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Abstract

We prove that the only relation imposed on the Hodge and Chern numbers of a compact
Kähler manifold by the existence of a nowhere zero holomorphic one-form is the vanishing
of the Hirzebruch genus. We also treat the analogous problem for nowhere zero closed one-
forms on smooth manifolds.
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1. Introduction

By the Poincaré–Hopf theorem, a closed smooth manifold admits a vector field without
zeros if and only if its Euler characteristic vanishes. Dually, the vanishing of the Euler num-
ber characterises manifolds admitting a one-form without zeros. However, if one considers
only closed one-forms, then there is an additional constraint. By Tischler’s theorem [18]
the existence of a closed one-form without zeros is equivalent to the existence of a smooth
fibration over the circle. Such a fibration implies the vanishing of the signature. Conversely,
it was shown by Neumann [15] that the vanishing of the signature is the only constraint
imposed on the oriented bordism class of a manifold by the existence of a fibration over the
circle. In Theorem 5 in Section 2 below we give a small improvement on this result which
implies in particular that the vanishing of the Euler characteristic and of the signature are the
only relations imposed on the Betti and Pontryagin numbers of manifolds by the existence
of a fibration over the circle.

The main purpose of this paper is to prove Kähler analogs of the above results. It is a
consequence of Bott’s localisation formula [4] that on a compact complex manifold with a
holomorphic vector field without zeros all Chern numbers vanish. This led Carrell [5] to ask
what one can say about the Chern numbers of complex manifolds admitting non-vanishing
holomorphic one-forms. He found that in dimensions one and two all Chern numbers vanish
for such manifolds, and he gave an example showing that this is no longer true in higher
dimensions. Here we completely answer Carrell’s question, not only for Chern numbers, but
also for the Hodge numbers of Kähler manifolds.
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THEOREM 1. For a compact Kähler manifold admitting a nowhere zero holomorphic
one-form the Hirzebruch genus vanishes. In other words, the Euler characteristic of the
bundle of holomorphic p-forms vanishes for all p. Conversely, there are no other Q-linear
relations imposed on the Hodge and Chern numbers by the existence of a nowhere zero
holomorphic one-form.

This explains Carrell’s results since in complex dimensions up to two the Chern numbers
are determined by the Hirzebruch genus, whereas in dimensions at least three they are not.
For example, in dimension three the vanishing of the Hirzebruch genus is equivalent to the
vanishing of c1c2 and of c3, but says nothing about c3

1. The gap between the two grows very
quickly, since in complex dimension n the Hirzebruch genus gives only [(n + 2)/2] com-
binations of Chern numbers that must vanish, whereas the total number of Chern numbers
equals the number of partitions of n.

Since the appearance of Carrell’s paper [5] more than 40 years ago, his question about
the Chern numbers of manifolds with nowhere zero holomorphic one-forms seems to have
received little attention, although many algebraic geometers have investigated the link
between nowhere zero holomorphic one-forms and the Kodaira dimension suggested by
Carrell’s example; see for example [11, 19] and the references given there. That work cul-
minated recently in the paper of Popa and Schnell [16], where it was shown that a smooth
complex projective variety with a nowhere zero holomorphic one-form cannot be of general
type. The present paper grew out of an (unsuccessful!) attempt to find a topological proof of
the result of Popa and Schnell.

Our proof of Theorem 1 will show that the conclusion about the vanishing of the
Hirzebruch genus is true for all compact Kähler manifolds that admit a smooth fibration
over the circle, and that no other relations are imposed on the Hodge and Chern numbers
by the existence of such a fibration. Thus the analytic or geometric assumption about the
existence of a nowhere zero holomorphic one-form has exactly the same consequences as
the differential topological assumption of the existence of a smooth fibration over the circle,
compare Proposition 7 and Section 4.

2. Smooth manifolds fibering over the circle

In this section we consider closed oriented smooth manifolds M .

LEMMA 2. If M admits a smooth fibration f : M −→ S1, then both its Euler number
χ(M) and its signature σ(M) vanish.

Proof. Since f is a fibration over the circle, we can pull it back under coverings of S1 by
itself to obtain coverings of M of arbitrarily large degree, which also fiber over the circle
with the same fiber F . Since χ and σ are multiplicative in coverings, if one of them was
non-zero on M , then it would be unbounded on these coverings. However, since all these
coverings fiber over S1 with the same fiber F , their Betti numbers, and therefore their Euler
characteristics and their signatures, are bounded in terms of the Betti numbers of F . This
contradiction shows that χ(M)= 0 = σ(M).

We now want to show that there are no other relations between the Betti and Pontryagin
numbers of manifolds fibering over the circle. The Pontryagin numbers are determined by
the bordism class, so we shall consider the oriented bordism ring �SO

∗ and the signature

https://doi.org/10.1017/S0305004121000128 Published online by Cambridge University Press

https://doi.org/10.1017/S0305004121000128


Holomorphic one-forms and characteristic numbers 97

homomorphism on it. To keep track of the Betti numbers we work with the Poincaré ring P∗
introduced in [14]. This is the ring of Poincaré polynomials of formal Z-linear combinations
of closed oriented manifolds, graded by the dimension. We shall use the structure of this
ring, which was determined in [14, theorem 5].

THEOREM 3. ([14]) Let W , X, Y and Z have degrees 1, 2, 3 and 4 respectively. The
Poincaré ring P∗ ⊂Z[t, z] is isomorphic, as a graded ring, to the quotient of the polynomial
ring Z[W, X, Y, Z ] by the homogeneous ideal I generated by

W X − 2Y , X 2 − 4Z , XY − 2W Z , Y 2 − W 2 Z .

Here W , X , Y and Z are elements with the following Poincaré polynomials:

P(W )= (1 + t)z , P(X)= 2t z2 , P(Y )= (t + t2)z3 , P(Z)= t2z4 .

Clearly W = S1, and X , Y , Z correspond to the Poincaré polynomials of the formal
differences S1 × S1 − S2, S1 × S2 − S3 and S2 × S2 −CP2.

The Euler characteristic defines a homomorphism on P∗ given by evaluating Poincaré
polynomials at t = −1. We have the following consequence of the above structure result.

PROPOSITION 4. The kernel of the Euler characteristic homomorphism χ : P∗ −→Z[z] is
generated by manifolds that fiber over S1 and are zero-bordant.

Proof. By Theorem 3, ker(χ) is generated by W and Y , with W = S1. Thus we only have
to show that Y can be taken to fiber over S1, and to bound. We may think of Y as the formal
difference T − S1 × S2, where T is any closed oriented 3-manifold with b1(T )= 2. The
conclusion follows since we may take for T the total space of a circle bundle over T 2 with
non-zero Euler class.

Finally we can state the main result of this section.

THEOREM 5. Let α ∈Pn with Euler characteristic χ(α)= 0, and β ∈�SO
n with signature

σ(β)= 0. Then there is a formal Z-linear combination M of closed oriented smooth n-
manifolds all of which fiber smoothly over S1 such that the Poincaré polynomial P(M)= α

and, simultaneously, the oriented bordism class [M] = β.

Proof. First of all, since σ(β)= 0, the result of Neumann [15] shows that there exists a –
possibly disconnected – smooth closed oriented n-manifold N such that [N ] = β, and every
connected component of N admits a smooth fibration over S1. The proof of this result gives
no control over the Betti numbers of N , beyond the vanishing of the Euler characteristic.
However, we can adjust the Betti numbers to be those of α as follows.

Let P(N ) be the Poincaré polynomial of N . Then α − P(N ) ∈Pn is in the kernel of χ .
By Proposition 4 this kernel is generated by (Poincaré polynomials of) manifolds that fiber
over S1 and are zero-bordant. Thus, without changing the oriented bordism class, we add to
N some additional Z-linear combinations of manifolds that fiber over S1 and have Poincaré
polynomial α − P(N ). We finally obtain an M that fibers over the circle and has Poincaré
polynomial α and oriented bordism class β.

We have now proved the following:
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COROLLARY 6. If a closed oriented manifold M fibers smoothly over S1 then χ(M)=
0 = σ(M). Conversely, any set of Betti and Pontryagin numbers satisfying these constraints
is realised by a Z-linear combination of closed oriented manifolds all of which fiber
over S1.

3. Holomorphic one-forms without zeros on Kähler manifolds

To discuss the characteristic numbers of Kähler manifolds with nowhere zero holomor-
phic one-forms we shall use the following.

PROPOSITION 7. Let X be a compact Kähler manifold with a nowhere zero holomorphic
one-form. Then X admits a smooth fibration f : X −→ T 2. A fortiori X fibers over the circle.

Proof. Let ϕ ∈ H 0(X;�1) be a holomorphic one-form without zeros. Since X is Kähler, ϕ
and its complex conjugate ϕ̄ are closed. Therefore ψ1 = ϕ + ϕ̄ and ψ2 = i(ϕ − ϕ̄) are closed
real one-forms. For their wedge product we have

ψ1 ∧ψ2 = (ϕ + ϕ̄)∧ i(ϕ − ϕ̄)= −2iϕ ∧ ϕ̄ .
The right-handside is everywhere non-zero because ϕ is. Thus the ψi are everywhere non-
zero, and, furthermore, everywhere linearly independent. As in the proof of Tischler’s
theorem [18] we now use the density of rational cohomology classes in the first de Rham
cohomology of X . This allows us to approximate the ψi arbitrarily closely in the C0-
topology by closed one-forms ψ̃i with rational periods. After multiplying by constants, we
obtain two closed one-forms with integral periods. If the approximation is close enough,
then the ψ̃i are still everywhere linearly independent, meaning that the differential of the
smooth map obtained by integration of (ψ̃1, ψ̃2) with respect to an arbitrary basepoint has
rank 2, and so one obtains a smooth submersion onto R2/Z2. This completes the proof.

Remark 8. Versions of the proof of Proposition 7 have already appeared in the literature
repeatedly. The first reference I am aware of is the paper of Crew and Fried [7], where the
argument appears in the proof of their Theorem 1. The argument also reappears in more
recent papers, for example in [17], always without reference to [7]. However, all these
papers are really concerned with non-vanishing holomorphic vector fields, and the holomor-
phic one-form only appears as an auxiliary tool in proving something about vector fields. I
have spelled out the argument to make it clear that it has nothing to do with vector fields,
holomorphic or otherwise.

Remark 9. It is not possible in general to choose the fibration f : X −→ T 2 in Proposition 7
to be holomorphic. For example, let X be an Abelian surface that is not isogenous to a prod-
uct of elliptic curves. Then X has nowhere zero holomorphic one-forms, and fibers smoothly
over T 2, but does not fiber holomorphically over an elliptic curve; cf. [1, example 2.1].

We now want to determine the relations that the existence of a nowhere zero holomorphic
one-form imposes on the Hodge and Chern numbers of a compact Kähler manifold. For
this we use the Chern-Hodge ring introduced in [14, section 6]. It is defined by considering
finite linear combinations of equidimensional compact Kähler manifolds with coefficients
in Z, and identifying two such linear combinations if they have the same dimensions and the
same Hodge and Chern numbers. The set of equivalence classes is naturally a graded ring,
graded by the dimension, with multiplication induced by the Cartesian product of Kähler
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manifolds. This is the Chern–Hodge ring CH∗, whose structure was completely determined
in [14]. We only state a weak consequence of that structure result [14, theorem 12] that is
sufficient for our purposes here.

THEOREM 10. ([14]) Let β1 =CP1, β2, β3, . . . be Z-linear combinations of Kähler man-
ifolds forming a basis sequence for the complex bordism ring �U

∗ . Then the Chern–Hodge
ring CH∗ is a quotient of Z[E, β1, β2, β3, . . .], where E is an elliptic curve.

For any compact Kähler manifold X of complex dimension n we denote by

χp(X)= χ(X;�p)=
n∑

q=0

(−1)qh p,q(X)

the Euler characteristic of the sheaf cohomology of the bundle of holomorphic p-forms.
By the Hirzebruch–Riemann–Roch theorem, this Euler characteristic can be expressed as a
linear combination of Chern numbers, which we abbreviate as Tdp(X).

The Hirzebruch genus

χy(X)= (

n∑
p=0

χp(X)y
p) · zn

defines a ring homomorphism

χy : CH∗ −→Z[y, z] .
We now come to the main result of this paper.

THEOREM 11. The following three ideals in CH∗ ⊗Q coincide:

(i) the kernel of the Hirzebruch genus χy : CH∗ ⊗Q−→Q[y, z];
(ii) the ideal I generated by compact Kähler manifolds fibering smoothly over the circle;

and
(iii) the ideal J generated by compact Kähler manifolds admitting a nowhere zero

holomorphic one-form.

It should be obvious that this implies Theorem 1 stated in the introduction. The first assertion
in Theorem 1 is just the inclusion J ⊂ ker(χy), and the second assertion is that this inclusion
is not strict.

Proof of Theorem 11. Note first of all that the conditions that every connected compo-
nent fiber smoothly over S1 or that every connected component admit a nowhere zero
holomorphic one-form do indeed define ideals in the Chern–Hodge ring.

Proposition 7 shows that J ⊂ I . Next we claim that I ⊂ ker(χy). The argument for this
is the same as the proof of Lemma 2. In more detail, let X be a compact Kähler manifold
fibering smoothly over S1, and assume that some χp(X)= Tdp(X) does not vanish. Then
because the right-hand side is multiplicative in finite coverings, this quantity is unbounded
on finite coverings of X induced by finite coverings of S1 over itself. However, the left-hand
side is by definition a linear combination of Hodge numbers, and, since X is Kähler, this
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is bounded in terms of Betti numbers. Now the Betti numbers of a sequence of coverings
of X induced by coverings of S1 are bounded in terms of the Betti numbers of the fiber of
f : X −→ S1. This shows that χp(X)= Tdp(X) must vanish after all.

To complete the proof of the theorem we have to show that ker(χy)⊂J . This is where
we use the structure of the Chern–Hodge ring given by Theorem 10.

By the proof of [13, theorem 4], there is a basis sequence for �U
∗ ⊗Q of the following

form: β1 =CP1, β2 =CP2, and all βi with i ≥ 3 are holomorphic projective space bundles
over an Abelian surface, obtained by projectivizing suitable holomorphic vector bundles.
Since the base of these bundles is an Abelian surface, the multiplicativity of the Todd genus
shows that the βi with i ≥ 3 are in ker(χy). Theorem 10 now tells us that we have generators
for CH∗ ⊗Q all of which except β1 =CP1 and β2 =CP2 are in ker(χy). It is well known
that the Hirzebruch genus is surjective onto Q[χy(CP1), χy(CP2)], compare [14, theorem 8
and remark 4]. Therefore, ker(χy) equals the ideal generated by E and the βi with i ≥ 3. The
βi with i ≥ 3 all have nowhere zero holomorphic one-forms obtained by pullback from the
base Abelian surface. Of course E has a nowhere zero holomorphic one-form as well, and
so we conclude ker(χy)⊂J .

Remark 12. The inclusions J ⊂ I ⊂ ker(χy) hold in CH∗. We only need to tensor with Q

for the proof of ker(χy)⊂J . The basis sequence from [13] used in that proof is a basis
sequence over Q, but not over Z. Whether a suitable basis sequence exists over Z remains
an open problem.

Remark 13. The vanishing of the Hirzebruch genus on Kähler manifolds X with nowhere
zero holomorphic one-forms also follows from a result of Green and Lazarsfeld [9,
theorem 2]. Their proof, which was the first appearance of the generic vanishing phe-
nomenon in the literature, is much more high-tech than the proof given above. The latter
can be summarised by saying that a nowhere zero holomorphic one-form gives a fibration
over the circle (Proposition 7), and a fibration over the circle kills the Hirzebruch genus by
the elementary mechanism of Lemma 2.

4. Discussion

As we mentioned in the introduction, the existence of a nowhere zero holomorphic vector
field forces all the Chern numbers to vanish, by a result of Bott [4]. Therefore, the Hirzebruch
genus vanishes, giving relations on the Hodge numbers, and one can ask whether there are
any further relations satisfied by the Hodge numbers. The answer is no, by the following
consequence of the results of [14].

PROPOSITION 14. Let H∗ be the Hodge ring of Kähler manifolds, that is the ring of formal
Z-linear combinations of Hodge polynomials of compact Kähler manifolds. The kernel of
the Hirzebruch genus χy : H∗ −→Z[y, z] consists precisely of the Z-linear combinations
of Hodge polynomials of compact Kähler manifolds admitting nowhere zero holomorphic
vector fields.

Proof. By [14, theorem 8], the kernel of χy is the principal ideal generated by an elliptic
curve. Clearly any product with an elliptic curve admits a nowhere vanishing holomorphic
vector field.
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This result should be compared with those of Carrell and Lieberman [6], who proved the
vanishing of certain Hodge numbers in the presence of non-trivial holomorphic vector fields
with zeros.

Since it is not necessary to tensor with Q, Proposition 14 not only rules out additional
Q-linear relations on the Hodge numbers, beyond the vanishing of χy , but it also rules out
congruences.

The results of this paper raise the following problem:

Question 15. Suppose X is a compact Kähler manifold admitting a smooth fibration over
the circle. Then does X admit a nowhere zero holomorphic one-form?

This would be the natural converse to Proposition 7, and one can think of the equality I =J
in Theorem 11 as evidence in favor of a positive answer.

It is clear that the existence of a smooth fibration over the circle imposes restrictions on
the topology of X that go beyond the results on characteristic numbers discussed here. For
example, such a fibration gives an exact sequence

1 −→ K −→ π1(X)−→Z−→ 1 ,

with a finitely presentable kernel K . This gives strong constraints on π1(X).
As a consequence of the Enriques–Kodaira classification, Question 15 has a positive

answer for surfaces.

PROPOSITION 16. Let X be a compact Kähler surface admitting a smooth fibration over
the circle. Then X admits a nowhere zero holomorphic one-form.

Proof. By Lemma 2 the Chern numbers of X vanish. Moreover, if f : X −→ S1 is a smooth
fibration, then every continuous map S2 −→ X is homotopic to a map into a fiber of f , and
so every two-sphere in X has zero selfintersection. In particular, X cannot contain a (−1)-
curve, and so is minimal. Now by the Enriques–Kodaira classification, see for example [2,
p. 188] or [3], X is one of the following:

(i) a surface geometrically ruled over an elliptic curve;
(ii) a hyperelliptic surface;

(iii) a complex torus;
(iv) a minimal elliptic surface of Kodaira dimension one whose only singular fibers are

multiple fibers with smooth reduction.

In the first two cases X fibers smoothly and holomorphically over an elliptic curve E , and
so carries a nowhere zero holomorphic one-form obtained by pullback from E . There is
nothing to prove for tori, and so (iv) is the only non-trivial case. The topology of the elliptic
surfaces arising in (iv) is well understood, and we refer to [8, section 2.7] for the results we
use in the following analysis.

For an elliptic fibration π : X −→ B whose only singular fibers are multiple fibers with
smooth reduction we mark the points of the base curve B with the multiplicities of the fibers
above them and consider B as an orbifold. If this orbifold is bad, then the combination of
propositions 7.4 and 7.5 in [8, section 2.7] shows that X is actually as in cases (i) or (iii)
above. So in case (iv) we may assume that the orbifold B is good. There is then a finite
covering of this orbifold which has no points with multiplicity, and the pullback of X to this
covering is a holomorphic fiber bundle with fiber a fixed elliptic curve E . The total space of
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this fiber bundle has Kodaira dimension one, and so by the additivity of Kodaira dimension
in fiber bundles it follows that the base has Kodaira dimension one. This means that the base
has genus ≥ 2, and so B must be a hyperbolic orbifold.

By lemma 7.3. of [8, section 2.7] we have the following exact sequence

1 −→Z2 −→ π1(X)
π∗−→ πorb

1 (B)−→ 1 .

In particular, b1(X)= b1(B)= 2g(B) or b1(X)= 2 + b1(B)= 2 + 2g(B). In the first case
π∗ is an isomorphism in degree 1 cohomology, and so every non-trivial homomorphism
ϕ : π1(X)−→Z factors through πorb

1 (B). Since B is hyperbolic, this implies that ϕ cannot
have finitely generated kernel [10], so in particular X does not fiber smoothly over the circle.
In the second case, when b1(X)= 2 + b1(B)= 2 + 2g(B), we have an exact sequence

1 −→ F −→ Alb(X)
π∗−→ Alb(B)−→ 1 ,

such that the Albanese map of X restricts to every elliptic fiber of X as a finite covering
map to F ; compare [3, exercise IX·7 (1)]. We can then take a holomorphic one-form on the
Albanese variety Alb(X) which is nowhere zero on F . Its pullback under the Albanese map
is nowhere zero on X . This completes the proof of the Proposition for those elliptic surfaces
of Kodaira dimension one that fiber smoothly over the circle.
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