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T H E h-VECTOR OF A G O R E N S T E I N

C O D I M E N S I O N T H R E E D O M A I N

E. D E N E G R I A N D G. V A L L A

Let k be an infinite field and A a standard G-algebra. This means that there

exists a positive integer n such that A = R/I where R is the polynomial ring

R •= k[Xv . . ., Xn] and / is an homogeneous ideal of R. Thus the additive group

of A has a direct sum decomposition A — © At where A{Aj £Ξ Ai+j. Hence, for

every t > 0, At is a finite-dimensional vector space over k. The Hubert Function

of A is defined by

tfA(/) : = dim, (4) , t > 0.

The generating function of this numerical function is the formal power series

pAω •= Σ HA{t)z.
t>0

As a consequence of the Hilbert-Serre theorem we can write

PA(z) =hA(z)/(l-zY

where hA(z) ^ Z[z] is a polynomial with integer coefficients such that hA{\) Φ 0.

Moreover d is the Krull dimension of the ring A.

The polynomial hA (z) is called the h-polynomial of A if hA (z) — 1 4- β ^ +

• + #s£ with α s =£ 0, then we say that the vector (1, av. . . , as) is the h-vector

of A It is clear that the /z-vector of A together with its Krull dimension deter-

mines the Hubert Function of A and conversely.

A classical result of Macaulay gives an explicit numerical characterization of

the admissible numerical functions, i.e. of the functions H : N —* N which are the

Hubert Function of some standard G-algebra A. This result proved in [M] has

been recently revisited by Stanley in [S]. One can easily find similar characteriza-

tions for reduced or Cohen-Macaulay G-algebras (see [GMR] and [S]).
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1 1 4 E DE NEGRI AND G VALLA

The problem is much more difficult if one deals with Cohen-Macaulay integ-

ral domains. Only in the codimension two case we have a complete answer given

by Peskine and Gruson in [GP] using deep geometric methods.

If we come to the Gorenstein case, very little is known. In [S] Stanley used the

structure theorem of Buchsbaum and Eisenbud for codimension three Gorenstein

ideals in order to give a complete characterization of the corresponding h-vector.

It is then natural to ask for other restrictions on the /z-vector of a Gorenstein

codimension three G-algebra A if we assume moreover that A is an integral do-

main.

In this paper we answer this question by using a lifting theorem recently

proved in [HTV], which asserts that every codimension three homogeneous Goren-

stein ideal with degree matrix verifying certain numerical conditions can be lifted

to a codimension three Gorenstein prime ideal (see Lemma 3).

Let us fix some notations. If h(z) e Z[z] we define its difference Δh(z) by

Δh(z) :=h(z)a -z).

If h(z) is a multiple of 1 — z then we define its sum Σh(z) by

h(z)

If we have h(z) = Σ ; = o

 a%z\ t n e n it *s clear that Δh(z) — Σ*=o M* where

bt = a, — at_19 / = 0 , . . . , s + 1.

Moreover if h(z) is a multiple of 1 — z then Σh(z) '-= Σ*Io cιz% where

i

c{— Σ av i = 0 , . . . , 5 — 1.
} = 0

We say that the polynomial h(z) = Σ / = o ^/^ e ^Lε] is s-symmetήc if a{ —

as_{ for every i — 0,. . ., s, while we say that it is s-antisymmetric if a{ — — as_{

for every i = 0,. . . ,s.

It is easy to see that if h(z) is s-symmetric then Δh(z) is (s + 1)-

antisymmetric, while if h(z) is a multiple of 1 — z and is s-antisymmetric then

Σh(z) is (5 — 1)-symmetric.

Let now / be a codimension three homogeneous Gorenstein ideal of the

polynomial ring R •= k[Xλ,. . ., Xn]. By the structure theorem of Buchsbaum and

Eisenbud [BE], there exists an integer g > 1 such that / is minimally generated by
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GORENSTEIN CODIMENSION THREE DOMAIN 1 1 5

the 2^-pfaffians of a (2g + 1) x (2g + 1) skew-symmetric matrix (Fi}) with

homogeneous entries. We denote by pt the pfaffian of the skew-symmetric matrix

which is obtained from (Ftj) by deleting the i-th row and the i-th column. Then

/ = (pi,. . ., P2g+\)- Let alf. . ., a2g+1 be the degrees of these pfaffians. Since R/I

is Gorenstein, it has a self-dual free homogeneous resolution as an i?-module:

0-*R(- c)-> Θ R(- b,)-+ Θ R(-a,)-+R^R/I->0.
i=l 1=1

We may assume that

2 < aγ < a2 < < β2,+ 1.

Since the resolution is self-dual we get

bt = c — aif i = l,...,2g+ 1.

From the additivity of the Poincare series, we can write

2g+l 2g + l

i=l ι=l

1 — Sd• z ' ~\~ Σ ] z i — z

— z)

Since dim(i?/7) = n — 3, we have

(1 - zΫ

where

/ω — I-'Σ'/' + 'Σ1/--/
ί = l ι=l

is a multiple of (1 — z) . This means that its derivative vanishes at 1 so that

2£+l 2|T+1

- Σ a, + Σ b, - c = 0.
t = l i = l

Using the fact that bι = c — a{, we get

\ 2g+l

c = - Σ a,.
& 2 = 1

This proves that the degrees of a minimal set of homogeneous generators of a

Gorenstein codimension three ideal completely determine the numerical characters
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1 1 6 E. DE NEGRI AND G. VALLA

of the resolution.

We consider the matrix (u^) where we let

uυ : = bt - ajf i,j=l,...,2g+ 1.

This matrix is then uniquely determined by / and is called the degree matrix of /.

It is clear that (u^) is a symmetric matrix and

= b{ - ^ = u i j f i , j = l , . . . , 2 g + 1 .

Since the resolution is minimal, this implies that Ftj = 0 if u{j < 0.

The degree matrix of / verifies the following conditions:

(a) uu > ust for i < s and j < t.

(b) utj + ust = utt + uSJ for every i, j , s and t.

(c) Uij > 0 for all i and j such that i + j = 2g + 3.

The first two conditions are obvious. As for (c), if ur2g+3_r < 0, then by (a)

u^ < 0 for every i > r and j > 2g + 3 — r. This implies that Ftj — 0 for the

same indexes. But then pγ — 0, a contradiction to the minimality of the resolution.

We remark that condition a) above can be visualized by observing that it has

the following meaning: the entries of the matrix do not decrease if we move up or

left inside the matrix.

Further if c ^ bx = c ~ ax then aλ < 0, a contradiction. Hence we certainly

have

c > b, > b2 > b3 > " > b2g+1

V V V

a2g+ι > a2g > - - - > a2 > aλ > 2.

The converse of the above result is also true: we insert here a proof for the

sake of completeness.

LEMMA 1. Let 2 < aγ < < #2#+i be integers such that for some integer c we

have eg = Σ ^ 1 av F°r eveγy i = 1, . . . , 2g + 1, let b{''= c — av If the matrix

(Uij) '= (bf — a), which certainly verifies conditions (a) and (b), also verifies the

above condition (c), then there exists a codimension three Gorenstein ideal I in R =

k[X, Y, Z] such that R/I has a minimal free resolution

2g+l 2g+l

0->/?(- c)~* Θ R(- b,)~* Θ R(-a,)-*R
l=l ί = l

In particular I has degree matrix (u^).
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GORENSTEIN CODIMENSION THREE DOMAIN 1 1 7

Proof In the polynomial ring k[X, Y, Z] let / be the ideal generated by the

2g X 2g pfaffians of the skew-symmetric matrix (Ftj) where

F — — YMi'2*+1-< / = σ 4- 1 ? σ

Γ ι,2g+2

F

_ γH2g+2-i 7 — 1 σ

= -ZUi ^-\ i = g + 29...,2g+l,

. 0 otherwise.

We remark that since the matrix (u^) verifies the condition c) all the exponents

above are positive integers.

Furthermore, in order to get a homogeneous matrix, we assign degree utj to

the zero on the ί'-th row and -th column. It is easy to see that

J, — y^i=2ui,2g+3-t u. — γΣi~lui,2g+l-i j, — γ^i = lui,2g+2-i _l f ( V \T rΛ
Pi — £* f P2g+i — ^ > Pg+i — • •* ' / ^ ^ f * > £*'

where f(X, Y', Z) G (X, Z). This means that / is a codimension three ideal

which is Gorenstein since it is generated by the pfaffians of a skew-symmetric

matrix.

Moreover, since the determinant of a skew-symmetric matrix is the square of

the pfaffian, we have

deg(^) = —]ΨX n = —^ L —ό — = gc — Σ aj = ar
ώ Δ jφi

The conclusion then follows since we have seen that the degrees of a minimal set

of homogeneous generators of a codimension three Gorenstein ideal completely de-

termine the other numerical characters of the resolution.

If we assume now that the codimension three Gorenstein ideal is prime, then

we have a stronger condition on the degree matrix. This is the content of the fol-

lowing result proved in [HTV], Lemma 5.1.

LEMMA 2. Let I £ R — k[Xlf . . . , Xn] be a codimension three homogeneous

Gorenstein prime ideal with degree matrix (utJ). If g > 2, then
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1 1 8 E. DE NEGRI AND G. VALLA

Proof. If ut2g+A_t — 0 f° r some t such that 3 < t < g + 1, then wί; < 0 for

every z > ί and > 2g + 4 — ί, so that Ftj — 0 for the same indexes (here, as be-

fore, Ftj are the entries of the skew-symmetric matrix in the resolution of R/I).

This implies that the 2{g + 2 — /)-pfaffian obtained from the matrix (F{J) by de-

leting the first / — 1 and the last t — 2 rows and columns, is a common factor of

pγ and p2. A contradiction.

We remark here that if we have ui2g+4_i > 0 for i = 3 , . . ., g + 1 then, by

the symmetry of the matrix (uιj), we also have wif2i+4_f- > 0 for i = g + 3, . . . ,

2g + 1. Thus on the diagonal where i + j = 2g + 4 all the entries of the matrix

(utj) are positive integers except, possibly, for ug+2>g+2-

Further it is clear that, iί g > 2, then a degree matrix such that uif2g+4-.i > 0

for ί = 3, . . . , # + 1 verifies also condition c) above, namely uit2g+3_i > 0 for ev-

ery i — 2,. . ., 2g + 1. This because we can express this condition by saying that

all the entries on the (2g + 4)-diagonal are positive and remark that for every

element of the (2g + 3) -diagonal we can find an element on the (2g + 4)-

diagonal which is right or below the given element and is different from ug+2g+2.

The following less trivial result is the lifting theorem we referred to in the in-

troduction.

Let / <Ξ R = kVXv . . ., Xn] be an homogeneous ideal. We say that the ideal /

can be lifted to an ideal / £Ξ S = k[Xv. . . , Xm], m > n, if there exist r = m — n

linear forms llt.. ., lr ^ S such that:

a) llf. . . , lr form a regular sequence mod /.

b) In the canonical isomorphism

SAlv...,lr)S- R

the ideal (J + (lv . . . , lr) S)/(lv . . . , lr)S corresponds to /.

It is clear that if the ideal / can be lifted to the ideal /, then

pR/I(z) = a-z)m~nps/J(z).

In particular they share the same /z-polynomial.

LEMMA 3. Let I ^ R = k[Xv . . . , Xn] be a codimension three homogeneous

Gorenstein ideal Let us assume that either g — \ or g > 2 and the degree matrix

(uυ) of I satisfies the condition

> 0
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GORENSTEIN CODIMENSION THREE DOMAIN 119

for every i = 3, . . . , g ~\~ 1. Then I can be lifted to a codimension three Gorenstein

prime ideal J Ξ̂ S = k[Xlt. . ., Xm], for some integer ΐn > n.

A proof of this crucial result can be found in [HTV], Lemma 5.5.

Now let h(z) = 1 + 3z + h2z + + hsz
s be a polynomial in Z[z] such

that hs Φ 0. The integer

a •= minu htΦ
t+2

is called the initial degree of h{z). It is clear that 2 < a ^ s + 1. In the following,

for a rational number q, we denote by [q] its integer part.

LEMMA 4. // the polynomial h(z) is s-symmetric, then

Proof If 2a — 2 > s, then s — a + 2 < a. This implies hs_a+2 =

5 — a + 4
I, hence, by the symmetry,

' s-a + 4
2

It follows that 5 — a + 4 = a. If s is odd, this is a contradiction. If s is even, say

s = 2t, then a = t + 2, hence

\

= **-i = A ί +i =

a contradiction. Hence α < TΓ + 1 and the conclusion follows.

In the following we will often use the trivial inequalities:

s-l<2[{\<s.

Given a polynomial h(z) — 1 + 3z + /z2>ε + + hsz ^ ZU] such that

hs Φ 0, we denote by a its initial degree and also we let
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1 2 0 E DE NEGRI AND G. VALLA

S+2

ί = 0

qtz •= h{z){l - z)2 = Δ2h{z).

We can now prove the main result of this paper.

THEOREM 5. Given the polynomial h(z) — 1 + 3z + h2z + + hsz
s ^

Z[z] with hs Φ 0, there exists a codimension three Gorenstein G-domain which has

h(z) as h-polynomial if and only if the following conditions are satisfied :

a) h(z) is s-symmetric.

[ si
~?\ ^~ ̂ '

c) It does not happen that qt < 0, qυ = 0 and qr < 0 with a < t < υ < r

Proof Let us assume first that h(z) is the /^-polynomial of a Gorenstein

G-domain A. Then it is well known that h(z) is s-symmetric (see [S], Theorem

4.1). Let

2g+l 2g+l

0 — Λ ( - c ) — Θ i ? ( - ft,)- Θ /?(- β , ) - Λ — / ? / / - 0

be a graded free resolution of Λ = i?//, where we assume that

a, < a2 < • • • < a2g+1.

As we have seen before we have

and

\
c = — Σ a t , b t = c — a t , i = lf...,

& i = l

(1 - zY

where we let

2g+l 2g+l

f(z) = 1 - Σ z" + Σ zb< - zc.
1=1 1=1

Since

/ 2^ + 1 2^ + 1 \ / / f J_

ftu) = 1 - Σ z ' + Σ 2 ' - 2 Σ _ ) z } ,
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and

aλ = min{at, δf } ί = 1,.. f 2 m,

we have

a = aγ.

Since, as we have seen before,

c > aiy biy i = 1 , . . . , 2g + 1,

we also have

c = s + 3.

Now

- z) = j - 3 ^ = Σf(z).

From this we get

(*) qt = l + # { r n \ b m < t} - # { r n \ a m < t } , t = O . . . , s + 2 .

To better visualize our argument, we recall that, no matter / is prime or not, we

have:

c> bλ> b2 > b3 > " > b2g+1

V V V

a2g+l ^ <*2g ^ ' ' * ^ β2 > «! ^ 2.

We need also to remark that

c - bλ = ax < a2 < b2g+1 < bλ

so that

\s] + 1 _ fs + 21 _ r c - i i r c i c

We prove now that condition b) holds.

Let t be an integer such that

Then, by the above inequality, a < t < bv We have two possibilities: either
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t < b2g+ι or b2g+1 < t

In the first case since a = ax < t < 62*+i> w e immediately get

{m I bm < t] = 0 ,

and

{m|tfm < # 2 {1}.

This implies by (*)

?, < 1 - 1 - 0,

as wanted.

In the second case we have b2g+ι < t < bλ, and we can find an integer r such

that

2 < r< 2g+ 1, br<t< br_v

Hence

and we get

{m\bm < t) = {r, r+ 1 , . . . , 2 ^ + 1 } ,

{ m | α w < t) 3 {1,2,..., 2^ + 3 - r}.

From (*) we get

qt < 1 + (2g + 1 - r + 1) - (2g + 3 - r) = 0.

This proves b).

We remark that, up to this point, we did not use the primality assumption.

Let us come to the last statement. By contradiction, let

qt < 0, qv=09 qr<0

with a < t < v < r < [|] + 1.

Under this assumption we claim that

K+i ^ v < a2g+ι < b2.

The first inequality comes from the fact that qt < 0 and qv = 0, hence we need at
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least one ft/s to get a positive contribution in the sum in (*) . The second inequal-

ity follows from the same argument due to the fact that qυ — 0 and qr < 0.

The claim implies that we can find an integer d such that

bd+1 <υ<bd.

In the case g — 1, we have

b3 < v < a3 < b2,

hence d — 2 and either

^2g+z-d = a3 = v < b2= bd,

o r

bg+2 = b3<v<a3 = ag+2.

If g > 2, we use the full power of the primality assumption, which, after Lem-

ma 2 and the subsequent remark, can be read in the following picture:

bλ>b2> b3 > " > bg+1 > bg+2 > bg+3 > > b2g+ι

V V V V

^ 2 ^ + i ^ * * ^ ag+3 > ag+2 > ag+1 > > a3 > a2> av

Looking at these inequalities, we see that:

if d Φ g + 1, then

02g+3-d = a2g+4-(d+D < bd+1 < v < bd,

if d = g + 1 and ag+2 < vy then

a2g+3-d = ag+2 < v < bd,

if d = g + 1 and υ < ag+2, then

bd+ι = bg+2 < v < ag+2.

Hence we have to skip out these two possibilities:

i) Uig+z-d ̂  v <bd.

In this case we have

im\bm < v) = {d+ lf...,2g+ 1)

and
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{m\am < υ) Ξ> {1,2,..., 2g + 3 - d).

Hence by (*) we get

0 = qυ < 1 + (2g + 1 - W + 1) + 1) - (2g + 3 - d) = - 1,

a contradiction.

ii) ^ + 2 < v < ag+2.

In this case c — ag+2 < «^+2, hence ^ + 2 > ^-. From this we get

ag+i < bg+2 < ί ; < r < | J - J + l < ^ - y - < ~ < ag+2.

This is absurd because we have no a/s between v and r so that we cannot pass

from qυ — 0 to qr < 0.

We will prove now the converse. We have a polynomial

h(z) = l + 3z + h2z
2 + + hsz e Zb],

such that hs Φ 0 and Mz) verifies conditions a), b) and c) in the theorem. We let

+ 21

and

We have by b)

•= 5 + 3 a'-— minu

S + 2

Σq,z = Hz) (I ~ zΫ = Δ2h(z).

Since Δ h(z) is (c — 1)-symmetric, we immediately get

But

\c- 11 c- 2
I 2 \ ~ 2 '

hence
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GORENSTEIN CODIMENSION THREE DOMAIN 125

c — 1 — —?;— ^ —is— + 1

so that we finally get

Now let

^ 0 , if a< t< c-1 - a.

Σ ktz := Δ3h(z) = ΔCΣ qtz) = h(z) (1 - z)\
i=o v=o /

We have already remarked that this polynomial is c-antisymmetric. We have some

strong informations on its coefficients.

1. k0 = 1, kc = - 1.

2. k, = 0 if e [l, a - 1] U [c - a + 1, c - 1].

This is easy to see since, by the definition of a, for every i = 0,. . ., a — 1

we have /z, — ( „ I, hence
\ ^ /

and finally

kQ = 1, ^ = ^ — ^_! = 1 — 1 = 0, for every i = 1, . . . , β — 1.

The c-antisymmetry of 4 h(z) gives the conclusion.

3. ka < 0, kc_a > 0.

This is also clear since ka = qa — qa_1 = qa — 1. It follows that ka < 0 be-

cause ^fl < 0 by assumption.

Now the crucial remark is that by using the c-antisymmetry of Σ^ = o k{z\ we

can write in a unique way

P P

Σ zQχ' + Σ z '! — zc
c P P

Σ k{z — 1 — Σ zQχ' + Σ z '! — zc

i = 0 ί = l ί = l

where ^, α̂  and î  are positive integers such that

bj — c — at for every i and at Φ bj, for every i, j .

We may assume that
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126 E. DE NEGRI AND G. VALLA

so that

Since

< a2 < •" < ap

bt < b p _ , < • • • < b,.

Δ3h(z) = 1 - Σ z" + Σ zbl - z

is a multiple of (1 — z) , its derivative vanishes at 1, so that

— α] for every ί = 1, . . . , p.

/ f + f . ή
= Σ.11 — 1-z + 2-2 - 2: j ,

By using the fact that b{ = c — aiy we get

4. (p- l)c = 2 Σ t i ^

By 1, 2 and 3 above we also get

5. ax = a, bι = c — a, and # π b{ ^ [

Since

q? . _ l - Σ?.t z" + Σ?., z*'-
2- ?<£ — -, _
ί=0 1 2

we also have

6. tff = 1 + # {m I 6W < ί} - # {m\am< t}} t = 0 . . . , c - 1.

We collect some other properties of the integers involved in our computation.

Ί.p > 2.

This follows immediately from 4, since a{ ^ 2 for every i.

8. β2 < bp, hence ^ < 62.

If not we have, by 5, aλ < bp < <22' hence

and

so that, by 6,

= (I),

{m\bm<bt} 2 {/»},
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qbp > 1 + 1 - 1 = 1.

Since

b2

 = c ~ ct2 < c ~ ciγ = blt

we have

aγ< bp< b2< bx — 1 = c — a — 1 .

Hence we get

a < bp < c — a — 1, and qbp > 1,

a contradiction to t/).

9. qaz < 0.

By 8 we have

aγ < a2 < bp,

hence

{m\am< a2) Ώ {1,2}

and

{m I bm < a2) = 0 .

By 6, this means

Qa2 ̂  1 ~ 2 = - 1,

as wanted.

10. If ^ is even, then c is even.

This follows immediately from 4.

11. a, < [|] + 1.

Otherwise c — b2> y + 1, hence

But, by 8, a2 < b2, hence
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1 2 8 E. DE NEGRI AND G. VALLA

[{\+Ka2<b2-l<s-[{\,

a contradiction.

12. Let us assume that there exists an integer t such that a2 < t < b2, and qt = 0.

We claim that this has the following consequences:

12a. qt = 0 for some integer t such that a2 < t < h r + l

If we have

[TΓ] + 2 < t < b2 - 1 = c - a2 - 1

then we get

«2 < , - 1 - . < c - 1 - [|] - 2 = , - [|] < [f] + 1.

Since 0 = qt = qc-ι-t and by 9 qai < 0, we must have

a2 < c - 1 - t < [ | ] + 1

and the conclusion follows.

Thank to this last property we may then define the following integer:

n := minjίI a2 < t < [ | ] + 1, qt = θ}.

12b. n < c - n < b2.

Since n < \-w\ + 1 we have

2n < 2 [ | ] + 2 < s + 2 = c - 1 < c.

On the other hand

c — b2 = a2 < n,

as desired.

https://doi.org/10.1017/S0027763000005201 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000005201


GORENSTEIN CODIMENSION THREE DOMAIN 1 2 9

12c. qd < 0 if d e [a2, n - 1] U [c - n, b2 - 1], qd•= 0 if rf e [w, c - n - 1].

Since

and #β < 0 by 9, qn — 0 by assumption, condition c) implies that

qd = 0, if n < d < [~] + 1 .

From the (c — 1)-symmetry of Δ h(z), we get

qd = 0, if c - 2 - [ | ] < d < c - 1 - n.

From this we get that qd — 0 for n < d < c — n — 1 since

Moreover, by the true definition of n and the condition b), it is clear that

qd < if # 2 — d — n ~ 1 a n d we get the conclusion by the (c — 1)-symmetry of

Δ2h(z).

12d. For every i=2,...,p

av bt ^ [α2, n] U [c — n, b2].

We know by 8 that ap < b2 hence, if i > 2, we have

α2 < a{ < ap < b2.

But by 12c we have qn = = qc^_n — 0 hence, by 6, we cannot have any a/s

or b/s in the interval [n + 1, c — 1 — w]. This gives the conclusion for the at's.

On the other hand, if i > 2 we have by 8

α2 < bt < b2

and we get the conclusion as before.

13. If p > 4 then for every r = 3 , . . . , b d + 1 we have

br > ap+3_r.

If not there exists r ^ 3, b d + 1 such that i r < ap+3_r and we have
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{m\bm < br} 2 {r, r+ l,...,p)

and

im\am< b) £ {1,2,...,p + 2 - r).

We get by 6

qbr > 1 + (p - r + 1) - (p + 2 - r) = 0.

Since

α < δ r < δx = c — a,

by b') we get qbr — 0 so that

im\am< br} = {l,2,...,/> + 2 - r}.

This implies

β ί + 2 - r <br< ap+3_r.

Since ^6 = 0 and, by 8,

a2 < bγ < £2>

we have the assumption as in 12. Then by 12c we get

br^[n,c — n—l],

while by 12d

br ^ [α 2, w] U [c — n, b2].

This implies

bγ — n.

Since by 12c

&-„_! = 0, ^_w < 0,

we must have c — n —a{ for some z. But we have

ap+2_r <n< ap+3_r,

hence by 12d we get

c - n = ap+3_r.
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It follows that ap+3_r — aΓ Since r < h d + 1 we get r < ~κ + 1 which

implies r < p + 2 — r. Finally we get

ar S: ap+2-r ^ ap+3-r ~ ar>

a contradiction. This proves 13.

14. Conclusion. We have two possibilities: either p is odd, say p = 2g + 1, or p is

even, say ?̂ = 2g.

p = 2g+l.

In this case we have h r ~̂~ 1 = £ ~^~ l Hence, if ^ > 2, we may apply 13 to

get

br > ap+3_r = a2g+t_r, r= 3,...,g+ 1 .

If p = 3, we certainly have by 8

62 > a3.

In any case we have integers

2<ax<" < a2g+1

such that by 4,

c^ = Σ at.
ι = l

Now, if g — 1, we have b2 > α3, while, if g > 2, we have

As remarked after Lemma 2, this implies that, in any case, the matrix (utj '— b{

— # ; ), verifies the conditions a) , b) and c) in Lemma 1. Hence we can find a

codimension three Gorenstein ideal / £Ξ R — k[X, Y, Z], such that R/I has

minimal free resolution

2g+l 2£+l

0—•/?(— c)-» Θ i ? ( - ft,)-* Θ Λ ( - α / ) - * Λ

This means that
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1 - Σ^l 1 /'• + Σ%\ι zbi - z
h{z) = — z

(1 - zΫ
is the /z-polynomial of R/1. By Lemma 3 we get the conclusion.

Under this assumption we have by 10 that c is even, say

c = 2f.

We also have

at, btΦ f, i = 1,. . . , p

otherwise, for example, 2a{ — 2 / = c — a{ + bit hence a{ — b{.

Also it is clear that

otherwise / < a2 would imply

a2<f

b2 = 2/ — a2 < a2,

a contradiction to 8.

Let

h: =

Then 2 < h < 2g. If h < 2g, then

ah< f < ah+1,

so that

bh+i = 2/ - ah+1 < f < 2/ - ah = bh.

lί h = 2g, then β2^ < /, so that c — b2g < / which implies

a2g < f < b2g.

We let

a, l<j <h

f j = h + 1

a,^ h + 2 < j < 2g + 1

and
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b, 1 < j < h

f j=h+\

Then it is clear that we have

ax = a[ < a2 = a2 < < ah = a'h < a'h+ι = f < ah+ι = a'h+2 <

and

bl = b\>b2 = b'2>--->bh = b'h> b'h+1 = /> bh+ι = vM >

By 4 with p = 2g and c = 2 / we have

2g

< a2g = a2g+ι

>b2g = b'2g+ι.

hence

Further

2g+l 2g

Σ α ί = Σ

(2g-l)f= Σa,,

= (2g-l)f+f=2fg=cg.

Now let ^ = 1 then p = 2 and A = 2 hence

aλ < a2 < f < b2 < blt

so that

&2 — δ2 > / = #3.

If ^ > 2 we claim that

K > Cί2g+^r, r = 3 , . . . , ^ + 1.

Let us assume by contradiction that Vr < α ^ + 4 _ r for some r with 3 < r < ^ + 1.

Then it is clear that

K < a2g+4-r

since we can only have equality for r — h Λ~ \ — 2g Λ- ^ — r. But this would

mean r — 2g + 4 — r, so that r = g + 2, which is absurd.

Since
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we have

We have three possibilities: either b'r > f or br

γ = / or b'r < f.

If b'γ > f t h e n br = br and a'2g+A_r > br> f. T h i s impl ies

Hence

K < a2g+3-r>

a contradiction to 13.

If b'r = /, then

K + ι = b r < f

and

/ < #2£+4-r>

hence

This implies

br<f< a2g+3_r

which again contradicts 13.

Finally if Vγ < /then Vr — br_λ and r > h + 2 > 4. We have either

or

K = bγ_γ < f < ar

2g+i_r.

In any case we get

Since
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3 < r ~ l < [f] + 1 ,

we have again a contradiction to 13.

The conclusion now follows as in the case p — 2g + 1 by considering the in-

tegers a[f ar

2, > a2g+ι instead of alf a2,..., a2g+ι.

Let us consider the 7-symmetric polynomial

Hz) = l + 3z + 4z2 + 5/ + 5/ + 4/ + 3/ + /.

This is the /z-polynomial of the codimension three Gorenstein G-algebra R/I

where

/= (z2, YZ, r4 - x'z, xΎ, x7)

is the ideal of R = k[X, Y, Z] generated by the pfaffians of the skew-symmetric

matrix

/ 0 0 0 X3 Y\

0 0 X* Y3 Z

o - x 4 o z o
- X 3 - F 3 - Z 0 0

- F - Z 0 0 0

But we have a — 2, 5 = 7 so that y + 1 = 4 . Since clearly

42Mz) = Hz) (1 - * ) 2 = 1 + z - z2 - z - z - z + z + z9,

the given polynomial cannot be the /z-polynomial of a codimension three Goren-

stein domain.

Given the polynomial

h(z) = 10z3 / + 14/ + 14/ + 13/ 6/ + 3/° + z11

we now explicitly construct a Gorenstein codimension three ideal whose

/z-polynomial is Hz).

We have a = 4, and s = 11 so that y + 1 = 6. We get

Δ3h(z) = 1 - 2z4 -
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Hence we let

and

aλ — a2 — 4, a3 = 5, a4 =

bi = b2 = 10, b3 = 9, b4 = 6.

Since we have /> = 4, we must consider

a\~ a2~ 4, a3 ~ 5, a4 — 7, a5 = 8

and

^i = b2 = 10, 3̂ = 9, &4 = 7, &5 = 6.

If we let utj '•= bt — a^ we get the matrix

' 6 6 5 3 2

6 6 5 3 2

5 5 4 2 1

3 3 2 0 - 1

2 1 - 1 - 2

The ideal generated by the pfaffians of the skew-symmetric matrix

^3 T r2 \

Y3 Z2

0 0 0 X

0 0 Xs

0 -X5 0 Z2 0

- z 3 - γ3 - z2 o o
0 0 0-γ2 -z2

is the ideal

= (Z\ F2Z2, Y5 - X3Z2, X5Y2,

It is clear that R/I has h(z) as A-polynomial. Since g — 2 and w35 — 1 > 0, the

degree matrix of / verifies the assumptions as in Lemma 3. Hence we can find a

codimension three Gorenstein prime ideal whose /z-polynomial is h(z).

If we are given a sequence

(1, 2, c 2 , . . . , ct)

of non negative integers, we say that it is admissible if the corresponding numeric-
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al function is admissible in the sense we defined before.

By using the classical theorem of Macaulay as in [S], it is easy to see that

(1, 2, c2i. . . , ct) is admissible if and only if for some integer α > 2 we have

and

cι+1 < cif a — 1 < i < t — 1.

Let

h(z) = 1 + 3z + h2z
2 + + hsz €= Z[z]

be a 5-symmetric polynomial. If, as before, a is the initial degree of h(z) and we

let

Σqtz=Δ2h(z) =h(z){l-z)\

the following conditions are equivalent:

a) qt < 0 for every i e \a, y + 1 .

b) The sequence (1,2, A2 — 3,. . ., /ίm — Ars.-!̂ ) is admissible.

This can be easily proved in the following way.

Since a is the initial degree of h(z), it is clear that

q, = 1, i e [0, α - 1],

and

hf - h^ = Σ qJf i > 1.

The result follows easily if we can prove that

But if s = 2t + 1, then hτs_i+1 = hi*-], hence

If 5 = 2ί, then /*m_i = ̂ m + 1 , hence
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and

In both cases the conclusion follows.

We will say that an admissible sequence (1, 2, c2, . . . , ct) is of decreasing

type if for some integer ί ) £ [a, t + 1], we have

a i G [ β - l , 6 - 1]

and for ί ^ [δ — 1, f — 1] either cf = 0 or ci+1 < c{.

PROPOSITION 6. The polynomial

h{z) = 1 + 3z + /z22
2 + + h/

verifies the conditions a), b) and c) as in Theorem 5, if and only if h(z) is s-symmetric

and the sequence

(1, 2, h2-3 A[ίj ~ ^[f]-^

is admissible of decreasing type.

Proof As before we have

qt = 1, ί e [ 0 , β - 1],

and

A, - *,_! = Σ ^, i > 1.

; = 0

Hence

hι-hι_ι = i+ 1, i e [1, a - 1].

Let us assume that the given polynomial verifies the conditions as in Theorem 5.

Then the sequence (1, 2, h2 — 3 , . . . , /zm — /z m_j) is admissible by the

preceding remark and we need only to prove that it is of decreasing type.

We have two possibilities.

Case 1. q{ — 0, for every i e α, b d + 1 .
L L Z J J
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In this case ht — hx_γ = a for every ί'E \a — 1, b d and the sequence

( l , 2 , A 2 - 3 , . . . , Λ m - hτs_Λ-d is of decreasing type.

Case 2. ^ < 0 for some i ^ α, TH + 1 .

In this case let b be the least integer with this property. Then we have

ha_x - ha_2 = ha - ha_x = "- = hh_x - hb_2 = a,

and

hb ~ V i = a + qh<a.

Now, if for some i^ \b, ^- — 1 we have ht — hι_1 > 0 and hi+1 — ht = h{ — ht_h

then qi+1 = 0. By condition c) this implies # ; = 0 for every j ^ U + 1, y + 1 .

In turn, this implies

0 <hi-hι_ι = hi+1 ~ht= -" = A[|] " A [f]-i = A[f]+i ~ A [f]

Now if 5 = 2 ,̂ then /z ΓAI _χ = /̂ Γ5_]+1, hence

which implies

* ί - A , _ i = A[|] ~ * [ | ] - i = 0.

If s = 2f + 1, then /zrs.-| = /zr5.-|+1, which implies

ht -h{_x = A[f]+i - A[|] = 0.

In both cases we get the conclusion.

Conversely, let us assume that the sequence (1, 2, h2 — 3,. . ., /zm — / z m ^ )

is admissible of decreasing type. If, by contradiction, we have

ί , < 0 , <7, = 0, ? r < 0 ,

with a < t < v < r < lyl + 1, then

ht - ht_x < ht_, - ht_2 < ha_λ - ha_2 = a.

Also

^υ ^Ό-l "'v-l *lv-2*
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Since

b<t<v<r<\£\+l,

we get

b- 1 < v- 1 < [^] - 1.

Since the sequence is of decreasing type this means that

0 = K-l - hυ-2-

Hence we get

0 = hυ_x - hv_2 > > hr_, - hr_2 = hr - hr_, - qr> hr - hr_, > 0

a contradiction.

We remark that because of the above proposition, one can see a strong analo-

gy of our result with the characterization of the /^-polynomial of a perfect

codimension two ideal as given by Grouson and Peskine in [GP].

They proved that

1 + 2z + h2z
2 + + hsz

s

is the /z-polynomial of a codimension two standard Cohen-Macaulay G-domain if

and only if h(z) is admissible of decreasing type.
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