover, ¥ ¥, ¥ C L.Z or & (see Result 1.2),
then U , (¥ %, #) is generated by Z&.

4. Associativity of the regular semidirect product

The aim of this section is to prove by applying the tools developed in the former
sections that (% *, ¥) , # = U *, (¥ *, #') holds for the e-varieties Z, ¥, # if
gither % CE€S and ¥ %, # C LS or &5, orone of ¥, ¥ is contained in ¢4 and
the otherone in €., or ¥ = X% and # C ¥.%. First we determine under what
conditions a regular wreath product has an identity element. Then we introduce a con-
struction originating in the wreath product of transformation semigroups (see [4, 13]),
and obtain a new generating set 2* for the e-varieties considered in Corollary 3.2. Fi-
nally, we compare ¢ and 2, thus providing the sufficient conditions for associativity
mentioned above,

First we show that a wreath product A wr B [a regular wreath product A wrr B] has
an identity if and only if both A and B have identities.

LEMMA 4.1. Let A and B be any semigroups. Then A wr B has an identity if and
only if both A and B have identities. If this is the case, then the identity of A wr B is
(€a, 1), where €, € A8 is such that xe, = 1, for every x € B.

PROOF. Suppose that (o, b) € A wrB is an identity. Since the second projection of
A wr B to B is a surjective homomorphism, we infer that b = 15 € B. Moreover, for
every § € A% we have (o, 15)(&, 15) = (&, 15)(«, 15) = (&, 1), whence it follows
that « = 145 € A®. Since the direct power A® of A has an identity if and only if
A has an identity, and in this case, 1,z = €4, we obtain that « = €¢4. Conversely, it
is straightforward to check that if 1, € A and 15 € B, then (¢4, 1) is an identity
in AwrB. O

Now we investigate the identity element in the regular wreath product.

LEMMA 4.2. Let A and B be regular semigroups such that A or B € €. Then
A wit B has an identity if and only if both A and B have identities. If this is the case,
then the identity of A wrr B is (€4, 1), where €4, € A® is such that xe, = 1, for
everyx € B.

PROOF. The argument in the previous lemma applies if we notice that the second
projection of A wrr B to B is surjective, and (§, 1) € A wrr B for every £ € A®
provided 15 € B. The latter property is clear. By Lemma 2.1, we have (°§, y) €
A wrr B for every £ € A% and y € B. Hence the second projection of A wrr B to B
is, indeed, surjective. u
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REMARK 4.1. It is easy to see that the above proofs apply not only for the wreath
products A wr B and A wrr B but also for any semidirect products A * B and A *, B,
respectively, where the action of B on A has the following two properties: (i) the
action is left unitary provided B has an identity, and (ii) B acts on A by monoid
endomorphisms (that is, ®1, = 1, for every b € B) if A has an identity.

Lemma 4.1 and Lemma 4.2 allow us to identify 1, .5 and 144, p With (€4, 135).
More precisely, if 1, € A and 15 € B, then we proved l4y,p = lawrs = (€4, 15).
In the opposite case, lawp ¢ AWrB and 1,5 ¢ A wrr B. Then we can adjoin
identities to A and B, and we can choose both 1,5 and 1,4, to be (€4, 15), where
€4 € (A)® such that xe, = 1, for every x € B'. This is convenient for us because
in this way (A wr B)! and (A wrr B)! are subsemigroups in A' wr B!.

The following construction which comes from the notion of the wreath product of
transformation semigroups plays a crucial role in this section.

Let A, B, C be semigroups. The wreath product B wr C acts naturally on the direct
power AB' %" of A as follows. For every (8,c¢) € BwrC and @ € A%~ define
%)% 1o be the mapping B! x C' — A given by (x, y) (¥“a) = (x - yB, yo)a. It is
straightforward to see that this is, indeed, an action. This action defines a semidirect
product of A®"*¢' by B wr C which we denote by A2'*<' « (B wr C).

Suppose now that A, B, C are regular and ‘at least two of them are in ¥.. Then
B wrr C is defined, and the restriction of the action of B wr C on A2' %€ to Bwrr C
determines a semidirect product of A?'*¢' by B wrr C which we also denote by
AB'*C (B wrr C). Clearly, A2 <€ «(B wrr C) is a subsemigroup in A8' '« (B wr C).
Futhermore, Reg(A%' <€ » (B wir C)) forms a (regular) subsemigroup in A2 €' »
(B wrt C) which we denote by A2' €' «, (B wrr C).

Note that the action of B wr C [B wrr C]on A2 <€ isleftunitary if B wr C[B wrr C)
has an identity. For, if B wr C [B wrr C] has an identity, then, by Lemma 4.1 [4.2],
we have 13 € B, 1¢ € C, and the identity of B wr C [B wrr C] is (€g, 1¢). Thus,
for every o € A%< and (x,y) € B' x C' = B x C, we have (x, y) (“'9) =
(x - yeg,y-lo)a=(x-1p,y - 1c)a = (x, y)a.

Now we are ready to present a new generating set for the e-varieties % *, (¥ *, #')
mentioned in Corollary 3.2.

PROPOSITION 4.1. Let %,V , W be e-varieties such that at least two of them are
contained in €. Then U *, (¥V x, W) is defined, and

= {AP*C », (BWwrrC):Ac ¥ ,Be¥,Cec¥W)

is a subclass in % *, (¥ %, #). If, moreover, ¥ x, # C L.¥ or & (see Result 1.2),
then U *, (¥ *, #) is generated by Z*.
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PROOF. The first statement is clear by definition. Therefore, by Corollary 3.2, it
suffices to verify that A wrr (Bwir C) € HS, 2 forevery A e Z,Be ¥V, Ce ¥#.
The statement in Remark 3.1 implies that A wrr (B wrr C) is a homomorphic image
of A wrr (B wrr C)[ B! wr C']. Now we prove that the latter semigroup is embeddable
into (A" %€ yE'xC' (B wir C).

Let us define a mapping

® : Awr(Bwrr C)[B'wrC'] > (AB‘W'C')(BCI)IXC' * (BC' wrt c)

in the way that (a, (8, 0))® = (@, (B, c)), where B : C' — BC€' is given by x8 = *8
for every B € B, and @ : (BC')! x C! - AB'™C is defined by (£, x)&@ = ¢V
for every £ € (B€')' and x € C'. Since B¢ < (B')<', by our convention, we have
1,0 = €, the identity in (B')€'. Therefore, & can be considered as an element in
(BY', and so (&, x) € B'wr C'. Since (B, ¢) is the image of (B, c) via the natural
embedding of B wrr C, considered as a regular semidirect product B¢ %, C, into the
regular wreath product B wir C, we see that (E, c) is, indeed, in BS wrr C. Let
(@, (B.0), @, (B,0) € Awr(Bwrr O)[B' wr C']. If (o, (B, 0))® = (@, (B, O),
then (B, ¢) = (B, ¢) follows. The equality & = & implies & = & since o = 51y =
(€8, 10)@ = (€5, 1)@ = “*19%G = &. Thus we obtain that ® is injective.

To see that ® is a homomorphism, it suffices to prove the equality of the first
components in ((a, (B, ¢)) - @, (B, ©))) ® and (e, (B, )P - @, (B, ©))P, that is, the

equality (a - #9a) = & - 9. For, the observation that ® on the second component
is a natural embedding ensures the equality required in the second component. For
every (£,x) € (B€)! x C' € B' wr C!, we have

€x) (@ FF) = 607 - €0 (%8) = € )& ¢ 5B, x0F
=(,0)& (¢ B, X = ¢, )T - (¢, X)(B, )T
= €0y EDBIg = ED(g . BIF) = (&, X)(a - Fom).

Thus we have shown that & is an embedding. In particular, it assigns regular elements
to regular elements. So its restriction to A wrr (B wrr C)[B! wr C'] is an embedding
into (A8' ¥ C'y(B xct *, (B€ wrr C). The latter semigroup obviously belongs to 2*,
and so we proved that A wrr (B wrr C) € HS, 2. O

The following lemma is, actually, a consequence of the associativity of the wreath
product of transformation semigroups (see [4, 13]). For completeness, we give a proof
in our setting.

LEMMA 4.3. Let A, B, C be arbitrary semigroups. Define a mapping
V:(AwrB)wrC — AB*C » (Bwr C)
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as follows. If (v, c) € (Awr B)wr C and y,, y, are the components of the mapping
y:C' > AwrB = A® x B, thenlet ¥, : B' x C! — A be the mapping defined by
(x, y)71 = x(yy1), and put (y, )V = (1, (2, ¢))- Then ¥ is an isomorphism.

PROOF. First we show that W is injective. Let (y, ¢), (8, d) € (A wr B) wr C such
that (y, c)¥ = (5, d)¥. Then y, = 31, y» = &; and ¢ = d. In order to show that
(y,c) = (8, d), it suffices to verify that y, = §;. However, the equality y;, = 3,
says that, for every y € C', yy, and y$8, are equal mappings in A®' whence y, = §,
follows.

In order to check surjectivity, let (£, (B, ¢)) € A8'*C' x (Bwr C). Definey : C' -
AwrB = A®' x Bby yy = ((—, y)&, yB). Here (—, y)& is the mapping B! — A
such that x((—, y)§) = (x, y)§ (x € B'). Itis obviuos that y; = &, y» = 8, and so

(v, 0¥ = (,(8,0).
Finally, we show that ¥ is a homomorphism. Let (y, ¢), (§,d) € (Awr B) wr C.
Then, by definition, we see that

(7. O, DY = (7 -8, cd)¥ = ({y )y, (¥ - Bz, cd)) .
Here the following holds in A wr B for every y € C':

y(y -8 = -, y(y -8))
and '
y(y -8) =yy - (ye)d = (yy1, yy2)((y0)dy, (yc)éz)
=y ?(yo)d, Yy - (96)82) = (yvi - " (y)dy, y(y2 - 82)).

Hence we obtain that

1) y(y - = yy - "Xyc)s, foreveryy e C',
and
@ ¥ b=y 9.

Furthermore, we have

(7, O - (8, DY = (Fi, (2, N Br, B2, D)) = (7 - 7By, (3 - Ba, €d)) .

By (2), it is clear that the components of ((y,c)(8,d))¥ and (y, )V - (8, )V
belonging to B wr C coincide. It remains to prove that

y-<)=n- (n.cigl.
For every (x, y) € B! x C!, we have

) (- 2B) = (e, 7 - &, ) (B) = &, 9T (- e, yOB
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and
€N - =x Gy -8 =x yy1 - (yd) by (1)
=x(yy) - x C(yc)d) = x(y1) - (x - yy2)((yc)dy)
= (6, )P - (- yy2, yOB,
which completes the proof. a

Hence we obtain the following consequence for regular wreath products.

LEMMA 4.4. Let A, B, C be regular semigroups such that at least two of them are in
€. Then both (A wrr B) wrr C and A8 IXC'*,(B wir C) are defined, Reg((A wr B) wr C)
constitutes a (regular) subsemigroup in (A wr B) wr C, we have

(A wrr By wrr C <, Reg((A wr B) wr C),

and the restriction W, : Reg((A wr B) wr C) — AZ'*C «, (B wrr C) of the isomor-
phism V defined in Lemma 4.3 is an isomorphism.

PROOF. It is clear that if (£, (8, c)) € A®'*C' « (Bwr C) is a regular element,
then (B, c¢) € B wr C is necessarily regular. Therefore, Reg(A2' %' » (Bwr C)) =
Reg(A2'*C" « (Bwrr C)) = AB'*C' » (Bwrr C). Since both the isomorphism W
and its inverse assign regular elements to regular ones, we infer from Lemma 4.3
that Reg((A wr B) wr C) is a regular_subsemigroup in (A wr B) wr C and ¥, is an
isomorphism. Since Reg((A wrr B) wr C) € Reg((A wr B) wr C), we obtain that
(Awrr By wrr C <, Reg((A wr B) wr C). Od

An immediate consequence of this lemma is the following result.

LEMMA 4.5. If %, ¥, W are e-varieties such that at least two of them are con-
tained in €7, then % C S,Z* holds for the classes defined in Corollary 2.1 and
Proposition 4.1, respectively.

This implies the following theorem.

THEOREM 4.1. Let %,V , W be e-varieties such that at least two of them are
contained in €. Then (U %, V)%, W C U *, (¥ %, ¥ ).

In the rest of this section we look for special cases, where the reverse inclusion also
holds. First we find sufficient conditions which ensure that % = Z*.

LEMMA 4.6. Let A, B, C be regular semigroups such that B acts on A and C acts
on A x B, and consider the semidirect product (A * B) * C. Suppose that one of the
following conditions holds: (i) A € €., (ii) B € ¥, (iii) C € ¥. Then, for every
((a, b), c) € Reg((A * B) * C), we have (a, b) € Reg(A % B).
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PROOF. The statement is obvious in case (ii) since if B € ¥, then A * B =
Reg(A * B).

Let ((a, b), ¢) € (A *B)* C beregular. Then there exists ((a’, '), ') € (A*B)*C
such that ((a, b), ¢)((d’, '), )((a, b), ¢) = ((a, b), ¢), that is,

3) cde=c and (ab) -, b) “(a b)=(a,b).

In case (iii), ¢ is the group inverse of ¢ and ¢¢’ = 1¢. Therefore, the second equality
shows that (a, b)) € Reg(A * B). In case (i), it suffices to observe, by Result 1.3,
that <(a’, b') - ““(a, b) is idempotent. This follows since (3) implies “(a, b) - °(a’, V') -
““(a, b) = “(a, b) whence (@', ') - “(a, b) € E(A x B). O

Now we can establish the sufficient conditions mentioned.

LEMMA 4.7. Let %,V , % be e-varieties such that at least two of them are con-
tained in €. . Assume that, moreover, one of the conditions W% C €., (i) ¥ € ¥4
and (i) W C ¥ are satisfied. Then % = Z* holds for the classes defined in Corol-
lary 2.1 and Proposition 4.1, respectively.

PROOF. Let A € %, B € ¥ and C € #. ltis clear that (Awrr B)wrr C C
Reg((A wr B) wr C). Conversely, Lemma 4. 6 implies that Reg((Awr B)wrC) C
Reg((Awrr B)wr C). Since either C € €5 or AwrrB € ¥, we have
Reg((A wrr B) wr C) = (A wrt B) wrr C. Thus

Reg((A wr B) wr C) = (A wrr B) wir C,

and so, by Lemma 4.4, (A wrr B) wrr C is isomorphic to A ety (B wrtr C). Hence
we deduce that % = Z*, O

Another case, where we are able to find a relation between % and 2°* which implies
the inclusion reverse to that in Theorem 4.1 is when ¥ = % and # C ¥€.¥ but
W & ¢. One of the reasons that this case can be handled is that a semidirect product
of a left zero semigroup by an arbitrary semigroup is necessarily their direct product.

Let A, B, C be semigroups such that B € £ Z. Then B x C has no identity, and
so we are allowed to choose 13, = (1, 1¢). Let us identify B! and C! with the
subsemigroups B! = {(b,1¢) : b € B'} and C' = {(15,¢) : c € C'} of B' x C!,
respectively. Thus B!, C' < B! x C!, and we can consider the actions of B and of
C on A%< involved in the definition of the semidirect products A wr B[B' x C!]
and A wr C[B' x C'], respectively. Consider the semigroup A wr B[B' x C'] which
we prefer now to denote A2'*C' x B, and define an action of C on A2'*¢' % B
‘componentwise’, that is, put “(a, b) = (‘@, b) forevery ¢ € Cand (o, b) € A2 *C'xB.
Thus we have defined (A2'*€' x B) * C.
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LEMMA 4.8. Let A, B, C be regular semigroups such that B € % and C €
¢S \Y.

(i) The mapping © : (A x B) « C > Awr(B x O)[B' x C'] defined by
((a, b), ©)® = (a, (b, ¢)) is an isomorphism.

(ii)) The subset Reg((A‘E""Cl * B) x C) forms a (regular) subsemigroup in
(AB'*C" % B) % C, we have (A®'*' x, B)*, C <, Reg((A®'*¢" % B) % C), and
the mapping ©, : Reg((A3'*C' x B) x C) — Awrr (B x C)[B! x C'] defined by
((a, b), ©)O, = (e, (b, ¢)) is an isomorphism.

(iii) The restriction of the homomorphism ©,Y to (A% %' x, B) x, C, where Y is
the homomorphism of A wrr (B x C)[B' x C'] onto A wrr (B x C) given in Remark 3.1,
is surjective.

PROOF. (i) The mapping © is obviously bijective. A straightforward calculation
shows that it is also a homomorphism. All we have to notice is that 4(%) = ®9 for
every € AP beBandce C.

(ii) By definition, Reg (A wr (B x C)[B' x C']) = Awrr (B x O)[B' x C'].
Since ©® and ®! assign regular elements to regular ones, we obtain from (i) that
Reg((A%'*C" % B) * C) is a (regular) subsemigroup in (A?'*¢' x B) % C and @, is an
isomorphism. Clearly, we have (A8 ' %, B) %, C<, Reg((A%'*¢' x B) x C).

(iii) By (ii) and Remark 3.1, ©®,Y is the mapping Reg((A?'*¢" * B) * C) —
Awrr (B x C), ((a, b), ¢) — (al(Bxc)n, (b, c)), and it is a surjective homomorphism.
We have to prove that each element of A wir (B x C) has an inverse image in
the subsemigroup (A2'*€' x, B) %, C of Reg((A?'*¢' x B) x C). Let (v, (b, ) €
Awrr (B x C). Since it is regular, we have (¥, ¢') € V((b, ¢)) by Lemma 2.1 such
that ®9®.y > o, y in A®*9'. Here (b, c)(V', ¢) = (b, ¢c) since B € £ Z. For
brevity, we denote cc’ by ¢, and so we have ®y > & y in A®*O', The inverse
images of (y, (b, ¢)) under ®, 7 are the elements ((«, b), ¢) € Reg((AB"‘C‘ *B)x (),
where @ € A%~ such that a|g.cy = y. So, in order to reach our goal, we
have to extend the definition of y to the set B' x C! such that the mapping « ob-
tained has the property that ((, b), ¢) € (A8'%C' , B) %, C, or, equivalently, both
((a, b), ¢) € Reg((A®'*C % B)x C) and («, b) € Reg(A®'*C" x B). By (ii), the former
property is equivalent to requiring that (a, (b, ¢)) € Reg(A wr (B x C)[B! x C']),
and, by Lemma 2.1, this is satisfied if

@) " 0% >,q  holdsin  AB*C.

Again applying Lemma 2.1 and the fact that B € ¥ %, we see that the latter property
is equivalent to the condition that

(5) ‘'w>g4a  holdsin  AF*C,
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Define « : B! x C' — A in the following way:

(x, )y if (x,y) e (B x O)Y
(x, y)a = { (x, )y ifxeBandy = l¢;
b, y)y ifx=1zandy € C.

Recall that B € X% and C € ¥\ ¥, and therefore neither B nor C has an identity.
Hence it follows that « is well defined. We verify ((«, b), ¢) € (AB'%C' &, B) %, C
by showing that (4) and (5) are satisfied. If (x, y) € (B x C)!, then (x, y) (""‘0)(1) =
((x, (B, N = ((x, )b, My = (x, ) (*y) 22 . )y = (x,y)a. lfx €
B, then (x, 1¢) (*“%) = ((x, 10)(b, e = (x, Da = (x, )y = (x, 1o)e. Fi-
nally, if y € C, then (13, y) ((”'co)a) = ((1g, y)(b, ®)a = (b, y")a = (b, yP)y =
((b, y)(b, ®))y = (b, y) ((”"°)y) > ¢ (b,y)y = (1, y)a. Thus we have shown
that (4) is valid. It remains to verify (5). If x € B, then we have (x, y) ("a) =
(xb,y)a = (x,y)a forevery y € C'. If y € C, then (13,y) () = (b, y)a =
(b,y)y = (lg,y)a. Finally, we have (15, 1¢c) (%) = (b, 1c)a = (b, Py =
(18,10) (*y) > ¢ (15,10)y = (1, 1c)a. Thus we have shown that (5) also
holds. Hence ((a,b),c) € (AB'*C %, B)*, C. Clearly, a|gxcy = ¥, and so
(a, b), 0)O,T = (y, (b, ¢)). Thus A wrr (B x C) is, indeed, a homomorphic image
of (A®'*" x, B) x, C. ' O

REMARK 4.2. The analogy between the statements of Lemma 4.3 and Lemma 4.4
and the statements of Lemma 4.8 is not by accident: the isomorphisms © and O,
can be considered as modifications of the iSomorphisms V¥ in Lemma 4.3 and ¥, in
Lemma 4.4, respectively.

More precisely, one can see that the mapping ' : (A3'*C'xB)*C — (A wr B) wr C
defined by (@, b), c)T = (y, c), where, foreveryy € C', wehave yy, : B! — A such
that x(yy;) = (x, y)a (x € B') and yy = (yyi, b) is an embedding. The mapping
A : Awr(B x O)[B' x C'] - AB'*C" » (B wr C) given by the rule (, (b, ¢))A =
(a, (B, ¢)), where B : C! — B is defined by yB = b (y € C') is also an embedding.
Denote the images of I and A by T and U, respectively. Denote by [* and A the
isomorphisms of (A2'*¢' x B) % C onto T and of A wr(B x C)[B' x C'] onto U
induced by I" and by A, respectively. It is straightforward to see that the isomorphism
W defined in Lemma 4.3 has the property that TW € U and U¥~! C T. Moreover,
we also have ® = ["WA-!, This shows our assertion for © and W. By restricting
our considerations to the regular elements, we obtain the respective statement for ©,
and W,.

LEMMA 4.9. Let %,V , ¥ be e-varieties such ¥V = L% and W C €.% but
W &Y% Then Z* C S,HS, ¥ holds for the classes defined in Corollary 2.1 and
Proposition 4.1, respectively.
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PROOE. Let Z = A8'€' «, (B wrr C) be an arbitrary element in 2°*, where A € %,
Be¥and Ce ¥. Since ¥ = ¥ % and B wrr C is a regular semidirect product of
the direct power B€' by C, we obtain that B wrr C is isomorphic to B€' x C. Since
AB'*C" 4 (B wrr C) is naturally embeddable into A2 %€ wrr (B wir C), we infer that
Z € S{A"* wrr (B x O)}. Since A®'*¢' € %, B®' € ¥, Lemma 4.8 implies that
ZeS H{(A *, B) %, C} for some A € %, B € ¥ and for approprlate actions. Here
(A, B)x, Cis naturally embeddable into (A%, Bywrr C and A #, B into A wrr B.
By Lemma 2.3, we see that (A *, B) *, C is isomorphic to a regular subsemigroup in
(Awrr Bywrr C. Thus (A %, B)*, C € S,%,and so Z € S,HS,%. O

Combining Lemma 4.7 and Lemma 4.9 with Corollary 2.1, Proposition 4.1 and
Theorem 4.1, we obtain the main result of this section.

PROPOSITION 4.2. Let %, V', W be e-varieties such that one of the following con-
ditions are satisfied

() ZCES, Vor¥W CES andV x, W C LS or £ (see Result 1.2);
() Y CYUVLZand W C €S,
(i) Y CE€SF and¥W C ¥.

Then (U %, V)%, W = U %, (¥V x, ¥).

5. Regular semidirect products of varieties of completely simple semigroups

In this section we first investigate the regular semidirect products, where one of
the factors is a variety of rectangular bands. Then we show that ‘almost each’ regular
semidirect product of completely simple e-varieties is equal to a regular semidirect
product, where one of the factors is a group variety. This allows us to generalize
Proposition 4.2 by deleting from it the assumption that one of ¥ and # lies in a
particular subvariety of completely simple semigroups.

First we establish the analogue of Result 1.6 for Z Z.

PROPOSITION 5.1. For any e-variety ¥, we have #% *, V = RZ¥ v V.

PROOF. The inclusion ZZ v ¥V C RZ %, ¥ is obvious for any e-variety . In
the sequel we prove the reverse inclusion.

Let A € 2%, C € ¥, and assume that C acts on A. We intend to show that
Ax, Ce % v7Y.ByLemma2.1, an element (a, ¢) € A * C is regular if and only if
there exists ¢ € V(c) such that “a > ¢ a. However, the relation > o is the equality
on aright zero semigroup, therefore (a, c) is regular if and only if there exists ¢’ € V(c)
such that “a = a. Consider the direct product A x C and the mapping x : A x C —
A * C defined by (a, ¢)x = (‘a, ¢) ((a, ¢) € A x C). For any (a, ¢), (b,d) € A x C,
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we have (a, ¢)x (b, d)x = (‘a, ¢)(°b, d) = (‘a - b, cd) = (“°b, cd) since A is aright
zero semigroup. Furthermore, ((a, c)(b, d))x = (ab, cd)x = (b, cd)x = (“’b, cd),
and so we see that x is a homomorphism. By the observation at the beginning of the
proof it is easy to see that (A x C)x = A%, C. For, A x C is a regular semigroup,
and so (A x C)x <€ Reg(A * C) = A%, C. To verify the reverse inclusion, let
(a,¢) € Ax, C. Then “a = a for some ¢ € V(c), and hence (a, ¢c) = (‘a, ¢)x.
Clearly, wehave A x Ce ZZ Vv ¥,and thus A %, C € ZZ Vv ¥ follows. Hence,

by the definition of Z2 *, ¥, we obtainthat ZZ , ¥ CRXZX v V. ]
Since Z# = L Z v %, Corollary 2.2, Result 1.6 and Proposition 5.1 imply
the following corollary.

COROLLARY 5.1. For any e-variety ¥, we have B x,V = BBV V.

The regular semidirect products ¥ x, % with ¥ any e-variety are much larger
in general than Z% v ¥, and they turned out to be especially interesting, see [8,9].
Now we establish that this is not the case with the regular semidirect products of the
form ¥ %, L %.

PROPOSITION 5.2. For any e-variety ¥, we have ¥ %, L& = LZX Vv V.

PROOE. The inclusion 2 v ¥ C ¥ %, L% is clear by definition. Now we
establish the reverse inclusion.

Let A be any regular semigroup and L a left zero semigroup. Define A, to be the
left zero semigroup on the set A. Define a mapping ¥ : Ag x AL x L - AwrrL by
the rule (ao, @, €)¥ = (@, €), where 1,& = aq - e and &|;, = a. We intend to verify
that v is a surjective homomorphism of the direct product of the left zero semigroups
Ao and L and of the direct power AL of A.

By Lemma 2.1, an element (8, f) € AwrLisin AwrrL ifand only if /8 > ¢ B
in AL'. However, observe that, for any g € AL and f € L, we have (/B)|, = B|..
For, if x € L, then x(f8) = (xf)B = xB. Therefore, (8, f) € A wrr L if and only
if fB > ¢ 1.8 in A. Since for any (ap, @, €) € Ay x AL x L, we have 1,& =
ap - e < o ec, this shows that (¢, ¢) € A wrr L. Conversely, if (8,f) € AwrrL,
then f8 > & 1,8 in A which implies that 1, 8 = u - f 8 holds for some u € A. Thus
(u, B\, f)¥ = (B, f), proving that ¥ is a surjective mapping onto A wrr L.

In order to verify that it is a homomorphism, consider (ay, «, €), (by, 8, f) €
Ao x ALY x L. Then

((aO’ o, e)(b07 ﬁ:f))‘/f = (a()v aﬁ’ e)l(’ = (}” e);

where 1,y = ao - e{aB) and y|, = af. Furthermore, we have

(a0, @, €)Y - (bo, B, fIY¥ = (@, &)B.f) = @B, e),
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where 1,d = ag-ea, 1,8 =by- B, &, = a and |, = B. Thus
Ly =ao-e(@f) =ao-ea-efp =1, ef =1,@ B
and, forany x € L,
xy =x(@f) =xa-xp=xa-(xe)f =xa - (xe)B = x(@ - B).

Thus we have checked that v is also a homomorphism.

IfAe¥andL € L%, then Ay x AL x L € % v ¥. The assertion in the
previous paragraph shows that AwrrL € 2% v ¥. By Result 1.1 we infer that
V% LZ CLZ VY, and the proof is complete. ad

COROLLARY 5.2. For any e-variety V with ¥V € RZ, we have ¥ *, ¥ =
VYV RE.

PROOF. Since we have #B = £ Z *, ZZ by Result 1.6, Proposition 4.2 implies
that ¥ %, 2B = (¥ *, LX) x, #%. By applying Proposition 5.2, Corollary 2.2
and Result 1.6, we see that

V% LEV R =(LEVI)V% R = (LEX+* RV (VY %, RE)
= BBV (Vs RE).

Result 1.4 (ii) ensures that ¥ «, % D X% whence ¥ #, #%¥ O AR follows.
Thus we infer that ¥ x, ZB =V %, X% . O

In the following two propositions we provide regular semidirect products which are
equal to regular semidirect products one of whose factors is a variety of groups. As
a corollary, we establish that ‘almost always’ this is the case with regular semidirect
products of varieties of completely simple semigroups.

PROPOSITION 5.3. Let ¥, # be e-varieties such that ¥V C € and #¥ C ¥ C
L.# or &%. Then we have

G4 N 4 fYyNY #7;

VW =
FNLEYVH otherwise.

PROOF. By Proposition 5.1, we have # = Z% x, % . Therefore, by Proposi-
tion 4.2, we see that

VW=V (RBE*W)=V*%RBEX)*x, ¥.
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Suppose first that ¥ N ¥ # . Result 1.4 (i) implies that
PN, RE CV % RX C LY.

However, completely simple semigroups are just the regular semigroups whose local
submonoids are groups. Therefore, we have

LY =LY NY)=¢FL ¥V NI).
Applying Result 1.4 (ii), we see that

CLSPV N =N RZ.
Hence ¥V %, Z% = (¥ NY) %, #Z follows. Thus we obtain that

Ve, W=Y*RBL) W =((VNL*x, RZE)*, W
=(YND* (ZBZXL W)=V NG ¥.

In the last two steps we again applied Proposition 4.2 and Proposition 5.1.

IfYNY = 7, then ¥ C #£%B. Since the subvarieties in Z% are just
T, L%, RZ and ZB, the trivial equality 7 x, ¥ = ¥, Result 1.6, Proposition 5.1
and Corollary 5.1, respectively, imply that ¥ , % =¥ v # . Since ZZ C ¥, we
have ¥ V¥ = (Y NLEYV I NEZEYVW = (Y NLZ)VvH#,completing the
proof. |

PROPOSITION 5.4. Let V', W be e-varieties such that W C Y. Then we have
Ve, W= VHNLE)x (¥ ND.

PROOF. If # C ¢, then the equality is trivial. In the opposite case, we have
L% C ¥, and so the equality to be provedis ¥ %, # = (¥ VL Z)x, (W NY).
Since # = L% v (# N¥Y), Result 1.6, Proposition 4.2 and Proposition 5.2 imply
that

Vi, W=V (LEZVvHNL) =YY% (LZL*x ¥ NY))
=V« LEY*x, NG =V VL)%, (¥ NY). 0

Now let ¥, # be subvarieties in ¥€.%. Since we have either # 2> Z% or
W C Z£Y, Proposition 5.3 and Proposition 5.4 imply the following result.

COROLLARY 5.3. Let ¥, # be varieties of completely simple semigroups. Then
we have
CANED 4 fY LRBand RZ C ¥,
Ve, W=V NLEYVH ifY CABand X% C W
VI NLE))*(HNY) if¥ c 9.
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Finally, we return to investigate associativity of the regular semidirect product, and
prove the main result of the paper.

THEOREM 5.1. Let %,V , ¥ be e-varieties such that one of the following condi-
tions are satisfied

W) <ECS  Vor¥ CE€ESL andV x, ¥ CLS or £,
) YV, ¥ C¥S.
Then (U *, Y%, W = U x, (V %, ¥).

REMARK 5.1. Result 1.2 makes it possible to formulate condition (i) by posing
restrictions on the e-varieties %, ¥, # only. Thus (i) is equivalent to requiring that
G % C€¢S,and ¥, ¥ fulfil one of the condition (LI1), (LI2), (ES1) and (ES2).

PROOF. Taking into account Proposition 4.2, we have to prove only (ii) in the case,
where% €€,V €4ULZ and W Z 4. Moreover, by Theorem 4.1, it suffices
to verify the inclusion % *, (¥ %, W) C (% *, ¥) *, # . We distinguish three cases
according to those listed in Corollary 5.3.

IfY € RB and Z#Z C ¥, then we have

Ux, V¥, H)=U* (VL)% ¥#)
= (U *, ("_// NG+, ¥ by Proposition 4.2
C(U*YV)*¥.

If Y C BB and #Z C W, then we have U x, (¥ %, W) = U . ((¥ N
LEAYVH) Hare VNLY =T oo L%. ¥V NLZK C ¥, then we obtain
U, (Vs H)=UxW C(U*V)*x W . UEVYNLZE ¢ ¥ ,then we necessarily
have Y N L% = L% and W C #Y. The latter relation together with Z#%Z C ¥
ensures that W = 2% v ¥, where ¥ = # N¥. Thus we have

U, Vs, W)=U % (LEVREVX)
=U*, (XRB x, K) by Corollary 5.1
= (% *, #RB) %, X by Proposition 4.2
= (U % RZ) *, ¥ by Corollary 5.2, since € €%
=Y (RZE x, X) by Proposition 4.2
=U* W by Proposition 5.1
C(U*Y)*x¥.

Finally, let # C ¥¥. Since W <€ ¥, we have W = L% v X, where
X =W N¥. Then Corollary 5.3 implies that ¥ %, # = (¥ v %) *, X . In
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particular, if £ % C ¥, then we see by Proposition 4.2 that
/4 *, (y*rW) = %*r(ly*rtxf) = (% *r’y)*rx c (% *,1/)*,-#.

f2% ¢ ¥,then ¥ C #AY and, since ¥ € ¥, we have ¥ = Z% v #, where
M =V NY. Therefore,

Ux, (Vo W)=U % (LEVRZEN MH)*, )
=U* (RB*, M)*. X)  byCorollary 5.1
=Y %, (BB *, (M %, X)) by Proposition 4.2
= (U % RB) *, (M %, X) by Proposition 4.2
= (U %, RZ) *, (M *, X ) by Corollary 5.2, since € €.
= (% » RZE) %, M) *, H by Proposition 4.2
= (U %, (RZ %, M)) %, KX by Proposition 4.2
= (U % V) *, KX by Proposition 5.1
C(U*Y)*¥. O
By Result 1.5, the formation of a regular semidirect product is a full operation on

the set of all varieties of completely simple semigroups. Thus we obtain the following
corollary. :

COROLLARY 5.4. On the complete lattice of all varieties of completely simple semi-
groups, the regular semidirect product is an associative operation, and it is right
distributive with respect to the join operation.

6. Regular semidirect products of e-pseudovarieties

In this section we review the former arguments from the point of view how they
carry over to e-pseudovarieties of finite regular semigroups. We find that both right
distributivity with respect to the join operation and associativity hold in the complete
lattice of e-pseudovarieties.

The finitary analogue of the concept of an e-variety is the following (see [12]):
an e-pseudovariety is a class of finite regular semigroups which is closed under the
formation of finite direct products, regular subsemigroups and homomorphic images.
Notice that the class of all finite members of an e-variety forms an e-pseudovariety.

Throughout this section, the notation of the previous sections is used with the
appropriate modification ‘cut down to the finite case’ in its meaning. In particular, a
notation used till now for an e-variety will stand for the e-pseudovariety of all of its
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finite members. For example, €. denotes the e-pseudovariety of all finite completely
simple semigroups and €. (%) its sub-e-pseudovariety consisting of all members
whose subgroups belong to a given e-pseudovariety ¥ of finite groups. Moreover, if €
is a class of finite regular semigroups, then (%), is understood as the e-pseudovariety
generated by € and P¥ as the class of all finite direct products of members of %

In the context of e-pseudovarieties, the difficulty mentioned in Section 1 in con-
nection with expressing the generated e-variety by means of the operators D> and P
does not occur: we have (€), = D*P% for every class ¥ of finite regular semigroups
({12]). This is the reason that more general results are obtained for e-pseudovarieties
than for e-varieties.

The definition of the regular semidirect product #, of e-varieties carries over
immediately to e-pseudovarieties. As it was noticed in [1], Result 1.1-Result 1.5
remain valid in the latter context. One can easily see that the same is the case with
Result 1.6 and with the results in Section 2. In particular, the finitary analogue of
Corollary 2.2 formulates the right distributivity of the regular semidirect product of
e-pseudovarieties with respect to their join.

COROLLARY 6.1. Let %; (i € I) and ¥ be e-pseudovarieties such that either U; <
€S foreachic€ I orV C €. Thenwe have (\/ . %) * ¥V =\ o) X% V).

iel

Similarly, one can check that the statement of Theorem 3.1 is also valid for e-
pseudovarieties instead of e-varieties.-Since, for e-pseudovarieties, the equality ¥ =
D* Z is equivalent to requiring that ¥ = (Z°), and P2~ C D* 2, the analogue of
Corollary 3.1 is the following corollary.

COROLLARY 6.2. Let %,V be e-pseudovarieties such that % or ¥V C €.%. Let
X C V¥ such that ¥V = (Z), and PZ CD*Z. Then % x,V = (Awrr X :
AcU, XeX)..

Hence the argument after Corollary 3.1 implies the following statement.

COROLLARY 6.3. Let %, ¥, W be e-pseudovarieties such that at least two of them
are contained in €.5. Then % *, (¥ x, #) is defined, and it is generated by

Z={Awn(BwirtC):Ae%,BeV,Ce¥}.

Taking into account the symmetry of Corollary 6.3 and of the finitary analogue
of Corollary 2.1, the arguments in Section 4 prove the equality (% *, ¥) %, # =
U *, (¥ *, #) for any e-pseudovarieties %, ¥, # , where either (i)  C ¥ and
oneof ¥, #isin¥SF,or(i) ¥ CY¥UVLZXand ¥ C €S, or(iii) ¥ C ¥ and
W C ¥ (see Proposition 4.2).
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Finally, since the basic statements on the e-varieties of rectangular bands and of
left and right groups applied in Section 5 (for example, all the sub-e-pseudovarieties
of #B are T, L X, RZ and XA, each sub-e-pseudovariety ¥ of LY is of the
form L% v X, where ¥ = ¥ N ¥) are valid in the context of e-pseudovarieties,
the arguments in Section 5 verify the associativity of the regular semidirect product
of e-pseudovarieties.

THEOREM 6.1. Let %, ¥, ¥ be e-pseudovarieties such that at least two of them
are contained in €.. Then (U *, V)Y*, W = U ,(V %, ¥).
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