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AmstracT, A model of a non-linearly viscous ice sheet is used to in-
vestigate the influence of net mass-balance pattern, basal boundary condi-
tion, and subglacial topography on the size and shape of ice sheets. The aim
is to enable geological evidence of the extent of former ice sheets to be used
as indicators of palaeoclimate. A series of curves are presented showing the
relationships between ice-sheet span, net mass balance, and equilibrium-
line altitude (ELA) for zero and complete isostatic compensation. These are
applicable to a very wide range of basal boundary conditions. The way in
which they can be used to reconstruct net mass-balance gradients for former
ice sheets is demonstrated. Changes in the basal boundary condition only
have a strong influence on glacier span when they occur in the terminal
zone. Ice-sheet expansion and contraction is not merely accompanied by
changes in snow-line elevation, but also by changes in the net mass-balance
gradient. The combinations of these required to cause ice-sheet expansion
and contraction are analysed. A non-linearly viscous model for ice suggests
that ice-sheet volume changes may not be a simple function of their change
in areal extent.

REsuME. Reconstitution d’anciennes calottes glaciaires ef des caractéristiques de leur
bilan de masse a partir d’un modéle d’écoulement visqueux non linéaire. On a utilisé
un modéle d’écoulement visqueux non linéaire pour étudier 'influence des
caractéristiques du bilan de masse, des conditions aux limites sur le fond
rocheux et de la topographie sous-glaciaire sur I'étendue et la forme des
calottes glaciaires. Le but est de rendre possible I'utilisation des traces
geologiques de I'extension glaciaire passée pour reconstituer les paléo-
climats. On présente une séric de courbes montrant les relations entre
I'envergure de la calotte glaciaire, le bilan de masse et I'altitude de la ligne
d’équilibre (E.L.A.) pour une compensation isostatique compléte équi-
librée. On les applique & un trés grand nombre de cas de conditions au fond
rocheux. On montre comment on peut les utiliser pour reconstituer les
variations des bilans dans les anciennes calottes glaciaires. Des changements
dans les conditions au fond n’ont une forte influence sur I'étendue du glacier

INTRODUCTION'

Glaciological modelling of Pleistocene ice sheets
has hitherto been concerned to model equilibrium con-
ditions at glacial maxima, either as an end in itself,
or as an aid to comprehension of the geological prod-
ucts of glaciation (Robin, 1964; Boulton and others,
1977; Sugden, 1977; Denton and Hughes, [€1981]); to
model the pattern of build-up of ice sheets (Andrews
and Mahaffy, 1976); or to model the response of ice

sheets to externally imposed climatic changes (Weertman,

1976; Pollard, 1978; Oerlemans, 1980; Budd and Smith,
[1981]).

Our intention is different. We argue that glacier
systems respond to climatic change in an inherently
more predictable fashion than most other major parts
of the Earth's surface system, and thus that the for-
mer extents of glaciers, identified by geological evi-
dence, should be a valuable, and as yet largely unused
indicator of palaeoclimate. In theory they should be
more reliable indicators of regional palaeoclimate
than the plant and animal species which are conven-
tionally used. These palaeobiological techniques
utilize empirical matching of modern species distri-
butions with climate, though it is clear that complex
series of variables may govern those distributions.

140

https://doi.org/10.3189/50022143000005876 Published online by Cambridge University Press

que lorsqu’ils se situent dans la zone frontale. I.’expansion et la contraction
des calottes glaciaires ne s’accompagnent pas seulement de changements
dans 'altitude de la ligne des névés mais aussi de modifications du gradient
des bilans de masse. On analyse la combinaison de ces deux éléments pour
expliquer expansion et contraction. Un modéle visqueux non linéaire pour
la glace conduit a penser que les variations de volume d’une calotte glaciaire
peuvent n'étre pas une simple fonction de la variation de sa surface.

ZUSAMMENFASSUNG, Die Rekonstruktion friherer Eisschilde und ihrer Mass-
enbilanz mit Hilfe emes Modells nicht-linearen viskosen Fliessens. Zur Un-
tersuchung des Einflusses von Annahmen iiber die Netto-Massenbilanz, der
Grenzverhaltnisse am Untergrund und der subglazialen Gelindeformen
auf Grosse und Gestalt von Eisschilden wird ein Modell eines Eisschildes mit
nicht-linearer Viskositit herangezogen. Das Ziel ist die Benutzung geolog-
ischer Daten tiber die Ausdehnung fritherer Eisschilde als palioklimatische
Indikatoren. Eine Reihe von Diagrammen zeigt die Bezichungen zwischen
der Spannweite, der Netto-Massenbilanz und der Héhe der Gleichge-
wichtslinie des Eisschildes bei fehlendem und vollkommenem isostatischem
Ausgleich; diese sind auf einen sehr grossen Bereich von Grenzbedingungen
am Untergrund anwendbar. Der Weg zu ihrer Anwendung auf die Re-
konstruktion von Gradienten der Netto-Massenbilanz friiherer Eisschilde
wird aufgezeigt. Anderungen in den Grenzbedingungen am Untergrund
haben nur dann einen starken Einfluss auf die Spannweite des Gletschers,
wenn sie in der Randzone aufireten. Zunahme und Riickgang von Eisschil-
den sind nicht nur mit Anderungen in der Hohenlage der Firnlinie ver-
bunden, sondern auch mit solchen im Gradienten der Netto-Massenbilanz.
Die Kombinationen zwischen diesen, die erforderlich sind, um Zunahme
oder Riickgang des Eisschildes zu verursachen, werden analysiert, Ein
nicht-lineares, viskoses Modell fiir Eis lasst darauf schliessen, dass Volumen-
anderungen des Eisschildes keine cinfache Funktion von deren Anderungen
in der Flichenausdehnung sein diirften.

This article represents the application of a
recently developed isothermal viscous flow theory
(Morland and Johnson, 1980, 1982; Morland and others,
1984) to the inference of mass-balance conditions
from geological evidence of steady-state stages of
former ice sheets. The model applied here is one in
which the fundamental physical balances are satisfied
in a properly formulated flow problem which is the
basis for further development of a temperature-
dependent, time-dependent model which will yield dir-
ect climatic inferences rather than indirect climatic
indicators such as mass balance.

THEORETICAL MODEL

The equilibrium profile of an ice sheet for pre-
scribed distributions of surface accumulation and
ablation and of basal drainage, with a given basal
sliding law, has so far been determined only under
the restrictions of steady plane or axi-symmetric
flow .and uniform temperature (Morland and Johnson,
1980, 1982; Johnson, 1981). We adopt the steady plane
isothermal flow solution to construct ice-sheet pro-
files for various accumulation and ablation patterns,
recognizing that significant temperature variation
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Fig. 1. Ice sheet coordinate systems.
(a) The Cartesian ecoordinate system (xyz has its
origin at the ice sheet margin. System Ucpyz has ite
origin at the extreme edge of the bed form f(z) where
T =2p - Ly t, and tg are the vormal and tangential
tractions on the swface y = hix), tp, up, and vp
are the tangential traection, tangential veloeity, and
normal veloeity on the bed y = f(x).
(b) Deseription of isostatic depression.

through the sheet and the strong temperature depend-
ence of ice response to stress must influence the
profile detail. Our main qualitative conclusions are
based only on the predicted span of the ice sheet,
but nevertheless await confirmation by solution of
the full thermomechanically coupled flow.

In rectangular axes Oxyz with Oxz horizontal,
origin 0 at the ice sheet margin and flow parallel to
the plane Oxy, the ice-sheet cross-section has sur=-
face y = h(x) and bed y = f(x), illustrated in Figure
la. The bed is defined as a smooth contour represent-
ing a basal boundary for the global ice-sheet flow
and ignores roughness on a scale small compared to
the depth. The Morland and Johnson (1982) solution re-
quires that the bed slope y = f'(x) is everywhere
small, so that the effects of any finite slope topog-
raphy cannot be taken into account. The surface
y = h(x) is stress-free relative to an assumed uniform
atmospheric pressure, and subject to surface accumula-
tion q per unit horizontal cross-section per unit time.
Negative q defines ablation. We suppose that q = q(h),
depending only on altitude, and that basal drainage
is negligible.

The other basal condition is the relation between
the tangential traction tp and tangential velocity
up, which define conditions on the smooth lower
boundary y = f(x) of the global flow. These represent
the mean effects of more complex ice and/or bed mat-
erial movement on the roughness scale of the interface
ignored in the global flow. We will use the conven-
tional terms sliding velocity for up, and sliding law
for the relation between tp and up, with the under-
standing that actual sliding of cold ice over the bed
material is not necessarily implied. If real sliding
is zero and if there is no thermally enhanced shear
strain-rate, then the sliding relation must predict
low mean velocity up. Since temperature variation is
not incorporated in the present model, possible basal
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thermal conditions must be ignored in the adopted
sliding law. There is no established law, but on
basis that a solution with a small surface slope
exist up to a margin, Morland and Johnson (1980, 1982)
show that there must be additional dependence on over-
burden (basal) pressure pp and that tp is linear in

pp as pp + 0. We adopt a particular (restricted) form

(1)

the
can

Tp = pp H(Pb)Up

where u(0) is finite and non-zero, for which the func-
tion u(pp) has been determined empirically for two
very different ice sheets (Morland and others, 1984).

The ice is assumed to be an incompressible non-
linearly viscous fluid with uniform density py and
shear response

D =D a(T) w(9p)S, Jp =14 trs? (2)

where D is the rate of strain, Dy =1 a’l, §is a di-

mensionless deviatoric stress with unit og =
10° Nm=2, and a(T) is the temperature-dependent rate
factor. We adopt the polynomial representation for
w(Jp) determined by Smith and Morland (1981) from
Glen's (1955) uniaxial stress data at T = 273.13 K,
defining a bounded viscosity at zero stress, and the
exponential representation of a(T) determined from
Mellor and Testa's (1969) data to evaluate a constant
a(T) at the uniform temperature chosen to represent
that of the dominant flow region. These are the func-
tions used in the determination of the basal sliding
relation (Morland and others, 1984) where details

are presented, together with a reformulation of the
Morland and Johnson (1980, 1982) solution in fixed
normalized variables suitable for any description of
a large ice sheet.

Starting with a fixed aspect ratio or magnitude
of surface slope e = 0,005, and fixed accumulation,
thickness, and semi-span magnitudes

O = Law ast ., 202 K,

Ly = 400 km, (3)

define dimensionless variables by

x = %ok, ¥ = hg¥, h(x) = hgH(X), Ff(x) = hgF(X),

v =gV, a(h) = qQ(H), (u,up) = que,~1(T,0})

0060-1 (-p_sﬁb)
(4)

where (u,v) are the longitudinal and normal velocity
components, and Oxys P are the shear stress and mean
pressure, The units for u, v axy, P are respect-
ively 200 m a=1, 1 m a-!, 105 N'm-2, 200 x 105 N m-2.
Then

(oxyl Tb) L oo(a-xyl ?b)9 (P-Pb) :

Pp = k(H-F), Tp = -zkH'(H-F) (5)
where

¢ = -sgn(H'), k = pigheeo/ons (6)
and the basal sliding relation (1) is written

Th = Pp W (Pp) Upe (7)
The profile equation becomes
.;—j}l(H-F)Eb + aDgap Thyeo(H-F)22(y)t = Q,  (8)
subject to the margin conditions

margin: H - F = 0, H'(H'=F') = -1, (9)
where
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2(tp) = cqorp +?C1Tb3 +—7- coth?,

¢o = 0.222, ¢ = 0.0711, c» = 0.00220,

and Qp = Q(margin), &, = w(0). Eliminating Up through
Equations (7) and (5) gives a second-order non-linear
ordinary differential equation for H(X), which can be
integrated from the margin using the two initial con-
ditions (9).

Functions u(pp) in the basal sliding relation (7)
have been determined from the profiles and accumula-
tion/ablation distribution of two very different ice
masses, namely the western flank of the Greenland ice
sheet at lat. 70°N., and the north-west flank of the
Devon Island ice cap (Morland and others, 1984). That
is, H(X) and Q(H) are prescribed, so that up is deter-
mined by Equation (8), and pp, Th by Equation (5).
The Greenland data cover a much wider range of over-
burden pressure pp, and are adopted for our initial
sequence of profile constructions; they yield the
curve labelled 1 in Figure 2. We wish also to deter-
mine the effects of significantly changing the slid-
ing function u(py), spanning and extending beyond

Al . . r ; : :
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Sliding law
derived from 5
10 Waest Greenland 70 N
15 F 1 4
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10 —
K "
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{’ 4a
10,12,4,8
Sa
]
!l.
11 11
~ )
Jr_ . 1 L =0 L
0 02 04 04 08, 10 1-2
B P, A

Fig. 2. Different funetion Wl @) used to teet
effects of changing basal conditions. Cwrve labels
are for identification only.

the Timits represented by the Greenland and Devon
Island ice cap data, so have used the wide variety of
functions u(py) shown in Figure 2. For analytic
convenience they are defined by varying the parameters
of a lTinear-polynomial-linear construction (with con-
tinuous second derivatives) analogous to Equations
(36) and (37) of Morland and others (1984).

Finally, the bed profile Y = F(X) is either a
given function of X, or is linear in H to represent
isostatic sinking. If the bed undeformed by the ice
sheet is flat, F = 0, then isostatic depression is
represented by

e 1 - Pb "
'l —
PR=P Py

(11)

where pp, is the bed density. Alternatively, if the
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ice sheet has advanced over a bed with initial pro-
file Y = Fy(X) and local depression is proportional
to the overburden pressure (see Fig. lb), then
Fog = F = c(H-F). (12)
Equations (11) and (12) are identical for Fo =0 if
€ = pj/ph, and can then be expressed in a common
form
Py Pb
F = H o+
PbP i

i (13)

Pb~Pi

which we use to model depression effects of the ice
sheet.

MASS-BALANCE CHARACTERISTICS

We use the conventional terminology net mass bal-
ance for the surface accumulation density q (fre-
quently denoted b,) which is a prescribed function
of altitude h in the adopted model. We thus require
a general statement about the possible range of
patterns of q against h. Figure 3a shows plots of
q(h) for a large number of modern glaciers. These
accumulation/ablation distributions are a function
of latitude and of the location of the glacier with
respect to moisture sources in the major storm tracks.
High rates of ablation in lower latitudes (e.g. Budd
and Smith, [1981]) require high accumulation rates
to balance them, so that net balance gradients
(abp/ah = ag/sh) tend to increase as latitude de-
creases. In high latitudes high rates of winter accum-
ulation along the axes of major storm tracks are bal-
anced by high summer ablation produced by the heat
imported to high latitudes by these same systems, so
that gradients also tend to increase towards storm
tracks. A third effect is that of ice-sheet size
whereby less moisture is capable of penetrating into
the interior of a large ice sheet. This effect is
shown in Figure 3a by the progressive diminution of
net accumulation with altitude. For the purposes of
model1ing we have schematized these patterns into a
sequence shown in Figure 3b ranging from low gradients
("cold, dry, continental™ conditions) to high gradi-
ents ("warm, wet, maritime" conditions).

These patterns are normalized according to
Equation (4) for use in the differential equation (8),
but our final results are expressed in physical vari-
ables. In Figure 3b the normalized representations
Q(H) for each pattern g(h) are shown. In each case
we have assumed linear dependence of Q on H in the
ablation zone, i.e. for H < Hy, where Hg 1s the norm-
alized equilibrium-line altitude (ELA), and also in
the higher altftude zone, i.e. for H » Hg. A dBic
polynomial is used for He < H < Hg to obtain continu-
ity of Q(H) and Q'(H) at H = Hp and H = Hg. If we let
9a be the ablation gradient, gg the gradient of the
linear accumulation segment, and Qg the value of Q at
H = Hs, the representations Q(H) are given by

Q = ga(H-He) 0 < H < He,
|
Q= rfl a.(H-Ho)" He < H < H, (14)
Q = Qs G gS(H-HS) Hs < H
where
al = %a,
3y = (Hg-H)2 {30g - (g4%29,) (Hg-H,)},  (15)

a3 = -(Hg-He) ™ {205 - (g5*g,) (Hg-He)}.

For each of the accumulation/ablation patterns Q(H)
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3.(a). Net mass-balanece distributions for a number of modern glaciers. (b) Model net mass-balance

Blue Glaeier, Washington (1964-67)

South Cascade Glaetier, Washington (1957-70)
Sentinel Glacier, B.C. (1965-70)

Place Glaeier, B.C. (1965-70)

Woolsey Glaeier, B.C. (1965-70)

Peyto Glacier, Alberta (1965-70)

Ram River Glacier, Alberta (1965-70)
Nigardsbreen, Norway (1963-73)
Hellstugubreen, Norway (1964-73)
Grdsubreen, Norway ( 1964-73)
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11.
12.
13.
14.
15.
16.
17.
18.
19.
204

labels defined in Table I.

Al fotbreen, Norway (1964-73)
Storbreen, Mrway
Storsteinfjellbreen,
Bldisen, Noruay
Cainhavarre, Norway
West Greenland, lat. 70°N (modelled)
Folgefonni, Norway. ( 1964-65 & 67-68)
Mtarctica. Wilkes Station Profile
Thule Ramp, Greenland

Antarctica, Casey Profile

Norway
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in Figure 3b, g5, 95, and Qg are fixed. Furthermore,
although the value of the ELA Hp varies according to
the position of the origin on the H-axis in Figure 3b,
the difference Hg-Hg remains unchanged. Thus ay, az,
and a3 are constant for a given accumulation pattern,
The chosen value for the difference Hg-He is 0.25,
equivalent to a difference of 500 m in physical alti-
tude. This value is assumed to hold for all choices
of accumulation patterns and is a round estimate made
from a study of the data in Figure 3a. We have listed
in Table I the values of the parameters Qs 9gs 93 =
a], apz, and a3, assuming Hg-He = 0.25, which deter-
mine the six different labelled patterns Q(H) appear-
ing in Figure 3b. For some patterns we have con-
sidered two values of the gradient g..
Equation (8) is now solved for HfX), both for a
flat bed F = 0 and an isostatically depressed bed
F = vH, with v = -1/3 (equivalent to a density ratio
pp/ei = 4). Initially we only solve the half-problem,
i.e. from the left-hand margin to the divide. The
full profile from margin to margin is assumed to be
symmetric about the ice divide, equivalent to choosing
the same mass-balance pattern Q(H) on both sides of
the divide and with the same equilibrium-1ine altitude
He. We use the net balance gradients shown in Figure
3b and the ELA as independent variables and investi-
gate their separate influence on glacier size and
shape.

INFLUENCE OF EQUILIBRIUM-LINE ALTITUDE (ELA) AND
ABLATION GRADIENT ON GLACIER SIZE AND SHAPE FOR A
HORIZONTAL BED

We first use the basal boundary condition in-
ferred for the West Greenland ice sheet at lat.
70°N (Morland and others, 1984), and solve Equation
(8) for a given net accumulation/ablation gradient
and ELA for a horizontal bed. Figure 4a shows the

1500

ELAmM

(a) horizontal bed - no isostasy

1600

ELA m

(b) horizontal bed - isostasy

GLACIER SPAN x 100km

Fig. 4.(a) Glacier span versus ELA for different net
balance distributions for a horizontal bed in the
absence of isostasy. The bold lines connect points
on the curves of similar central height. Note that
glaciers with higher net balance gradients have
steeper profiles.

(b) As 4(a) but with full isostatic compensa-
tion.
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glacier spans and central heights which would be in
equilibrium with the patterns defined by Equations
(14) and (15), and Table I. The diagram indicates the
range of accumulation/ablation conditions which could
be inferred from the given span of a glacier in a
steady state resting on a horizontal plane. It does
not imply that a given climatic condition will neces-
sarily produce a glacier of a certain size. The con-
ditions which might Tead to the evolution of an ice
sheet of given size require a time-dependent analysis.
Weertman (1961) has demonstrated how the ELA will
be related to the snow-line during glacier expansion
or decay. (We assume that there is a horizontal or
gently dipping plane within the atmosphere above
which perennial snow will remain on mountains or glac-
iers penetrating through it. The line of intersection
of this plane with a physical feature or any surface
is the snow-line.) In the Northern Hemisphere the
snow-1line dips towards the north. Consider the situa-
tion in Figure 5a where a snow-line $;S'; cuts the

GLACIER SPAN-x100kms
T T

1 2 3 4 5

1500

L1000

=

500 7 snowline
- falls
5,7 ~
Wigs A_‘g!acler ]
advances :
i (a)
2

1500 4(172) 1
E
L
S }iooo i
‘T;: snowline
£ olE falls
| - ?_.
E 818
2 [ 500 wiE A
- c
5 5§
E A u:stab!e i

" advance
) ()
- \?

Fig. 5. The effect of snow-line elevation and slope

on glacier span.

(a) The effeet of changing snow-line elevation on a
glacier hitherto in equilibrium, when the snow-line
slope is steeper than that of the cuwrve of ELA
against span (pattern 4(1/2)).

(b) The effect produced when snow-line slope ig less
steep than the cwve of ELA against span.

(e) Modern and reconstructed glacial stage snow-
lines from Ewope and North America. Note that apart
from the Labrador example, they are less steep than
the curve of ELA against span of 4a and 4b.
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TABLE 1. PARAMETERS FOR NORMALIZED ACCUMULATION/ABLATION PATTERNS Q(H) DEFINED BY EQUATIONS (14) AND (15)
1 4(1) 4(3) 4a 52 5b
Qs 2 1 0.5 0.375 0.25 0.25
9e 0 -0.5 0 0 -0.4 0 0 -0.25 0 -0.25
ay = gy 19 19 12.5 12.5 12.5 8 3.5 3.5 1.5 1.5
ay -56 -54 -52 -76 -74.4 -46 -16 -15 0 1
a3 48 40 72 136 129.6 80 24 20 -8 -12

curve of ELA versus span for a glacier of span A at
point X, If the overall elevation of the snow-line is
reduced to SpS's, the accumulation area is increased
and the ablation area reduced, a positive balance will
ensue, and the glacier will advance to B for which the
curve of ELA versus span cuts the new snow-line at Y.
An increase in snow-1ine height will produce the re-
verse trend.

In Figure 6a-d we show the computed glacier pro-
files which would be in equilibrium with different
equilibrium-1ine altitudes and net mass-balance pat-
terns taken from Figure 3b., We find that glaciers
with high net balance gradients, typical of maritime
climates, have relatively high surface slopes re-
flecting the higher shear stresses required to gener-
ate flow velocities large enough to balance high
accumulation rates. An important attribute of an ad-
vancing or retreating glacier is the ELA trajectory,
the successive positions of the ELA on the glacier
surface. For a given mass-balance pattern the ELA
trajectory for successive steady-state profiles is a
critical trajectory. In an advancing glacier, the ELA
trajectory will lie below the critical trajectory and
cannot intersect it, and vice versa for a retreating

glacier. This critical ELA trajectory is thus a funda-
mental parameter relating climate and glacier be-
haviour in a given area.

As Weertman (1961) has shown, when the slope of
the snow-line is greater than the slope of the curve
of ELA against span (Fig. 5a), a fall in snow-line
elevation $)S'y to SpS'p will cause the glacier to
advance to a new equilibrium position, whereas if the
snow-1ine slope is lower than the slope of the curve
of ELA against span, a fall in snow-line will cause
unstable advance of the glacier (Fig. 5b) which would
advance until a physical barrier was reached or some
other change stopped its expansion.

Most reconstructed modern snow-1ines from the
areas of Europe and America occupied by large ice
sheets during the lTast glacial period have a very
low northerly slope (Fig. 5¢c). Reconstructed snow-
lines from different phases of the last glacial per-
iod (Fig. 5¢) have a similar slope to modern snow-
lines in the same area with the altitude reduced be-
tween 700 and 900 m. Most of these snow-1ines have
slopes lower than the typical slope of the curves
of ELA against span (Fig. 4). Thus it might be con-
cluded that contemporary ice sheets were inherently

T : - I 2 3
Comparison of ELA Trajectories 3 3 M 5
—=4(1/2)
3000 ____5_4,«.<v4"""'§;-+luostllv 4 3000
i Pattern 5a
(e)
200km 400km
2000 F i L 4 2000
(a) Pattern 1
1000 4 1000
]
-
-
g
s , :
c 200 km < 3000
g Horizontal Distance
§ oo Pattern 5a with isostasy
o
o (b) Pattern 4(1/2)
4 2000
4 1000
]
4-1000
Horizontal distance x 100km
Fig. 6. (a)-(d) The sequence of steady-state mofiles for different net balance distributions associated

With an increasing snow-line elevation. For a given mass-balance pattern the ELA for a given span must
lie beneath the ELA trajectory for the glacier to advance, or above it to retreat. If it coincides
with the ELA trajectory, the glacier front will be stationary.

(e) Comparison of ELA trajectories appopriate to different net balance distributions.
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unstable in Weertman's (1961) sense. This does not
necessarily follow. An assumption generally made in
the discussion of ice-sheet growth and decay is that
the net balance gradients will remain constant through
time, and that only the elevation of the ELA will
change (e.g. Andrews and Mahaffy, 1976; Weertman,
1976; Oerlemans, 1980). We suggest that this is un-
likely to be true. A climatic change which results in
reduction of snow-line elevation may also change the
associated net balance gradient. We would expect,

for instance, that during ice-sheet growth in north-
ern Europe and North America, decreased evaporation
from a cooling ocean surface will result in a drier,
colder atmosphere. Thus we expect an initially large
net balance gradient to be reduced. Al so, extension
of the ice sheets to great size as they expand towards
their maxima will make it increasingly difficult for
moisture-bearing storms to penetrate very far into
their interiers, so that accumulation rates will be
diminished. While we might also expect the deflection
of well-defined storm tracks around the ice sheets'
southern margins to result in high winter accumula-
tion rates there (e.g. Liljequist, 1974; Williams and
Barry, [€19751), this would be offset by the pene-
tration of the ice sheets to warmer latitudes by this
stage producing high summer ablation rates, so that
the "elevation-desert" effect in the ice sheet in-
terior will be balanced by Tow net ablation rates near
the margin. Thus, rather than using the conventional
model in which the ablation gradient is constant dur-
ing ice-sheet growth and only the ELA changes (Figs

5 and 6), we suggest a model in which not only will
the ELA change, but the net balance gradients will be
reduced as the ice sheet expands. Thus we analyse the
response of a glacier to changes in a more complex
climatic framework.

We first take the case of snow-lines steeper than
the curve of ELA against span. Figure 7a-c shows a se-
quence of snow-lines S; to Sg and contemporary curves
of ELA against span Ej to Eg, so that snow-1ine S1 is
contemporary with curve E7 and so on, with lower
curves of ELA against span reflecting colder, drier,
more continental conditions (lower net balance gradi-
ent). Consider a glacier in equilibrium with a given
accumulation/ablation distribution and a snow-line
$15'1 which intersects the appropriate curve of ELA
against span Ey at 1. If the snow-line is reduced in
elevation from $15'1 to 5pS'p, and at the same time
the net balance gradient is reduced so that at loca-
tion 1, Sy - Sp > E] - Ep, the intersection between
the new snow-1ine $5S's and the new curve of ELA
against span Ep indicates that an advance to 2 will
occur. If, however, the change in snow-line for the
same net balance gradient change is less, so that
S] - Sp =E) - Epat 1 (Fig. 7b), then the glacier
will remain stationary. If S7 - S» < E] - E2 at 1,
the glacier will retreat (Fig. 7cf. The converse ap-
plies to snow-line rise. Thus, for a glacier in a
steady state, snow-line lowering does not necessar-
ily lead to advance, nor snow-line rise to retreat;
the reverse effect may be produced. Lowering of snow-
line coupled with the increase in elevation of the
curve of ELA against span due to an increase in the
net balance gradient will always lead to glacier ad-
vance.

In the case of snow-lines which are less steep
than the curve of ELA against span, which we believe
may have been the usual case for the two great
northern-hemisphere ice sheets of Europe and North
America, slightly different considerations apply.
Changing snow-lines may lead to unstable behaviour
as Weertman suggested, or to the establishment of new
steady states. If snow-line and net-balance gradients
are reduced so that Sy - Sp < Ej - Ey (Fig. 7d) the
reduction in snow-line is Tess than that required to
maintain a stationary ice front position and the
glacier will undergo unstable retreat. If 51 = Sa>
E1 - E4, the reduction in snow-line is more than re-
quired to maintain a stationary ice front and the
glacier will undergo unstable advance. Figure 7e
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Fig. 7. The combined effect of swow-line elevation and
mass-balance gradient which control whether a glacier
will remain stationary, expand or contract. 5, to
S5 represent a sequence of snow-lines and E; to Eg
a sequence of contemporary curves of ELA against
span reflecting a progressively lower net balance
gradient.

(al)-(c) Snow-line gradient steeper than ELA span
eurve. If at point 1: §; - Sy = E; - Eg, glacier
advances to 2; S; - S = Eg - Eg, glacter standstill;
871 - 89 < By - Eg, glacier retreats to 2.

(d) Snow-line gradient lower than the curve of ELA
against span. If the curve of ELA against span 1s
reduced in elevation from E; to Ep, and snow-line
altitude §; is reduced, reduction to Sy produces
unstable retreat, to Sz a standstill, and to S, an
advance.

(e) If the climate becomes drier leading to a re-
duction in net balance gradient, an increasingly
Large depression of snow-line is required to main-
tain a stationary ice front.

shows the change in snow-line elevation required to
maintain a steady-state position for two different
changes of balance gradient. Large glaciers require
much greater changes in snow-line elevation to sus-
tain a stationary ice front, and as climate becomes
drier, a greater snow-line depression is required.

Figure 8 shows a glacier advancing via a sequence
of steady-state stages from an initial condition of
growth in a relatively maritime climate with a high
net balance gradient to its maximum in a "continental”
climate with a Tow net balance gradient. Each stage
represents an intersection between a snow-line and
the appropriate curve of ELA against span in Figure
4a. The ELA trajectory (Fig. 4a) shows the maximum
elevations of the sequence of snow-1ines required to
produce this advance, or the sequence of minimum ele-
vations required to produce retreat. In general, as
is shown in Figure 7e, a greater snow-line depres-
sion is required to sustain advance as the climate
becomes progressively drier.

In order to produce a halt stage or short re-
treat during an advance, climate could either become
drier (and presumably colder), so that the ELA tra-
Jectory coincides with or is less than the snow-11ine
elevation, or it could become warmer (and presumably
wetter), with an increased snow-line elevation which
coincides with or exceeds the ELA trajectory.

The coupling of mass balance, flow, shear stress,
and glacier profile in a viscous glacier model pro-
duces a reduction in the centre height:span ratio
as the balance gradient is reduced during glacier ex-
pansion into an increasingly continental climate. In
Figure 8a we contrast glacier expansion during phases
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associated with colder, drier conditions.

of gradually changing climate with expansion during

a phase of rapidly changing climate. In this latter
case, the ice front advances substantially whilst

the centre height is substantially reduced. The ef-
fect of this is to produce a relatively small volu-
metric change in the ice sheet even though there may
be a large change in span. Thus we should not expect
the ice-sheet volume changes implied by the deep ocean
isotopic record to be precisely reflected by changes
in ice-sheet margins. Indeed, there is evidence that
at least in North America, the ice-sheet span maximum
was achieved long after the global ice-sheet volume
maximum (Ruddiman and McIntyre, 1981).

ROLE OF ISOSTASY

Figure 6c-d shows the profile contrasts between
glaciers resting on horizontal beds and those for
which there is full isostatic compensation. A higher
ELA is required for a glacier resting on a horizontal
bed compared with a glacier of similar span resting
on a bed which has suffered significant isostatic de-
pression (Fig. 4). The ELA trajectories required for
growth in the latter case are lower than in the for-
mer.,

Consider a glacier which advances rapidly to a
given steady-state position (before significant crus-
tal depression can occur) under conditions where the
slope of the snow-line is greater than the slope of
the curve of ELA against span. As the crust begins to
sink beneath the glacier load, a progressively lower

https://doi.org/10.3189/50022143000005876 Published online by Cambridge University Press

Reconstruction of former tce sheets

ELA will be required for equilibrium and the glacier
will retreat until a new equilibrium is established.
The interaction between the response rate of the
glacier and the response rate of the crust could pro-
duce complex behaviour, but eventually an equilibrium
may be established, although in practice it is doubt-
ful whether climate will ever remain stable long
enough to allow this to occur. Where the snow-line
slope is less than the slope of the curve of ELA
against span, crustal sinking beneath a glacier in
equilibrium will lead to unstable retreat of the
glacier which will not attain a subsequent equilib-
rium unless the climate changes.

A glacier advancing via a series of equilibrium
stages and always in isostatic equilibrium with the
underlying crust has an ELA trajectory shown in
Figure 8b. If we assume that full isostatic compen-
sation is never attained, then the maximum ELA tra-
jectory required for an advance must lie between the
trajectory for zero compensation (Fig. 8a) and that
for full compensation (Fig. 8b).

Not only will the effect of isostatic depression
be to act as a brake on glacier advance, but also as
a brake on glacier retreat. A glacier retreating be-
cause the snow-line lies above the curve of ELA
against span appropriate to substantial isostatic
depression may reach an equilibrium halt stage or re-
advance if crustal uplift causes relative lowering of
the snow-line so that it cuts the curve of ELA against
span appropriate to a lesser degree of isostatic de-
pression (Fig. 6c, d),

ICE SHEETS WITH ASYMMETRIC NET BALANCE PATTERNS

Modern ice sheets frequently show strong asymmetry
across the ice divide with a steep flank of small span
opposite a low-slope flank of greater span. We investi-
gate the possibility that different mass-balance
characteristics across the divide may produce such
asymmetric ice sheets. Consider an ice sheet with a
similar net mass-balance pattern on both its flanks
but with a different ELA on each side. We recall that
for a given basal boundary condition and mass-balance
distribution, the differential equation (8) determines
a unique semi-profile or symmetric full-profile, with
the central height and semi-span also part of the
solution. If we reconstruct both flanks independently,
starting from the respective margins, we find that
the central heights do not match (independent solu-
tions in Fig. 9a).

In solving the asymmetric problem we solve Equa-
tion (8) to obtain the profile h(x) from margin to
divide as before, thus determining the central height
he. The remainder of the profile is then determined,
with the new ELA, by starting from the divide with
h = hg, h' = 0. This latter problem is over-specified,
however, in that the initial value h = he does not in
general coincide with the central height obtained by
constructing the profile from the far margin. The
outcome of this over-specification is that the slope
h'(x) becomes infinite as the other margin is ap-
proached, and thus the ordinary differential equation,
valid only for small slopes, no longer applies. Al-
though the physically realistic finite-slope solution
near this second margin must then be determined by
consideration of a (passive) vertical boundary layer,
the singular solution (dashed curve in Fig. 9a) pro-
vides us with a good estimate of the span. In Figure
9a, we see that while the uncoupled profile construc-
ted from the margin has a span of 314 km and a central
height of 1673 m for the A-side and a span of 219 km
and a central height of 1208 m for the B-side, the
coupled solution from the left margin, retaining the
A-side, has an increased span of 286 km on the B-side.
The dotted Tines in Figure 9b connect selected A-side
spans with the appropriate B-side spans (similar cen-
tral height) where the B-side ELAs are 250 m and
500 m lower than the A-side ELAs.
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Fig. 9. Effect of asymmetric mass balance, where net
balance gradients are constant (pattern Sa) but
ELAs differ.

(a) Where mass-balance patterns are different on
opposite flanks of an ice sheet, independent solu-
tions for each flank do not mateh at the ice divide.
A "coupled" solution effectively increases the span
and centre height of the B-side (lower ELA), whereas
the A-side profile is identical for both independent
and coupled solutions.

(b) The solid line is the eurve of ELA against span
for mass-balance pattern 5a for an independent A-
side, If the ELA on the B-side is lowered, the
dashed lines show curves of ELA against span for
the B-side. The dotted lines connect points of simi-
lar height and thus give the spans to the north and
south of the tce divide.

We have also examined the effect of changing net
balance gradients whilst keeping ELAs constant on
opposing flanks. The effects are very similar to those
shown in Figure 9b, but not so evident. We conclude
that major asymmetry in an ice sheet is unlikely to
result directly from contrasting mass-balance con-
ditions on opposite flanks, but more from the nature
of the basal boundary on each side of the divide.

EFFECT OF THE BASAL BOUNDARY CONDITION

We now present a selection of results obtained by
changing the basal sliding function u(py) over the
wide range shown in Figure 2. Figure 10a shows the
profiles over a horizontal bed with no depression for
accumulation pattern 4(%) in Figure 3b with ELA at
1500 m. The labels correspond to those of the u(pp)
curve in Figure 2, If y is low, basal movement is
easy, and only a relatively low shear stress and
associated surface slope are needed to discharge a
given accumulation, which is reflected by the compari-
son of profiles 5*, 10, 4, 9, 8 with profiles 2 and
3. However, because on most glaciers we find that the
net balance does not change dramatically beyond a
small height above the ELA (Fig. 3), changes in basal
boundary condition in the accumulation area have 1it-
tle effect on glacier span, although the profile
shape may be quite different. Thus, basal boundary
condition 5* (Fig. 2), with much easier basal move-
ment in the accumulation area, has a similar span to
2 (Fig. 10a), although 5* produces a much flatter pro-
file. This is because similar u(py) values in the
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ablation area produce similar snout profiles, and
similar ablation-area extents, which, for a steady
state, must be balanced by similar accumulation-area
extents, Glacier span is, however, sensitively depend-
ent upon the basal boundary condition in the ablation
area, which affects surface profile, ablation-area
extent, and thus accumulation-area extent. Thus,
boundary condition 11 (Fig. 2), with low u(py) values
in the snout region, produces a very much larger span
than the other conditions for a similar mass-balance
distribution (Fig. 10a). The evidence from most
modern glaciers, which tend to have similar snout
profiles, is that u(pp) values do not vary dramatic-
ally in the ablation area, and thus, for a given net
balance gradient a predictable relationship between
ELA and span exists. Thus, although the basal bound-
ary condition used in this application is derived
from the Greenland ice sheet, we conclude that span
is not sensitively dependent on the precise values
used in the basal sliding law, and therefore our re-
constructions do not have to assume a similarity be-
tween the modern Greenland ice sheet and former ice
sheets.

With a reasonable range of accumulation/ablation
conditions and relatively high ("normal") u(p,) values
in the snout region, the present solution fails to
produce a large ice sheet with a span of the order of
1000 km or more. The large size of the Antarctic ice
sheet reflects high rates of marginal calving which
require a very broad accumulation area to balance it.
The earlier Quaternary ice sheets in Europe and North
America, 1500-2000 km in span, had no such advantage
over much of their margin, yet we believe that they
were near to equilibrium at their maximum extents (see
later discussion). This may arise through lTow terminal
u(pp) values, which could have been achieved by defor-
mati?n of subglacial sediments (Boulton and Jones,
1979).

EFFECT OF AN IRREGULAR BED

Equation (8) for the dimensionless profile H(X)
can be solved for an irregular bed where the dimen-
sionless bed form F is a prescribed function of X. As
an example we take part of the bed of the ice sheet
which flowed over northern Britain during the last
glacial period (Fig. 11b). We match this with an
l1-degree Chebyshev polynomial, and use an alternative
co-ordinate system Oxpyz (Fig. 11b). The dimensionless
bed form F(X) is based on the representation fy in
Figure l1b. In the absence of isostasy, the relation
is simply

folxp)

Xp = LoXp =

ho F(X),

(16)
Xp + 2K

where x, is the distance from the origin of the
Oxpyz system to the origin of the Oxyz (0XYZ) system
(Fig. 11b). Note that when the displacement x; is
zero, then the coordinate systems coalesce and

Xp = x = 2pX. In the isostatic case the dimension-
lTess bed form used in Equation (8) is

Pi Pb
{H(X) -—— Fo(Xp)} (17)
Pi=Pp Pi

F(X) =

which, with pp/ej = 4, becomes
1
FEXY = --3—{H(X) - 4F4(Xp)t. (18)

The curves of ELA against span and comparative
profiles in Figures 12 and 13 show that large-scale
irregularities reduce the span and increase the pro-
file steepness for a given net balance gradient, re-
flecting the additional resistance to glacier flow
provided by major topographic features.
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(b) Curves of ELA against span for different basal bowndary conditions.

RECONSTRUCTIONS OF QUATERNARY ICE SHEETS

Several attempts have been made to use glacio-
logical models to reconstruct Quaternary ice sheets.
Andrews and Mahaffy (1976) made a series of assump-
tions about the evolution of climate in North America
during the last glacial period to estimate likely
patterns of growth of the Laurentide ice sheet.
Boulton and others (1977) also assumed a climatic
regime to reconstruct the thermal and dynamic charac-
teristics of the Late Devensian ice sheet over Britain.
Sugden (1977) modelled the Laurentide ice sheet by
assuming a longitudinal profile which was a mean of
profiles from the Antarctic and Greenland ice sheets
and with accumulation patterns derived from the same
regions. Denton and Hughes ([€1981]) modelled all the
major Quaternary ice sheets at their presumed maximum
extent by making assumptions about basal thermal con-
ditions and the appropriate basal flow Taws. Weertman
(1976), Oerlemans (1980), and Pollard (1978) have
attempted to model the growth and decay of ice sheets
in order to test if their major cycles of growth and
decay could primarily be produced by Milankovitch
solar radiation cycles.

Our aim is to use geological evidence of glacier
form and extent to reconstruct climate. We assert
that for a glacier of known surface profile flowing
over a known bed there is a unique combination of ELA
and net balance gradient. However, we do not know of
geological evidence which might enable us to recon-
struct the surface profile of a former glacier to
which our two-dimensional flow analysis would be
appropriate. Such evidence is only available for val-
ley glaciers, which must be analysed three-dimension-
ally. However, we have abundant evidence of spans of
former glaciers for which a two-dimensional approxim=-
ation would be appropriate. Here we claim that for
such a glacier in equilibrium, a predictable set of
combinations of ELA and balance gradient are appro-
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priate. We thus use the known extents of inferred
steady-state glaciers as indicators of palaeoclimate.

The geological evidence for the former presence
of a steady-state glacier margin has been reviewed by
Boulton (1983), It is:

(a) major accumulation of melt-out till and/or
flow till in a well-defined zone;

(b) series of closely spaced push moraines;

(c) laterally extensive evidence (hundreds of
kilometres) in the form of moraines and
sediments of an ice-marginal position.

Using such evidence, a sequence of egui]ibrium stages
were identified during the retreat of the European

ice sheet, to which a glacio-climatic model could be
applied.

As an example we choose the ice sheet which cover-
ed much of northern England during the maximum of the
last (Devensian) glacial period. In north-eastern
England a major laterally continuous moraine, the
Escrick moraine, is succeeded, 10 km to the north at
York, by another similar moraine. Internally these
moraines show evidence of glacier pushing, and they
contain flow tills interbedded with glacial outwash
(Gaunt, 1970). They clearly represent substantial halt
stages in the retreat of the late Devensian ice sheet
from this area, which is known to have occurred after
about 18 000 B.P. (Penny and others, 1969), From this
we assume that a steady-state equilibrium was attained
here. Erratic transport paths, and drumlin and striae
orientations all indicate that the ice sheet flowed
into this area from the north-west (Charlesworth,
1957; see also Fig. 1la) and that it had its prin-
cipal source in south-west Scotland where Cornish
(in press) has recently argued that a major relative-
ly static ice centre was located during the Late
Devensian glacial maximum. Further, reconstructed
flow lines suggest parallel flow in this sector of
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Fig. 11. (a) Devensian (last glaeial period) flow pat-
terns over northern England and the location of the
York and Eserick moraines.

(b) The bed profile for the chosen northern England
flow line (dashed) and the modelled bed form Fo Fit-
ted by a Chebyshev polynomial (comtinwus line).

The double coordinate system ie also shown (see
Fig. la).

the ice sheet, and thus two-dimensional flow can be
assumed. The bed over which the ice sheet flowed was
highly irregular (Fig. 11).

We determine the conditions under which a steady-
state ice sheet centred over south-western Scotland
could have extended into the Vale of York, and also
the conditions which would have enabled equilibrium
to be attained for ice sheets terminating north of
the maximum extent, This was done both for zero iso-
static depression and full isostatic compensation.

It is interesting to compare these results with those
obtained for a horizontal bed and a horizontal bed
plus isostasy (Fig. 12). For a given snow-line eleva-
tion and net balance gradient, the extent of the ice
sheet on the irregular bed is less than it would be
on a horizontal bed. The lowering of snow-line re-
quired to sustain a given span on isostatic depres-
sion of the crust is substantially reduced for an
irregular bed.

2000
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Fig. 12. Curves of ELA against span for glaciers with
zero and full isostatic compensation for the selec-
ted northern England flow line in Figure 11b and
for a horizontal bed f, = 0.
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Fig. 13.(a) A series of equilibriun profiles and the
ELA trajectory for an ice sheet of constant net
balance gradient (pattern 4(1/2)) advancing from
south-west Seotland to the Vale of York. ( Zero iso-
static compensation).

(b) As for (a) but with full isostatic compensation.
(e) A comparison of different possible mrofiles of

an equilibriun ice sheet terminating in the Vale

of York, for several patterms of net balance dis-
tribution and their appropriate ELAs.

(d) Different spans produced for different net bal-
ance patterns in northern England for an ELA of 1500 m.

Figure 13a-b shows a series of equilibrium stages
of a glacier expanding along the northern England
flow Tine with and without isostatic depression of
the crust. Their ELA trajectories for a single mass
balance pattern are compared. Figure 13c shows the
different profiles which would be produced by the
combinations of ELA and net balance gradients re-
quired to maintain a steady-state ice sheet extending
to the Escrick moraine. Figure 13d shows the extents
of steady-state ice sheets with different accumula-
tion/ablation patterns but with a constant ELA of
1500 m.

For the period of the last glacial maximum or
about 18 000 B.P., Biidel (1949) and Kaiser (1969)
have reconstructed European snow-lines, suggesting
a snow-line depression of about 1000 m compared with
the present day. This would give a snow-line eleva-
tion between about 600 and 800 m a.s.]. on an ice
sheet in steady state terminating in the vicinity of
York. An ELA of 600-800 m a.s.1. would require (from
Fig. 12) a low ablation gradient to sustain this
steady state. Modern glaciers with a similarly low
ablation gradient are located in areas of relatively
cold, dry, continental climate. However, conditions
similar to those at the southern margins of the
European and North American ice sheets may not occur
at the present day. A low ablation gradient could
also be achieved in a region of high summer tempera-
ture and cold, snowy winters with a rapid fall off
of precipitation over the ice sheet.
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advaneing along the northern England flow line when
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(a) Zero isostatic compensation.
(b) Full isostatic compensation.

We suggest that climatic conditions during the
Devensian late glacial re-advance between 11 000 and
10 000 B.P. are 1ikely to have been similar to con-
ditions during the build-up stage of the Late Deven-
sian ice sheet over Britain. Studies of corrie mor-
aines in south-west Scotland, formed during the late
glacial re-advance, suggest a contemporary snow-1line
of 500-600 m. Figure 12 suggests that a small glac-
ier centred over the mountains of south-west Scotland
with an ELA of this value would require a relatively
high ablation gradient, typical today of a maritime
climate.

Thus we suggest that the growth of an ice sheet
from centres in the highlands of northern Britain
took place in a relatively maritime climate, but that
as it expanded the climate became increasingly con-
tinental. We model the initial stage by a steady-state
glacier with its margin some 50 km from the ice
divide, an ELA of 500-600 m and an appropriate net
balance gradient (Fig, 12), and assume that inter-
mediate stages of spans 100 km, 150 km and 175 km have
net balance gradients intermediate between the initial
value and the final value for a glacier of span 200 km
and ELA 1010 m (Fig. 14). This value has been used, as
the geologically inferred value of 600-800 m a.s.l.
would require an even Tower net balance gradient than
pattern 5a, and we have not computed such a pattern.
We have assumed full isostatic compensation through-
out. The glacier surface slope becomes lower as it
expands, since the force required to drive decreasing
accumulation through the system becomes less. The
basal velocity distribution is strongly affected by
the topography.

CONCLUSIONS

(1) For an isothermal ice sheet in a steady state
the surface profile, including its span and central
height, is a function of the accumulation/ablation
pattern, the basal boundary condition, and the form
of the glacier bed.

(2) For a given glacier bed form and accumulation/
ablation function a change in the basal boundary con-
dition beneath the accumulation area will not affect
the ice-sheet span, although the central height may
be affected, Thus, provided that there is not a con-
siderable between-glacier variation in the basal
boundary condition in the ice-sheet snout region, we
conclude:
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(a) An ice sheet of given span will be in equili-
brium with a predictable series of accumulation/
ablation patterns.

If in addition the ELA is known from geological
evidence, we conclude: .

(b) An ice sheet of given span will be in equili-
brium with a unique accumulation/ablation pattern.

If we also know the ice sheet terminal profile
from geological evidence, we conclude further that:

(c) An ice sheet of given span will be in equili-
brium with a unique ELA and net balance gradient,

(3) The state of stability or instability of an
ice sheet, and whether it will advance, retreat, or
remain stationary as a result of a climatic change,
depends not only on whether snow-line is raised or
lowered, but also on the associated changes of net
balance gradient. Lowering of snow-line does not
necessarily lead to glacier expansion, nor raising to
contraction, A small lowering of snow-1ine coupled
with reduction of the net balance gradient may lead
to glacier contraction. Although the climate has be-
come cooler, the glacier has been starved of accumula-
tion.

The concept of an ELA trajectory is introduced,
which is the path which would be followed by the
equilibrium-line altitude of a sequence of steady-
state glaciers during advance or retreat. It marks
the maximum possible elevation of the snow-line dur-
ing glacier advance, or its minimum during retreat,
The ELA trajectory will depend on the sequence of
climates which accompanies glacier expansion or de-
cay.

(4) We expect the net balance gradient on an ice
sheet to diminish as the ice sheet expands (increas-
ingly “continental" climate). As the volume to span
ratio is smaller for a glacier of given size when its
net balance gradient is less, we expect the rate of
volume increase as span increases to become less. A
sudden change of climate from maritime to continental
may thus lead to advance of the ice-sheet front with
little volumetric change. There is evidence that the
volume maximum of some Pleistocene ice sheets pre-
ceded their greatest areal spread. This may reflect
an important climatic change,

(5) This latter effect results from the assump-
tion, supported by observations on ice sheets and
ice shelves, that in the long term ice behaves as an
incompressible non-linearly viscous fluid. If the net
balance gradient increases without an increase in the
glacier's net balance, a greater shear stress is re-
quired to drive a greater discharge through the sys-
tem, and thus the longitudinal surface profile be-
comes steeper,

Much previous modelling is derived from or based
on Weertman's (1961, 1976) analyses based on an
assumption of perfect plasticity. In such models the
speed of ice flow adjusts itself to changes in net
balance gradient without a change in the shear stress.
It effectively de-couples a highly coupled system
which is at the heart of the interaction between at-
mospheric and ice-sheet dynamics.

(6) The snow-Tines required for glacier growth are
lower the stronger the isostatic component of crustal
sinking.

(7? Application of the model to the flow of the
ice sheet which covered part of northern Britain dur-
ing the last glacial period suggests that its initial
growth was favoured by a relatively high net balance
gradient (a relatively "maritime" climate) whilst at
its maximum extent the net balance gradient was much
smaller suggesting a relatively "continental" climate.

(8) Without iceberg calving at the margin, such
as occurs around the margin of the modern Antarctic
ice sheet, and using a basal boundary condition
appropriate to modern ice sheets, we are unable to
model those extensive parts of the large last glacia-
tion ice sheets in the northern hemisphere which ter-
minated on land, and which geological evidence sug-
gests were in a steady state. We conclude that basal
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movement must have been much easier for these jce
sheets,
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