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TOTALLY REAL RIGID ELEMENTS
AND GALOIS THEORY

ANTONIO JOSÉ ENGLER

ABSTRACT. Abelian closed subgroups of the Galois group of the pythagorean clo-
sure of a formally real field are described by means of the inertia group of suitable
valuation rings.

1. Introduction. Let F be a formally real field and denote by Fô its pythagorean
closure. The purpose of this note is to investigate subextensions F ² E ² Fô such
that the Galois group Gô(E) = G(Fô; E) is abelian. Griffin (1976) stated for such a
field E that either E(

p�1) contains all 2-power roots of unity or Gô(E) is cyclic ([Gri],
Proposition 11). Later, Ware (1983) established that if Gô(E) is abelian, for every totally
positive element t 2 ΣĖ2 n Ė2, the set of all elements of Ė which are represented by
the binary quadratic form X2 + tY2 is Ė2 [ tĖ2 ([W2], Corollary 3.11). He also gave an
example showing that the converse is not true (Remark 3.13(ii)).

Let us call (as usual) an element t with the above property rigid. We shall establish
clearly the link between totally positive rigid elements of F and intermediate fields
F ² E ² Fô with G(Fô; E) abelian. As a consequence, we describe completely these
subextensions. We also state that among the fields E such that Gô(E) is abelian and EjF
is normal, there exists a unique minimal one, with such properties. Proofs will be based
on valuation theoretic methods. In an earlier paper [En] we showed that the existence of
“enough” totally real rigid elements in a field F implies that F admits a valuation ring A
which extends uniquely to Fô. This result will be the main tool in this paper.

Let us call a valuation ring with the above property ô-henselian. In the next section
we examine the properties of ô-henselian valuation rings. In Section 3 we describe Gô(F)
for a field F which admits a ô-henselian valuation ring and in the last three sections we
state the results concerning abelian subgroups of Gô(F).

CONVENTIONS. Although the paper is concerned formally real fields we have to
consider general cases because of the residue fields of valuation rings.

In what follows all fields will have characteristic different from 2 and for any field
F, Ḟ, Ḟ2, and ΣḞ2 will denote the multiplicative groups of nonzero elements, squares,
and sums of squares, respectively. Let Fô and F(2) be the pythagorean closure and the
quadratic closure of F, respectively. If F is not formally real then Fô = F(2). Therefore,
we shall denote the quadratic closure of non-formally real fields by Fô in order to
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1190 ANTONIO JOSÉ ENGLER

simplify the statements. In the same way, we shall refer to a quadratic closed field as
“non-formally real pythagorean field.”

For every valuation ring A we denote by AŁ, mA, kA = AÛmA,ßA, ΓA, and vA the group
of units of A, the maximal ideal, the residue field, the canonical homomorphism, the
value group and a valuation corresponding to A, respectively. In the whole article, except
for Sections 2 and 3, all valuation rings considered have non-formally real residue field
of characteristic not 2. To be precise, in the next section char kA = 2 is allowed and in
Section 3 we also consider the case kA formally real.

2. ô-Henselian valuation rings. We are going to continue with the study of ô-
henselian valuation rings which we started in [En], however, with no restriction on kA

now.
For a normal extension of fields LjF, we say that a valuation ring A of F is L-henselian

if A extends uniquely to L. In ([Br], Lemma 1.2) Bröcker showed that L-henselianity
is equivalent to Krasner’s Lemma and the lifting property for simple roots applied to
polynomials splitting into linear factors over L. We are mainly interested in the Fô-
henselian valuation rings (L = Fô), which we call ô-henselian for short. According to
our convention, if F is not formally real, ô-henselianity coincides with the well-known
2-henselianity.

We shall next see that the characterization of 2-henselian henselian valuation rings
due to Dress ([D], Satz 2) already holds for general ô-henselian valuation rings. Results
of this nature are common when dealing with relative henselianity and are very useful
to work out calculations.

LEMMA 2.1. For each valuation ring A of a field F of characteristic6= 2 the following
conditions are equivalent:

(i) A is ô-henselian.
(ii) (1 + 4mA) \ ΣḞ2 ² Ḟ2.

(iii) For sÒ t 2 ΣḞ2 such that vA(t� s) Ù vA(4) + vA(s) it follows that s 2 Ḟ2 if and only
if t 2 Ḟ2.

PROOF. (i) ) (ii) Let x 2 (1 + 4mA) \ ΣḞ2. Then
p

x 2 Fô and x = 1 + 4a, for some
a 2 mA. For f (X) = X2 + X � a, it follows that f (X) splits over Fô and f (X) � (X + 1)X

(mod mA[X]). Therefore, by ([Br], Lemma 1.2), f (X) has its roots in F. Hence
p

x 2 F,
as desired.

(ii) ) (iii) For sÒ t 2 ΣḞ2 such that vA(t�s) Ù vA(4s) it follows that (1Û4)(ts�1�1) 2
mA. Hence ts�1 2 (1 + 4mA) \ ΣḞ2 and so ts�1 2 Ḟ2, as required.

(iii) ) (i) Take an extension C of A to the algebraic closure of F and let FZ be the
corresponding henselization ([E], Section 17). According to ([E], 15.6-c), we have to
prove that FZ \ Fô = F. To this end, since G(Fô; F) is a pro-2-group, it is enough to
show that FZ \ Fô contains no quadratic extension F(

p
s), s 2 ΣḞ2 n Ḟ2. Finally, by

([E], Theorem 17.17), the last statement will be true if we prove that A has exactly one
prolongation to each extension F(

p
s), of the above type.
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Let s 2 ΣḞ2 n Ḟ2 and, for every z 2 F(
p

s), denote by z̄ the image of z through
the non-trivial F-automorphism of F(

p
s). We want to show that v(z) = v(z̄), where v

is a valuation corresponding to an extension of A to F(
p

z). Take z = a + b
p

s and
f (X) = X2 � 2aX + (a2 � sb2). Observe first that if a = 0 or b = 0, then clearly v(z) = v(z̄).
So, we assume aÒ b 6= 0. Observe now that if ã is a root of f (X), then one of the following
cases holds:

(1) v(ã2) = v(a2 � sb2) � v(2aã)
(2) v(ã2) = v(2aã) � v(a2 � sb2)
(3) v(2aã) = v(a2 � sb2) � v(ã2)

In the first case, v(z2) = v(zz̄). So v(z) = v(z̄) and we are done.

We now claim that in the cases (2) and (3), v(ã) = v(2a). Therefore, again v(z) = v(z̄)
and the proof is completed.

Proof of the claim. Since case (2) is clear let us consider case (3). As v(2aã) � v(ã2),
then v(2a) � v(ã). On the other side, condition (iii) implies that v(a2 � sb2) � v(4a2).
Hence v(2aã) � 2v(2a) and so v(ã) � v(2a), proving the claim.

If char kA 6= 2, we can cut 4 from the conditions (ii) and (iii) above. Observe also that
if we replace ΣḞ2 by Ḟ in these conditions we get the characterization of 2-henselian
valuation rings ([D], Satz 2). Therefore, it is clear that if F is not formally real ô-
henselianity coincides with 2-henselianity.

Following with this analogy, we shall see in the next results that the set of ô-henselian
valuation rings of a field has a description similar to the 2-henselian case.

Let us first state a technical lemma.

LEMMA 2.2. Let A be a ô-henselian valuation ring of a field F with char F 6= 2. If
a 2 F verifies 1 + a2 62 Ḟ2, then �vA(2) � vA(a) � vA(2).

PROOF. If 2�1a 2 mA, then 1 + a2 = 1 + 4(2�1a)2 2 (1 + 4mA) \ ΣḞ2. So, Proposi-
tion 2.1(iii) implies 1 + a2 2 Ḟ2. Similarly, (2a)�1 2 mA yields 1 + a�2 = 1 + 4(2a)�1 2
(1 + 4mA) \ ΣḞ2. Hence 1 + a2 = a2(1 + a�2) 2 Ḟ2.

We now describe kA for pythagorean fields.

PROPOSITION 2.3. Let C be a valuation ring of field K such that char K 6= 2.

(a) If C is ô-henselian and kC is a pythagorean formally real field, then K is also
pythagorean and formally real.

(b) If K is pythagorean and char kC 6= 2, then kC is also pythagorean. Moreover, if K
is not formally real, then k̇C = k̇2

C and ΓC = 2ΓC.

(c) Assume now that K = Fô for some subfield F and A = C \ F is ô-henselian. If
char kC 6= 2, then kC is the pythagorean closure of kA. Furthermore, if K is a non-formally
real field, then ΓC is also the 2-divisible hull of ΓA.
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PROOF. (a) It is well-known that if kC is formally real so is K ([L2], Lemma 3.7, p. 23).
Going for a contradiction let us assume that K is not pythagorean. Then 1 + a2 62 K̇2 for
some a 2 K. Since charkC = 0, a 2 CŁ, by Lemma 2.2. As kC is formally real, 1+a2 62 mC.
Moreover, kC is pythagorean and so there exists b 2 CŁ such that ßC(1 + a2) = ßC(b2).
Therefore, (1 + a2)b�2 2 (1 + mC). Since (1 + a2)b�2 2 ΣK̇2, Proposition 2.1 implies that
(1 + a2)b�2 2 K̇2, a contradiction.

(b) For xÒ y 2 CŁ, let z 2 K such that x2 + y2 = z2. Then ßC(x)2 + ßC(y)2 = ßC(z)2,
and so kC is pythagorean.

By a result due to Krull (see [E], Theorem 27.1, p. 206), if kC admits any extension of
degree 2, or if there exists a subgroup ∆ of the divisible hull of ΓC such that (∆ : ΓC) = 2,
then there exists a quadratic extension of L. But this is not possible since K is a non-
formally real pythagorean field.

(c) From general valuation theory we know that kC is a normal extension of kA such
that [kC : kA] is a 2-power (as supernatural number) and ΓCÛΓA is a torsion group where
each element has 2-power order. Hence, if kA is not formally real, it follows from (b)
that kC is the quadratic closure of kA. Otherwise, let ‡ be a pythagorean closure of kA

contained in kC. By ([E], Theorem 19.13, p. 152), there exists an intermediate extension
F ² E ² Fô such that C\E has ‡ as its residue field. Since A is ô-henselian, so is C\E.
Therefore, by (a), E is pythagorean, which implies E = Fô (E ² Fô). Thus kC = ‡, as
desired.

The last statement follows from (b).

Recall that two valuation rings A and B of a field F are said to be independent if there
is no non-trivial valuation ring C of F containing both A and B.

PROPOSITION 2.4 (F. K. SCHMIDT [SCHM]). Let F be a field such that char F 6= 2 and
assume that there existô-henselian valuation rings A and B which are independent. Then
F = Fô.

PROOF. Going for a contradiction let us assume that F 6= Fô. Then there exists a 2 F
such that t = 1 + a2 62 Ḟ2. Take now b 2 F such that vA(b) Ù vA(2). By Lemma 2.2
�vB(2) � vB(a) � vB(2) and s = 1 + b2 2 Ḟ2. Since A and B are independent, by
the Approximation Theorem ([E], 11.16, p. 80), for ç 2 ΓA and é 2 ΓB such that
ç Ù maximumfvA(4)Ò vA(b)g and é Ù maximumfvB(8t)Ò vB(a)g there exists c 2 F
satisfying vA(c � b) Ù ç and vB(c � a) Ù é. Therefore vA(c � b) Ù vA(b) which implies
that vA(c) = vA(b). In the same way vB(c) = vB(a).

Take now r = 1+c2. Then vA(r�s) = vA(c2�b2) = vA(c�b)+vA(c+b) Ù ç+vA(2) ½ ç.
In the same way vB(r� t) Ù é� vB(2). Consequently, vA(r� s) Ù vA(4) = vA(4) + vA(s).
Thus, by Proposition 2.1(iii), r 2 Ḟ2. On the other side, as vB(r � t) Ù vB(4) + vB(t), it
follows that r 62 Ḟ2, a contradiction.

Maybe it is worth mentioning that a relative version of the F. K. Schmidt’s result was
stated by Bröcker for prime closed Galois extensions ([Br], Proposition 1.4). Our next
result is a relative version of ([EE], Proposition).
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COROLLARY 2.5. Let A and B be valuation rings of a field F with char F 6= 2. Assume
that A is ô-henselian and char kB 6= 2. If B is not comparable to A, then kB is pythagorean.

PROOF. Let C = AB. Since char kB 6= 2, also char kC 6= 2. Denote by D the unique pro-
longation of C to Fô. Set Ā = ßC(A) and B̄ = ßC(B), respectively. Using Lemma 2.1(ii),
a simple computation shows that the ô-henselianity of A and C implies that Ā is ô-
henselian (or see Lemma 1.3 of [Br]). Let B̃ be an extension of B̄ to kD and denote by kZ

the decomposition field of B̃ over kC, (see [E], Section 15, p. 109). By Proposition 2.3(b),
the residue field of D is pythagorean. On the other side, the unique extension of Ā to kZ

is also ô-henselian. By construction Ā and B̄ are independent. Therefore, their prolon-
gations to kZ are also independent. Thus, by Proposition 2.4, kZ is pythagorean and so
kZ = kD. Since B̄ and B̃ \ kZ have the same residue field ([E], Theorem 15.8, p. 112),
we can conclude that the residue field of B̄ is pythagorean. Finally, as B and B̄ have the
same residue field, the result is proved.

In the next corollary we shall see that the set H of all proper ô-henselian valuation
rings A of F such that char kA 6= 2 has the same aspect as the set of all henselian valuation
rings of a field (see [EE], Corollary 1), or the set of all Ω-henselian valuation rings of a
p-closed normal extension ΩjF ([EK], Lemma 4.1).

COROLLARY 2.6. For a non-pythagorean field F with char F 6= 2 let H be the set
introduced above and put H1 = fA 2 H j kA is not pythagoreang, H2 = H nH1. Then:

(a) H1 is totally ordered by inclusion, provided it is not empty. Moreover, there exists
A(1) 2 H such that A(1) ² A for every A 2 H1.

(b) If H2 6= ;, there exists A(2) 2 H2 such that each B 2 H2 satisfies B ² A(2).
(c) If both, H1 and H2, are non-empty, then A(2) � A(1) and there is no valuation ring

B of F such that A(2) ²
6�

B ²
6�

A(1). Furthermore, if A(2) 6= A(1), then A(1) 2 H1.

PROOF. The first part of (a) is clear by of the previous proposition. Take A(1) =
T

A,
A 2 H1. Since H1 is totally ordered, A(1) is a valuation ring and has maximal ideal
m =

S
mA, A 2 H1. As 2 62 mA, for every A 2 H1, also 2 62 m. Thus A(1) has residue field

of characteristic different from 2. Finally, Lemma 2.1(ii) implies that A(1) is ô-henselian.
(b) Since F is non-pythagorean, every pair of elements of H2 are dependent, by

Proposition 2.4. Hence, H2 is a directed set, ordered by inclusion. Then A(2) =
S

B,
B 2 H2, is a subring of F. Let k be the residue field of A(2). We claim that k is
pythagorean. By the claim A(2) 2 H2, as desired. To prove the claim, let B̄ be the image
of B in k, for every B 2 H2. By construction k =

S
B̄, B 2 H2. Thus, for every aÒ b 2 k̇2,

there is B̄ such that aÒ bÒ a +b 2 B̄Ł (recall that H2 is a directed set). By assumption, there
exists c 2 (B̄Ł)2 satisfying ßB̄(c) = ßB̄(a + b). Therefore, (a + b)c�1 2 (1 + mB̄) \ Σk̇2.
Observe that Lemma 2.1(ii) and the ô-henselianity of B and A(2) yield B̄ ô-henselian.
Also 2 2 B̄Ł. Hence a + b 2 k̇2, by Lemma 2.1(ii), and the claim is proved.

(c) By the previous proposition, every A 2 H1 is comparable to A(2). Due to the
properties of their residue fields, A(2) ² A. Hence A(2) ² A(1). The other assertions are
clear.
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REMARK 2.7. Recall from [En] that a ô-henselian valuation ring A of a field F which
is comparable to each of the others is called distinguished (Definition 2.17). Observe
that each valuation ring in H1, and also A(2) if H2 6= ;, is distinguished. Therefore, if
H 6= ;, F admits a distinguished valuation ring.

On the other side, if H2 6= ; and B 2 H2, then every valuation ring C̄ of kB is
ô-henselian. Hence, by Lemma 2.1(ii), the lift C = ß�1

B (C̄) is also ô-henselian. Hence
B has to contain non-comparable ô-henselian valuation rings, unless kB is an algebraic
extension of a finite field. Consequently, if A is a distinguished valuation ring of F such
that char kA 6= 2, the above corollary implies either A = A(2), or A 2 H1.

We may now rewrite Proposition 2.18 of [En] in a more complete form.

COROLLARY 2.8. For a normal subextension F ² L ²
6�

Fô, if L admits a ô-henselian
valuation ring A with char kA 6= 2, then there exists a ô-henselian valuation ring B
containing A such that B \ F is also ô-henselian.

Moreover: If A is distinguished, B = A verifies the statement above. If A \ F is not
ô-henselian, B can be chosen such that kB is pythagorean.

PROOF. If A is distinguished, with the same proof of Proposition 2.18 in [En] it
follows that that A\ F is also ô-henselian. Therefore, if A\ F is not ô-henselian, by the
remark above, A ²

6�
A(2). Hence B = A(2) has the desired properties.

We end this section reviewing the link between ô-henselian valuation rings and rigid
elements. For every a 2 Ḟ we denote Dh1Ò ai = fx2 + ay2 6= 0 j xÒ y 2 Fg.

An element t 2 Ḟ is called rigid if t 62 Ḟ2 and Dh1Ò ti = Ḟ2 [ tḞ2. In this paper we are
mainly interested in rigid elements t 2 ΣḞ2. We also denote by Bô(F) = ft 2 ΣḞ2 j t is
not rigidg. Recall that for a formally real field F a rigid element t 2 ΣḞ2 is not birigid
(when t and �t are rigid) ([BCW], Proposition 1). On the other side, if F (char F 6= 2)
is not formally real, a rigid element t is birigid ([CR], Corollary). An element t which
is not birigid is called basic and it is well-known that the set B of basic elements is a
subgroup of Ḟ ([W], Proposition 2.4). As observed above ΣḞ2 ² B if F is formally real
and Bô(F) = B otherwise.

REMARK 2.9 ([EN]). Let F be a formally real field with a ô-henselian valuation ring
A such that kA is a non-formally real field of characteristic different from 2.

(A) It was stated in [En] that Bô(F) ² AŁḞ2 is a subgroup of Ḟ (Propositions 2.5 and
2.7). Actually, Bô(F) ² (AŁ \ ΣḞ2)Ḟ2, since Bô(F) ² ΣḞ2.

(B) The inclusion ßA

�
AŁ \ Bô(F)

� ² Bô(kA) is always true. Moreover, if kA 6= šk̇2
A,

then ßA

�
AŁ \ Bô(F)

�
= Bô(kA) (Proposition 2.5).

(C) There exists a ô-henselian valuation ring B of F such that B � A, char kB 6= 2 and�
k̇B : Bô(kB)

�
� 2 (Proposition 2.6(1)).

For a field F where Bô(F) is a subgroup of Ḟ such that
�
ΣḞ2 : Bô(F)

� Ù 2 we have
the converse of (A):
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(D) F admits a distinguishedô-henselian valuation ring A which verifies the following
conditions: ΣḞ2 6= (AŁ \ ΣḞ2)Ḟ2, char kA 6= 2,

�
k̇A : Bô(kA)

� � 2 and ßA

�
AŁ \ Bô(F)

�
=

Bô(kA) (Theorem 2.8 and Corollary 2.15).
(E) If Bô(F) = Ḟ2, the residue field of the above valuation ring also verifies: (k̇A :

k̇2
A) � 2, Bô(kA) = k̇2

A, �1 2 k̇2
A and denoting by òn a primitive 2n root of unity, òn 2 kA

if and only if òn 2 F(i) ([En], Proposition 2.14).

3. The Galois group of a ô-henselian valued field. From now on, F stands for a
formally real field and for all valuation rings A we assume that char kA 6= 2.

Following [E], if L is a normal extension of F and C is a valuation ring of L, we denote
the decomposition group, the inertia group and the ramification group of C over F by
GZ(C; F), GT(C; F) and GV(C; F), respectively. Let KZ(C; F), KT(C; F) and KV(C; F) be
the corresponding fixed fields. By ([E], 15.1-b, p. 109), A = C \ F is L-henselian if and
only if GZ(C; F) = G(L; F).

According to ([E], Theorem 20.12, p. 163), there exists a continuous surjective ho-
momorphism Ψ: GT(C; F) ! Hom(ΓCÛΓAÒ k̇C) whose kernel is GV(C; F). Recall that
GV(C; F) is the unique p̄-Sylow subgroup of GT(C; F), where p̄ = 1 if char kA = 0
and p̄ = char kA otherwise ([E], 20.18, p. 167). Therefore, under the present condition
(GT(C; F) is a pro-2-group), since char kA 6= 2, GV(C; F) is trivial. Hence, GT(C; F) '
Hom(ΓCÛΓAÒ k̇C) is an abelian group.

Consider now a formally real field F and let F(2) be a quadratic closure of F. For
a valuation ring A (char kA 6= 2) of F let D be an extension of A to F(2). Recall from
([E], Theorem 19.1, p. 145) that the canonical projection ßD gives rise to a split exact
sequence

(Ł) 1 �! GT(D; F) �! GZ(D; F) �! G(kD; kA) �! 1
By Proposition 2.3(b), kD is the quadratic closure of kA (F(2) is not formally real). Hence
G(kD; kA) = Gô(kA) if kA is not formally real.

Summing up the comments above:

REMARK 3.1. If kA is not formally real, GZ(D; F) ' GT(D; F)çGô(kA) and GT(D; F)
is an abelian group.

We now consider the following framework:
Let A be a ô-henselian valuation ring of a formally real field F (char kA 6= 2), C the

unique extension of A to Fô and let D be any extension of C to F(2).
Let us also denote by G2(K) the Galois group G

�
F(2); K

�
, for every intermediate field

F ² K ² F(2).
Recall from ([E] 15.6, p. 111, 19.10, p. 151 and 20.15, p. 166) the relations:

(y) G2

�
KZ(C; F)

�
= GZ(D; F)G2(Fô) G2

�
KT(C; F)

�
= GT(D; F)G2(Fô)

GZ(D; Fô) = GZ(D; F) \ G2(Fô) GT(D; Fô) = GT(D; F) \ G2(Fô)

We are now able to prove that Gô(F) has a decomposition like the one described in
the above remark.
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PROPOSITION 3.2. Under the conditions introduced above, the following statements
are true.

(a) If kA is formally real, Gô(F) ' Gô(kA). Otherwise,
(b) Gô(F) ' GT(C; F) ç G

�
KT(C; F); F

� ' GT(C; F) ç Gô(kA).

PROOF. Observe first that Gô(F) = GZ(C; F), since A is ô-henselian.
(a) Recall that C \ KT(C; F) has residue field kC ([E], Theorem 19.12, p. 152).

Therefore, by Proposition 2.3(c), KT(C; F) is pythagorean. Hence KT(C; F) = Fô. So
GT(C; F) is trivial and Gô(F) ' Gô(kA), as desired.

In order to prove (b) we claim that GZ(D; Fô) = GT(D; Fô) and GT(C; F) '
GT(D; F)ÛGT(D; Fô).

PROOF OF THE CLAIM. By Proposition 2.3(c), kC is pythagorean. But, since kA is not
formally real, this already means that kC is quadratically closed. Hence, kC = kD. As we
know that D\KZ(D; Fô) and C have the same residue field ([E], Theorem 15.8, p. 112),
it follows from ([E], 19.11, p. 151) that KZ(D; Fô) = KT(D; Fô) and so GZ(D; Fô) =
GT(D; Fô), as required.

By the relations (y), presented before the proposition, it follows that

GT(C; F) ' G2

�
KT(C; F)

�
ÛG2(Fô) ' GT(D; F)G2(Fô)ÛG2(Fô)

' GT(D; F)Û�GT(D; F) \ G2(Fô)
� ' GT(D; F)ÛGT(D; Fô)Ò

and the claim is proved.
Continuing with the proof of (b), observe first that the relations (y) imply

Gô(F) = G2(F)ÛG2(Fô) ' GZ(D; F)G2(Fô)ÛG2(Fô)

' GZ(D; F)Û�GZ(D; F) \ G2(Fô)
� ' GZ(D; F)ÛGZ(D; Fô)

The first statement of the claim yields then, Gô(F) = GZ(D; F)ÛGT(D; Fô). Finally,
Remark 3.1 and the second statement of the claim imply the result.

Case (a) can be deduced from [Be], Theorem 7’ (p. 85) and Theorem 21 (p. 55).
Actually, (a) shows that the case kA formally real is not interesting for the study of Gô(F).
Therefore, we will be assuming that kA is not formally real, for every A.

In order to have a more precise description of Gô(F) let us recall a few facts about
2-power roots of the unity. Let ñ1 ² F(2) be the group of all 2-power roots of the unity.
Since char kA 6= 2, we may assume that the restriction of ßD to ñ1 is the identity.

Fix the following convention: Take inside ñ1 a system of 2n roots of unity: ò1 = �1,
ò2 = i =

p�1, ò3Ò    , chosen so that ò2
n+1 = òn for all n ½ 2. For every n ½ 3 let

hn = òn + ò�1
n .

Following [Gri] let us denote by FH the field which arises from F by adjoining fhn j
n ½ 3g. By ([Gri], Proposition 6 and Corollary 7), FH ² Fô is a normal subextension
such that either G(FH; F) ' Z2 or FH = F. The last case occurs if and only if ñ1 ² F(i).
It is also clear that FH(i) = F(ñ1) and so ñ1 ² Fô(i).

Keep the conditions and notations we have introduced so far.
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LEMMA 3.3. There exists exactly one subextension F ² F0 ² KT(C; F) such that the
residue field of C \ F0 is kA(ñ1). Furthermore,

(a) if �1 2 kA, then F0 = FH;
(b) if �1 62 kA, a unit u0 2 AŁ \ ΣḞ2 can be chosen such that F0 = FH(

p
u0) and

C \ F(
p

u0) has residue field kA(i).

PROOF. We first recall that kC is quadratically closed, by Proposition 2.3(b), since
kA is not formally real. So ñ1 ² kC. We know by Theorem 19.13b of [E] (p. 152) that
there exists a bijective and inclusion-preserving correspondence between the set of all
subextensions F ² L ² KT(C; F) and the set of all subextensions kA ² k ² kC =the
quadratic closure of kA, where every L is associated with the residue field of C\L. Thus,
there exists just one such subextension F0 for which kA(ñ1) is the residue field of C\F0.

As we have assumed that the restriction ofßD toñ1 is the identity it follows that the re-
striction ofßD to fhn j n ½ 3g is also the identity. Therefore, kAH = kA

�fhn j n ½ 3g� ²
kA(ñ1) and also kA(ñ1) = kAH(i). Hence, FH is the subextension of KT(C; F) which
corresponds to kAH and also FH ² F0 verifies [F0 : FH] � 2.

Now it is clear that if i 2 kA, then kA(ñ1) = kAH and so F0 = FH, which proves (a).
(b) As kA is not formally real �1 is a sum of squares in kA. Thus there exists

u0 2 AŁ \ ΣḞ2 such that ßA(u0) = �1. Therefore, F(
p

u0) ² Fô and the extension
B of A to F(

p
u0) verifies kB = kA(i). Since C \ KT(C; F) is ô-henselian, Lemma 1.2

of [Br] implies that
p

u0 2 KT(C; F) and so F(
p

u0) ² KT(C; F) is the subextension
which corresponds to kA(i). As kA(i) ² kA(ñ1), by the inclusion-preserving property,
F(
p

u0) ² F0. Thus FH(
p

u0) ² F0. Since the residue field of C \ FH(
p

u0) clearly
contains ñ1, we can conclude that FH(

p
u0) = F0.

We are now able to refine the description of Gô(F) given by Lemma 3.2(b).

PROPOSITION 3.4. Let F be a formally real field and A a ô-henselian valuation ring
of F such that kA is a non-formally real field of characteristic not 2. Let C be its unique
extension to Fô. Then:

(a) If òn 2 kA for every n ½ 1, then Gô(F) ' GT(C; F) ð Gô(kA).
(b) If òn 2 kA and òn+1 62 kA for some n ½ 2 then

Gô(F) '
�

GT(C; F) ð Gô

�
kA(ñ1)

�� ç Z2Ò

where the factor Z2 corresponds to G(kA(ñ1); kA) and has a generator õ such that
úõ = ú2n+1 for every ú 2 GT(C; F).

(c) If i 62 kA, let u0 2 AŁ \ ΣḞ2 and F0 be the unit and the field introduced in
Lemma 3.3(b). Then GT

�
C; F(

p
u0)

�
= GT(C; F) and Gô

�
F(
p

u0)
�

can be described

either as in (a) or (b). Moreover, for every û 2 Gô(F) n Gô

�
F(
p

u0)
�

such that û2 2
Gô(F0), úû = ú�1, for each ú 2 GT(C; F). Furthermore, if G

�
kA(ñ1); kA

�
' Z2, then

òn 2 kA(i) and òn+1 62 kA(i) for some n ½ 3, Gô(F) has a description as in (b) and the
factor Z2, which corresponds to G

�
kA(ñ1); kA

�
, has a generator õ such that úõ = ú2n�1�1

for every ú 2 GT(C; F).
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PROOF. As we saw in the claim during the proof of Proposition 3.2 GT(C; F) '
GT(D; F)ÛGT(D; Fô). Hence (a), (b) and the last two assertions of (c) follow from
Proposition 3.2(b) and ([EK], Proposition 1.1). The first statement of (c) follows from
Lemma 3.3(b).

Observe that since Gô(F) is torsion free the exact sequence

1 �! Gô

�
F(
p

u0)
�
�! Gô(F) �! ZÛ2Z �! 1

does not split. Hence we can give a description of Gô(F) only in the case G
�
kA(ñ1); kA

� '
Z2.

The last proposition has the following interesting corollary.

COROLLARY 3.5. For a field F as in the previous proposition every subgroup of
GT(C; F) is a normal subgroup of Gô(F).

PROOF. The statement is clear if F verifies either (a) or (b) of the above proposition.
For F as in (c) and U a subgroup of GT(C; F), we have that U is a normal subgroup

of Gô

�
F(
p

u0)
�

by (a) and (b).
Next we consider the case where F(

p
u0) verifies the condition (a). In this case

F(
p

u0) = F0. So û2 2 Gô(F0) for each û 2 Gô(F) n Gô

�
F(
p

u0)
�
. Thus, by (c) of the

previous proposition, ûUû�1 = U and the statement is proved in this case.
For the other case, by Lemma 3.3(b), FH\F(

p
u0) = F and F0 = FH(

p
u0). Applying

the previous case to FH we see that U is a normal subgroup of Gô(FH). As Gô(F) =
Gô(FH)Gô

�
F(
p

u0)
�
, U is also a normal subgroup of Gô(F).

We shall now state a link between GT(C; F) and ΣḞ2Û(AŁ\ΣḞ2)Ḟ2. For the extension
C of A to Fô let us write K = KT(C; F) for short.

PROPOSITION 3.6. For a field F with a ô-henselian valuation ring A the inclusion
F ² K induces an isomorphism from ΣḞ2Û(AŁ \ ΣḞ2)Ḟ2 onto ΣK̇2ÛK̇2.

Consequently, GT(C; F) and ΣḞ2Û(AŁ \ ΣḞ2)Ḟ2 have the same rank.

PROOF. Let x 2 ΣḞ2 be an element such that x = z2 for some z 2 K. Since
(KÒC\K) is a non-ramified extension of (FÒA), there exists y 2 Ḟ such that vC(y) = vC(z).
Consequently, vC(x) = vC(y2) and so x 2 AŁḞ2. Thus, the map from ΣḞ2Û(AŁ\ΣḞ2)Ḟ2 to
ΣK̇2ÛK̇2 is injective. In order to show the surjectivity of the map, for each z 2 ΣK̇2 n K̇2

let U = Gô

�
K(
p

z)
�
. By the previous corollary U is a normal subgroup of Gô(F). By

Proposition 3.2(b), Gô(F)ÛU '
�
GT(C; F)ÛU

�çG(K; F) ' ZÛ2ZçG(K; F). Therefore,
if L is the fixed field of G(K; F) inside K(

p
z), there exists x 2 F such that L = F(

p
x).

Since L ² Fô we may take x 2 ΣḞ2. By Galois theory K(
p

z) = K(
p

x). Hence z 2 xK̇2,
which proves the surjectivity.

Finally, as GT(C; F) and ΣK̇2ÛK̇2 have the same rank, the result is proved.

We would like to remark that for a field F which admits a ô-henselian valuation ring
A such that kA is a non-formally real field of characteristic not 2, Proposition 3.2 implies
that Gô(F) has normal abelian subgroups. In the next section we shall prove a partial
converse.
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4. Normal abelian subgroups of rank½ 2. Let us start the study of the link between
normal abelian subgroups of Gô(F) and rigid elements of F. The first result completes
the analysis made by Ware in [W2], Theorem 3.9, Corollary 3.11 and Remark 3.12, for
fields satisfying Bô(F) = Ḟ2.

In order to avoid repeating conditions, we assume for the rest of the paper that kA is
a non-formally real field of characteristic not 2.

PROPOSITION 4.1. Let F be a formally real field such that (ΣḞ2 : Ḟ2) Ù 2. Then the
following conditions are equivalent.

(i) Gô(F) is abelian.
(ii) Bô(F) = Ḟ2 and òn 2 F(i) for every n ½ 1.

(iii) F admits a distinguished ô-henselian valuation ring A such that Bô(kA) = k̇2
A,

(k̇A : k̇2
A) � 2 and òn 2 kA for every n ½ 1.

PROOF. (i) ) (ii) The assumption (ΣḞ2 : Ḟ2) Ù 2 implies that Gô(F) 6= Z2. Hence,
by ([Gri], Proposition 11 and Corollary 7), òn 2 F(i), for every n ½ 2. Finally, by ([W2],
Corollary 3.11), Bô(F) = Ḟ2.

(ii)) (iii) By Remark 2.9, (D) and (E), F admits a distinguishedô-henselian valuation
ring A such that kA has the desired properties.

(iii)) (i) Observe that (k̇A : k̇2
A) � 2 implies that Gô(kA) is either trivial or isomorphic

to Z2. Therefore (i) follows from Proposition 3.4(a).

We shall next improve the above result. To this end let us state a technical lemma.

LEMMA 4.2. Let F be a field with a ô-henselian valuation ring A. Then:
(a) (ΣḞ2 : Ḟ2) is finite if and only if ΣḞ2Û(AŁ \ ΣḞ2)Ḟ2 and (k̇A : k̇2

A) are finite. In
which case (ΣḞ2 : Ḟ2) =

�
ΣḞ2 : (AŁ \ ΣḞ2)Ḟ2

�
(k̇A : k̇2

A).

(b) If (ΣḞ2 : Ḟ2) Ù 4,
�
ΣḞ2 : (AŁ \ ΣḞ2)Ḟ2

� � 2 and
�
k̇A : Bô(kA)

� � 2, then there
exists a ô-henselian valuation ring B � A of F such that Bô(F) = (BŁ \ ΣḞ2)Ḟ2 and
Bô(kB) = k̇B.

PROOF. (a) As kA is not formally real by assumption, the restriction of ßA to AŁ \
ΣḞ2 is a surjective map onto k̇A and has (1 + mA) \ ΣḞ2 as its kernel. Since A is ô-
henselian, Lemma 2.1(ii) implies that (1 + mA)\ΣḞ2 ² (AŁ)2. Therefore, ßA induces an
isomorphism from (AŁ \ ΣḞ2)Û(AŁ)2 to k̇AÛk̇2

A. On the other side, as (AŁ \ΣḞ2)Ḟ2ÛḞ2 '
(AŁ \ ΣḞ2)Û(AŁ)2, we get the following exact sequence

1 �! k̇AÛk̇2
A �! ΣḞ2ÛḞ2 �! ΣḞ2Û(AŁ \ ΣḞ2)Ḟ2 �! 1Ò

from which (a) follows.
(b) We first observe that since

�
ΣḞ2 : (AŁ\ΣḞ2)Ḟ2

� � 2, (a) implies that (k̇A : k̇2
A) Ù 2.

Consequently, by Remark 2.9(B), ßA

�
AŁ \ Bô(F)

�
= Bô(kA).

We now consider two cases. First case: Bô(kA) = k̇A. Hence, as we saw in the
prove of (a), ßA(AŁ \ ΣḞ2) = k̇A = Bô(kA) = ßA

�
AŁ \ Bô(F)

�
. Which implies that

AŁ \ Bô(F) = AŁ \ ΣḞ2. As Ḟ2 ² Bô(F) by the very definition of Bô(F), we have that
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(AŁ \ ΣḞ2)Ḟ2 ² Bô(F). Since the other inclusion is always true (Remark 2.9(A)), the
statement is proved in this case by taking B = A.

We now look for B in the case
�
k̇A : Bô(kA)

�
= 2. Since we have seen that (k̇A :

k̇2
A) Ù 2, we can conclude that Bô(kA) 6= k̇2

A. We claim that k̇2
A is not exceptional ([AEJ],

Definition 2.15). In fact, if Bô(kA) = šk̇2
A, the above conditions show that �1 62 k̇2

A, and
k̇2

A is not addively closed, since k̇A 6= k̇2
A.

Consequently, Proposition 2.11 of [EN] implies that kA has a ô-henselian non-
dyadic valuation ring B̄ such that k̇A 6= B̄Łk̇2

A. On the other side, by ([AEJ], Proposi-
tion 1.9(1)), Bô(kA) is contained in B̄Łk̇2

A, and so these two groups must be equal (recall that�
k̇A : Bô(kA)

�
= 2).

We now take B ² A the valuation ring of F such that ßA(B) = B̄. Observe that the
residue field of B, being equal to the residue field of B̄, is a non-formally real field such
that char kB 6= 2. Next, as A and B̄ are ô-henselian it follows from Lemma 2.1(ii) that B
is also ô-henselian (or use Lemma 1.3 from [Br]).

We claim that B is the desired valuation ring. By Remark 2.9(A), it is enough to prove
that (BŁ \ ΣḞ2)Ḟ2 ² Bô(F). As in the prove of (a), we have that ßA(BŁ \ ΣḞ2) = B̄Ł.
Thus ßA

�
(BŁ \ ΣḞ2)(AŁ)2

�
= B̄Łk̇2

A = Bô(kA). But, we saw in the beginning of the prove

that ßA

�
AŁ \ Bô(F)

�
= Bô(kA). And so, putting the things together, (BŁ \ ΣḞ2)(AŁ)2 =

AŁ \ Bô(F). Therefore, (BŁ \ ΣḞ2)Ḟ2 ² Bô(F), as desired. Finally, since Bô(kA) = B̄Łk̇2
A,

an easy verification shows that Bô(kB) = k̇B.

PROPOSITION 4.3. Let F be a formally real field such that (ΣḞ2 : Ḟ2) Ù 4. Then the
following conditions are equivalent.

(i) There exists a normal abelian subgroup U of Gô(F) of rank ½ 2.
(ii) F admits a ô-henselian valuation ring A such that rank GT(C; F) ½ 2 for the

extension C of A to Fô.
(iii) Bô(F) is a group such that

�
ΣḞ2 : Bô(F)

� Ù 2.

PROOF. (i)) (ii) Let L be the fixed field of U. Since rank U ½ 2, then (ΣL̇2 : L̇2) Ù 2
and so Proposition 4.1 applies to L. Let A0 be a distinguished ô-henselian valuation ring
of L verifying the condition (iii) of 4.1. Therefore, Corollary 2.8 implies that A = A0 \ F
is a ô-henselian valuation ring of F. By Remark 2.9(C), we can assume without loss of
generality that

�
k̇A : Bô(kA)

� � 2.

If
�
ΣḞ2 : (AŁ \ ΣḞ2)Ḟ2

� Ù 2 the proof is done by Proposition 3.6. If�
ΣḞ2 : (AŁ \ ΣḞ2)Ḟ2

� � 2, let B be the valuation ring given by Lemma 4.2(b). We

claim that
�
ΣḞ2 : (BŁ \ ΣḞ2)Ḟ2

� Ù 2. Going for a contradiction we assume that�
ΣḞ2 : (BŁ \ ΣḞ2)Ḟ2

�
� 2. Then, it follows from Proposition 3.6 that GT(C; F) is

either trivial or isomorphic to Z2, where C is the extension of B to Fô. Therefore the
same is true for GT(C; L), since it is a subgroup of GT(C; F). Let B0 be the extension of
B to L. Since rank U ½ 2, Proposition 3.2(b) implies that Gô(kB0) is a non-trivial abelian
subgroup of Gô(kB). It is also a normal subgroup, since LjF is a normal extension. Ob-
serve now that since (ΣḞ2 : Ḟ2) Ù 4, then (kB : k̇2

B) Ù 2 by Lemma 4.2(a). Therefore,
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Lemma 4.3 of [EN] leads to the contradiction Bô(kB) 6= k̇B (recall (b) of 4.2). Therefore
the claim is proved and so, replacing A by B, (ii) follows from Proposition 3.6.

(ii) ) (iii) Since F admits a ô-henselian valuation ring A, we know by Remark 2.9(A)
that Bô(F) is a group. Since Bô(F) ² (AŁ \ ΣḞ2)Ḟ2 and

�
ΣḞ2 : (AŁ \ ΣḞ2)Ḟ2

� Ù 2 it

follows that
�
ΣḞ2 : Bô(F)

�
Ù 2.

(iii) ) (ii) It follows from Remark 2.9(D) that F admits a ô-henselian valuation ring
A such that

�
k̇A : Bô(kA)

� � 2. If
�
ΣḞ2 : (AŁ \ ΣḞ2)Ḟ2

� Ù 2 the statement follows from
Proposition 3.6. In the other case, by Lemma 4.2(b), there exists a ô-henselian valuation
ring B ² A of F such that Bô(F) = (BŁ \ ΣḞ2)Ḟ2. Thus B fulfills the conditions of (ii)
(Proposition 3.6).

(ii) ) (i) is trivial, since GT(C; F) is abelian.

In the next section we partially remove the two restrictions, (ΣḞ2 : Ḟ2) Ù 4 and
rank U ½ 2, in the study of normal abelian subgroups of Gô(F).

5. The case (ΣḞ2 : Ḟ2) = 4. In this section we shall study Gô(F) for fields satisfying
(ΣḞ2 : Ḟ2) = 4. This case requires a particular care since Remark 2.9(D) does not apply
to F, if Bô(F) 6= Ḟ2. We first prove three preparatory results. Let us adapt Theorem 3.4
of ([L], p. 202) to sum of squares.

LEMMA 5.1. Let F be a formally real field, d 2 ΣḞ2 n Ḟ2 and K = F(
p

d). The
following sequence is exact

1 �! fḞ2Ò dḞ2g �! ΣḞ2ÛḞ2 �! ΣK̇2ÛK̇2 N̄��! (Dh1Ò �di \ ΣḞ2)ÛḞ2 �! 1Ò

where N̄ is induced by the norm N: K ! F and the others maps are natural.

PROOF. Recall that Dh1Ò �di is the image of N. We next show that N(ΣK̇2) ² ΣḞ2.
Thus, the image of N̄ is contained in Dh1Ò �di \ ΣḞ2ÛḞ2. Denote by z̄ the conjugate of
each z 2 K. If z 2 ΣK̇2 then z̄ 2 ΣK̇2, too. Therefore, N(z) 2 ΣK̇2 \ Ḟ. Since KjF is
normal, each order of F extends to K. On the other side, Artin-Schreier Theory states
that the set of sum of squares is the intersection of the positive cones of all orders of the
field. Hence ΣK̇2 \F = ΣḞ2. So N(z) 2 ΣḞ2, as required. We now prove the surjectivity.
Take x 2 Dh1Ò �di \ ΣḞ2 and z 2 K̇ such that N(z) = x. By ([W2], Lemma 3.10) there
is a 2 Ḟ such that az 2 ΣK̇2. Thus a2x = N(az) shows that N̄ is surjective.

The sequence is exact at ΣK̇2ÛK̇2. For z 2 ΣK̇2 such that N(z) = x2 2 Ḟ2, N(zx�1) = 1.
Thus, by Hilbert’s Theorem 90, zx�1 = yÛȳ = y2ÛN(y), for some y 2 K̇. Hence,
xÛN(y) 2 ΣK̇2 \ Ḟ = ΣḞ2 and zK̇2 =

�
xÛN(y)

�
K̇2. Therefore the kernel of N̄ is contained

in image of ΣḞ2ÛḞ2. Since the other inclusion is clear the statement is proved.
The sequence is exact at ΣḞ2ÛḞ2. Let x 2 ΣḞ2 such that x 2 K̇2 and write x =

(a + b
p

d)2. Then 2ab = 0. If b = 0, then x 2 Ḟ2. Otherwise x 2 dḞ2.

LEMMA 5.2. For every aÒ bÒ 2 Ḟ the following is true:
(a) a 2 Dh1Ò abi if and only if a 2 Dh1Ò �bi.
(b) ab 2 Dh1Ò ai if and only if ab 2 Dh1Ò �bi.
(c) b 2 Dh1Ò �bi if and only if b 2 Dh1Ò 1i.
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PROOF. Let xÒ y 2 Ḟ2.
(a) If a = x + aby, then ax = a2 � ba2y 2 Dh1Ò �bi. Conversely, a = x � by implies

ax = a2 + aby 2 Dh1Ò abi.
(b) If ab = x + ay, then abx = (ab)2 � ba2y 2 Dh1Ò �bi. Conversely, ab = x � by

implies that abx = (ab)2 + ab2y 2 Dh1Ò ai.
(c) Just take a = 1 in (b).

From now on we assume (ΣḞ2 : Ḟ2) = 4. Therefore, (as F is non-pythagorean) either
Dh1Ò 1i = ΣḞ2 or (ΣḞ2 : Dh1Ò 1i) = 2.

PROPOSITION 5.3. Let F be a formally real field such that (ΣḞ2 : Ḟ2) = 4. Then

(a) Dh1Ò 1i = ΣḞ2, if and only if either Bô(F) = Ḟ2 or Bô(F) = ΣḞ2.
(b) If Dh1Ò 1i 6= ΣḞ2, then Bô(F) = Dh1Ò 1i.
PROOF. (a) Observe first that since Dh1Ò 1i = ΣḞ2, Bô(F) is a group, by ([En],

Corollary 2.13(2)). Take aÒ b 2 ΣḞ2 for which ΣḞ2 = Ḟ2 [̇ aḞ2 [̇ bḞ2 [̇ abḞ2 and
assume Bô(F) 6= Ḟ2. Without loss of generality we may assume b 2 Bô(F). Therefore,
Ḟ2 [ bḞ2 ²

6�
Dh1Ò bi. Thus Dh1Ò bi = ΣḞ2. Hence, ab 2 Dh1Ò bi which implies, by (b) of

the last lemma, that ab 2 Dh1Ò �ai. By assumption a 2 Dh1Ò 1i. Thus, (c) of the above
lemma implies that a 2 Dh1Ò �ai. Therefore, a2b 2 Dh1Ò �ai and b 2 Dh1Ò �ai. Hence,
(a) of the last lemma implies that b 2 Dh1Ò abi and so ab 2 Bô(F). Then Bô(F) = ΣḞ2.

Conversely, assume Bô(F) = ΣḞ2 and take x 2 ΣḞ2 n Ḟ2. Since (Dh1Ò xi : Ḟ2) Ù 2,
then Dh1Ò xi = ΣḞ2. Therefore, if y 2 ΣḞ2 verifies yÒ xy 62 Ḟ2, as y 2 Dh1Ò xyi and
xy 2 Dh1Ò yi, by (b) and (c) of the above lemma, yÒ xy 2 Dh1Ò �xi. Thus x 2 Dh1Ò �xi
and (c) implies that x 2 Dh1Ò 1i.

If Bô(F) = Ḟ2, the statement was proved by Ware, ([W2], Corollary 3.11).
(b) According to (a), Bô(F) 6= ΣḞ2. Therefore, it is enough to prove that Dh1Ò 1i ²

Bô(F). By assumption, there are xÒ yÒ z 2 Ḟ2 such that a = x + y + z 62 Dh1Ò 1i. Therefore,
b = y + z 2 Dh1Ò 1i n Ḟ2 and a 2 Dh1Ò bi. Since a 62 Ḟ2 [ bḞ2, then b 2 Bô(F). So
Dh1Ò 1i = Ḟ2 [ bḞ2 ² Bô(F), as desired.

PROPOSITION 5.4. Let F be a field as in the previous proposition such that Dh1Ò 1i 6=
ΣḞ2. If E = F(

p
b) for b 2 Dh1Ò 1i n Ḟ2, then (ΣĖ2 : Ė2) = 4 and Bô(E) = Ė2.

PROOF. For a 2 ΣḞ2 n Dh1Ò 1i we have that ΣḞ2 = Ḟ2 [̇ aḞ2 [̇ bḞ2 [̇ abḞ2.
Observe that the choice of b implies that Dh1Ò 1i = Ḟ2 [̇ bḞ2. By (b) of the previous
proposition Bô(F) = Dh1Ò 1i. Hence, aÒ ab 62 Bô(F). Thus a 62 Dh1Ò abi. Hence, by (a)
of Lemma 5.2, a 62 Dh1Ò �bi. On the other side, as b 2 Dh1Ò 1i, Lemma 5.2(c) implies
that b 2 Dh1Ò �bi. Hence ab 62 Dh1Ò �bi and consequently Dh1Ò �bi\ ΣḞ2 = Ḟ2 [ bḞ2.
Therefore, the exact sequence of Lemma 5.1 implies that (ΣĖ2 : Ė2) = 4, as required.

We now claim that a 2 DEh1Ò 1i n Ė2 and a 62 Bô(E). It follows from the claim that
Bô(E) 6= ΣĖ2, DEh1Ò 1i. Therefore, the last proposition implies that Bô(E) = Ė2 and the
proof is complete.
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PROOF OF THE CLAIM. Since b 2 Bô(F) (= Dh1Ò 1i), Dh1Ò bi = ΣḞ2 and so a 2
Dh1Ò bi. Since b 2 Ė2, then a 2 DEh1Ò 1i. Again, the exact sequence of Lemma 5.1
implies that a 62 Ė2. We now prove that a 62 Bô(E). Take x 2 DEh1Ò ai. By the “Norm
Principle” ([EL], 2.13), N(x) 2 DFh1Ò ai, where, as in Lemma 5.1, N is the norm map.
Since a 62 Bô(F), Dh1Ò ai = Ḟ2[aḞ2. As we saw in the first paragraph, Dh1Ò �bi\ΣḞ2 =
Ḟ2[bḞ2. Therefore, since N(x) 2 Dh1Ò �bi\ΣḞ2, it follows that N(x) 2 Ḟ2. Once again
the exact sequence of Lemma 5.1 implies that x = yz for some y 2 ΣḞ2 and z 2 Ė2. For
y 2 ΣḞ2 there are ¢Ò ë 2 f0Ò 1g and t 2 Ḟ2 such that y = a¢bët. Consequently, x 2 a¢Ė2

and so DEh1Ò ai = Ė2 [ aĖ2. Hence a 62 Bô(E), as desired.

We now carry on with the study of Gô(F). Let us consider the case where there exists
a normal extension LjF such that L ² Fô and Gô(L) ' Z2. Denote by C(U) = fg 2
Gô(F) j gh = hg 8h 2 Ug, the centralizer of U, for every subgroup U of Gô(F). Since
Gô(F) is torsion free ([Be], Theorem 7, p. 81), we can make use of the Proposition 3.1
of [EN]. Then, there exists F ² L0 ² L such that either

(1) Gô(L0) ' Z2 and C
�
Gô(L0)

�
= Gô(L0), or

(2) Gô(L0) ' Z2 ð Z2.
In the case (1) we shall prove that (ΣḞ2 : Ḟ2) = 4 and describe Gô(F). Case (2) will

be study later.

PROPOSITION 5.5. Let F be a formally real field for which there exists a normal
extension F ²

6�
L ² Fô such that Gô(L) ' Z2 and C

�
Gô(L)

�
= Gô(L). Then, (ΣḞ2 : Ḟ2) =

4,
�
Bô(F) : Ḟ2

�
� 2 and F admits a ô-henselian valuation ring A such that char kA 6= 2

and Gô(L) = GT(C; F), where C is the extension of A to Fô.
Moreover, òn+1 62 F(i), for some n ½ 2 and Gô(F) ' Z2 ç Z2, where the components

have generators úÒ õ verifying one of the following conditions:
(a) If Bô(F) = Ḟ2, then ú, õ can be chosen such that õúõ�1 = ú2n+1+1.
(b) If

�
Bô(F) : Ḟ2

�
= 2, then n ½ 3 and we can find generators ú, õ such that

õúõ�1 = ú2n�1�1.

PROOF. Let í: Gô(F) ! Aut
�
Gô(L)

� ' Z2 ð ZÛ2Z be the homomorphism given by
í(g)(h) = ghg�1, for every g 2 Gô(F) and h 2 Gô(L). By assumption, kernel í = Gô(L).

We claim that imageí ' Z2.
To prove the claim we only need to show that imageí contains no element of order

2. Assume this is not so and let g 2 Gô(F) such that í(g) has order 2. Hence g2 2
C
�
Gô(L)

�
= Gô(L) and ghg�1 = h�1 (the unique order 2 automorphism of Z2). Therefore

(g2)�1 = gg2g�1 = g2. This leads to a contradiction, since Gô(F) is torsion free.
By the claim Gô(F) ' Z2 ç Z2 and G(L; F) ' Z2. Hence (ΣḞ2 : Ḟ2) = 4 and the

commutator subgroup [G : G] of Gô(F) satisfies [G : G] ² Gô(L). As ZÛ2Z ð ZÛ2Z is
a homomorphic image of Gô(F), we conclude that [G : G] 6= Gô(L). Thus, there exists
n ½ 1 such that [G : G] = Gô(L)2n

. We now consider 2 cases.
If n = 1, we see that ZÛ4Z is a homomorphic image of Gô(F) and ZÛ4Z ð ZÛ4Z is

not. It is well known that there exists a Galois extension EjF such that G(E; F) ' ZÛ4Z
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if and only if there exists a non-square c 2 F, which is a sum of 2 squares and F(
p

c) ² E
([L], Ex. 8, p. 217). On the other side, from Griffin ([Gri], Lemma 8), we can choose
E ² Fô. Therefore, in the case n = 1, we can conclude that Ḟ2 ²

6�
Dh1Ò 1i ²

6�
ΣḞ2. So,

Proposition 5.3(b) yields Bô(F) = Dh1Ò 1i and
�
ΣḞ2 : Bô(F)

�
= 2.

In the other case, [G : G] = Gô(L)2n
, for some n ½ 2, we shall prove that the

dihedral group of order 8, D8, is not a homomorphic image of Gô(F). Thus, by ([W2],
Theorem 3.9), Bô(F) = Ḟ2.

Suppose that there exists a subgroup T of Gô(F) such that Gô(F)ÛT ' D8 and let ï
be a generator for Gô(L). Hence the image of ï in Gô(F)ÛT has order 1, 2 or 4. But, if
ïs 2 T, for some 1 � s � 4, then [G : G] ² T, since [G : G] = Gô(L)2n

(n ½ 2) is
generated by ï2n

. Therefore Gô(F)ÛT is an abelian group, contradicting the supposition.
We now prove the existence of A as in the statement. In the case Bô(F) = Ḟ2,

by Remark 2.9(E), F admits a distinguished ô-henselian valuation ring A such that
(k̇A : k̇2

A) � 2 and �1 2 k̇2
A.

In the other case, Bô(F) = Dh1Ò 1i. If b 2 Bô(F) n Ḟ2 and E = F(
p

b), then (ΣĖ2 :
Ė2) = 4 and Bô(E) = Ė2, by Proposition 5.4. Then the last considerations apply to E. Let
B be a distinguished ô-henselian valuation ring of E such that (k̇B : k̇2

B) � 2 and let C be
its extension to Fô. By Lemma 4.2(a) and Proposition 3.6, GT(C; E) is non-trivial. Next,
we take A = B \ F. According to Corollary 2.8, A is a ô-henselian valuation ring of F.
It is clear that C is the extension of A to Fô. Thus GT(C; F) is also non-trivial, and now,
Proposition 3.6 and Lemma 4.2(a) imply that (k̇A : k̇2

A) � 2. Moreover, Proposition 3.2(a)
implies that kA is not formally real.

Consequently, in both cases, Bô(F) = Ḟ2 or Bô(F) = Dh1Ò 1i, F admits a ô-henselian
valuation ring A such that kA is not formally and (k̇A : k̇2

A) � 2. Thus Gô(kA) is either
trivial or isomorphic to Z2. The trivial case cannot occur, otherwise Gô(F) = GT(C; F) is
an abelian group, contradicting the assumption C

�
Gô(L)

�
= Gô(L). Thus Gô(kA) ' Z2

and also GT(C; F) ' Z2, by the above considerations.
Once again the assumption C

�
Gô(L)

�
= Gô(L) implies that Gô(L) \ GT(C; F) 6= 1.

Otherwise, GT(C; F) ² C
�
Gô(L)

�
because Gô(L) and GT(C; F) are normal subgroups of

Gô(F). Hence
�
Gô(L) : Gô(L)\GT(C; F)

�
is finite. But, as Gô(L)\GT(C; F) = GT(C; L)

([E], 19.10-b) and Gô(kA) contains no finite subgroups, it follows that Gô(L) = GT(C; F),
as desired.

Our assumption on Gô(L) implies C
�
GT(C; F)

�
= GT(C; F). Hence, it follows from

Proposition 3.4(a) that there exists n ½ 2 such that òn 62 kA. Furthermore, if �1 62 k̇2
A,

the above argument shows that òn 62 kA(i), for some n Ù 2 (see 3.4(c)). Since the residue
field of the extension of A to F(i) is kA(i) we can conclude that òn 62 F(i), for some n Ù 2.

We now prove (a) and (b). Observe first that the last considerations imply that kA(ñ1)
is the quadratic closure of kA. So G(kA(ñ1); kA) = Gô(kA).

In the case Bô(F) = Ḟ2 we have observed that �1 2 kA. Then, Proposition 3.4(b)
implies that Gô(F) has the required description.

In the other case, Bô(F) = Dh1Ò 1i 6= ΣḞ2, the lemma below implies that �1 62 k̇2
A.
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LEMMA 5.6. Let A be a ô-henselian valuation ring of a formally real field F. If
�1 2 k̇2

A, then ΣḞ2 = Dh1Ò 1i (char kA 6= 2).

PROOF. Let t 2 ΣḞ2 and wright t = x1 + Ð Ð Ð + xn where x1Ò    Ò xn 2 Ḟ2. We may
assume that n ½ 2. Take 1 � i � n such that vA(xi) � vA(xj), for every 1 � j � n.
Without loss of generality we may assume i = 1. Then tx�1

1 = 1+x�1
1 (x2+Ð Ð Ð+xn) 2 A and

also x�1
1 (x2 + Ð Ð Ð+xn) 2 A. If x�1

1 (x2 + Ð Ð Ð+xn) 2 mA, then tx�1 2 1+mA and so tx�1 2 Ḟ2,
by Lemma 2.1(ii). Since this contradicts n ½ 2, it follows that x�1

1 (x2 + Ð Ð Ð + xn) 2 AŁ.
We now consider two cases. If tx�1

1 2 mA then ßA

�
x�1

1 (x2 + Ð Ð Ð + xn)
�

= �1. Take
u 2 AŁ \ Ḟ2 such that ßA(u) = �1. Then x�1

1 (x2 + Ð Ð Ð + xn)u�1 2 (1 + mA) \ ΣḞ2. Thus
x�1

1 (x2 + Ð Ð Ð + xn) 2 Ḟ2 (2.1(ii)) and t 2 Dh1Ò 1i as desired. If tx�1
1 2 AŁ there exist

aÒ b 2 AŁ \ Ḟ2 such that ßA(tx�1
1 ) = ßA(a) + ßA(b), since �1 2 k̇2

A (every element of kA

is a sum of at most two squares). Once again tx�1
1 (a + b)�1 2 (1 + mA) \ ΣḞ2 will imply

t 2 Dh1Ò 1i.

Therefore, back in the proof of the proposition, we see that (b) follows from Propo-
sition 3.4(c).

Conversely,

PROPOSITION 5.7. Let F be a formally real field for which (ΣḞ2 : Ḟ2) = 4 and there
exists n ½ 2 such that òn+1 62 F(i). Then there exists a normal subextension F ² L ² Fô

such that Gô(L) ' Z2 and C
�
Gô(L)

�
= Gô(L).

PROOF. Let us denote by L the field FH introduced before Lemma 3.3. Then LjF is a
normal subextension such that G(L; F) ' Z2. Thus, Gô(F) ' Gô(L) ç Z2. Since Gô(F)
has rank 2 and Gô(L) is torsion free, Gô(L) ' Z2.

Going for a contradiction let us assume that C
�
Gô(L)

� 6= Gô(L). Denote by E the fixed

field of C
�
Gô(L)

�
. Since F ² E ² L and G(L; F) ' Z2, it follows that EjF is a finite

extension. Therefore, there exists m ½ n + 1 such that òm 62 E(i). It follows from this and
([Gri], Proposition 11) that C

�
Gô(L)

�
is not abelian.

On the other side, arguing as above, we have a decomposition C
�
Gô(L)

�
' Gô(L)çZ2.

Consequently, due to its nature, C
�
Gô(L)

�
has to be an abelian group, a contradiction.

We now consider the case C
�
Gô(L)

� 6= Gô(L).

PROPOSITION 5.8. Let F be a field for which there exists a normal subextension
F ²

6�
L ² Fô such that Gô(L) ' Z2, C

�
Gô(L)

�
6= Gô(L) and for every normal subextension

F ² E ² L, Gô(E) 6' Z2. Then F admits a ô-henselian valuation ring A such that
char kA 6= 2 and GT(C; F) is non-trivial, where C is the extension of A to Fô. Moreover, if
B is the extension of A to L, then òn 2 kB, for every n ½ 1. Furthermore, (ΣḞ2 : Ḟ2) ½ 4
and Gô(F) is abelian if equality occurs.
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PROOF. By ([EN], Proposition 3.1), the above assumptions imply that there exists a
subgroup N of C

�
Gô(L)

�
such that N ' Z2 and NGô(L) ' Z2 ð Z2. Let E be the fixed

field of NGô(L). According to Proposition 4.1, E admits a ô-henselian valuation ring B0

such that its residue field k verifies: char k 6= 2, (k̇ : k̇2) � 2 and òn 2 k for every n ½ 1.
Observe now that the extension B of B0 to L is ô-henselian and kB shares with k the above
properties. By Corollary 2.8, we may assume that A = B \ F is ô-henselian.

Let C be the extension of B0 to Fô. Since rank Gô(E) = 2 and (k̇ : k̇2) � 2, it follows
that GT(C; E) is non-trivial. As C is also the extension of A to Fô it follows that GT(C; F)
is also non-trivial.

Finally, as Gô(E) is not a cyclic group the same is true for Gô(F). Hence (ΣḞ2 : Ḟ2) ½ 4.
On the other side, if (ΣḞ2 : Ḟ2) = 4, by Lemma 4.2(a), (k̇A : k̇2

A) � 2. Therefore, either
Gô(kA) is trivial or Gô(kA) ' Z2. In the first case Gô(F) = GT(C; F) is abelian. In the
other case, Lemma 4.2(a) and Proposition 3.6 imply that GT(C; F) ' Z2. We now claim
that òn 2 kA, for every n ½ 1. If this is not so kA(ñ1) is the quadratic closure of kA.
But, ñ1 ² k (the residue field of B0). Hence k = kA(ñ1) which implies KT(C; F) ² E.
Since this cannot occur, because rank Gô(E) Ù rank GT(C; F), we get a contradiction.
Consequently, Proposition 3.4(a) yields Gô(F) abelian.

6. The general case. Now, by combining the results of the previous sections we
shall consider general abelian subgroups of Gô(F).

THEOREM 6.1. Let F be a formally real field such that (ΣḞ2 : Ḟ2) Ù 2. Then the
following conditions are equivalent.

(i) There exists a normal abelian subgroup U of Gô(F).
(ii) F admits a ô-henselian valuation ring A such that ΣḞ2 6² AŁḞ2 and kA is a

non-formally real field with char kA 6= 2.
Furthermore, assuming that Gô(F) is not abelian, A can be chosen such that U ²
GT(C; F), for the unique extension C of A to Fô.

PROOF. The implication (i) ) (ii) is consequence of Proposition 4.3, Proposition 5.5
and Proposition 5.8. The other direction is clear by Proposition 3.4.

For the last statement we assume Gô(F) non-abelian and let U be a non-trivial normal
abelian subgroup of Gô(F). Observe first that, by Proposition 3.4(a), k̇A = k̇2

A cannot
occur, since Gô(F) is not abelian. Moreover, if there exists A such that Gô(kA) has no
non-trivial normal abelian subgroup, then A has the required property. Indeed, for the
extension C of A to Fô, the quotient UGT(C; F)ÛGT(C; F) is trivial by the assumption.
Hence U ² GT(C; F), as desired. On the other side, by Remark 2.9(C), A can be chosen
such that

�
k̇A : Bô(kA)

� � 2. But, if k̇A = Bô(kA) and (k̇A : k̇2
A) Ù 2, Lemma 4.3 of [EN]

implies that there is no non-trivial normal abelian subgroup of Gô(kA) and the result is
proved. Therefore, to finish the proof we have to consider two cases: (k̇A : k̇2

A) = 2 or
(k̇A : k̇2

A) Ù 2 and
�
k̇A : Bô(kA)

�
= 2.

In the first case we shall see that A has the required property. Let C be the extension of
A to Fô. Since kA is not formally real, Proposition 2.3(c) implies that kC is the quadratic
closure of kA. Since Gô(F) is not abelian, òn 62 kA for some n ½ 2 (Proposition 3.4).
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Hence kC = kA(ñ1). Now, if rank U ½ 2 and L is the fixed field of U, Proposition 4.1(iii)
and Remark 2.7 imply that C\L has residue field kC. From ([E], Theorem 19.11, p. 151)
it follows that KT(C; F) ² E and U ² GT(C : F), as desired.

In the case rank U = 1, if C(U) = U, the result was proved in Proposition 5.5. In
the other case (C(U) 6= U), observe first that we may replace U by a maximal normal
abelian subgroup of Gô(F) (Use Zorn’s Lemma and recall that the topological closure
of a normal abelian subgroup is still normal and abelian). Thus we can assume that U
is maximal. Hence, by Proposition 5.8 and Remark 2.7, for the fixed field L of U, the
residue field of C \ L contains òn, for every n ½ 1. Once again KT(C; F) ² E, as in the
above case and the result is proved.

We now consider the case (k̇A : k̇2
A) Ù 2 and

�
k̇A : Bô(kA)

�
= 2. According to ([AEJ],

Corollary 2.17) kA admits aô-henselian valuation ring B̄such that Bô(kA) = B̄Łk̇2
A (observe

that the above conditions imply that k̇2
A is not exceptional ([AEJ], Definition 2.15)). Let

B = ß�1
A (B̄). Since A and B̄ are ô-henselian, so is B (by Lemma 2.1(ii)). Furthermore, by

Proposition 1.9 of [AEJ], Bô(kB) = k̇B. Therefore, by what we have proved before, B has
the desired property.

The next theorem improves Griffin’s result.

THEOREM 6.2. With the same conditions of the previous theorem assume that U is an
abelian subgroup of Gô(F) such that rank U ½ 2. Then there exists a valuation ring C
of Fô with char kC 6= 2 for which either U ² GT(C; F), or there exists a subextension,
F ² E ² Fô such that Gô(E) ' GT(C; F) ð Z2 and U ² Gô(E).

PROOF. Apply Proposition 4.1 to the fixed field of U.
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