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Abstract. We discuss weak disjointness of homomorphisms of minimal transforma-
tion groups and use the techniques involved to deepen our knowledge of the
equicontinuous structure relation.

0. Introduction and notation

A topological transformation group (ttg) is a triple ' =(T, X, w), where T is a T,
topological group, X is a compact T,, (CT,), space and #: T X X > X is a continuous
map such that 7(e, x) =x and =« (s, w(¢, x)) = w(st, x). Le. T acts as a continuous
group of homeomorphisms on X. We shall fix T and suppress the action symbol.

Let Z be a ttg, x € X, then Tx (Tx) denotes the orbit (-closure) of x in X and a
subset A< X is called invariant iff Ta c A for every ae€ A. A ttg Z is called minimal
iff X contains no proper closed invariant subsets, & is called ergodic iff every
invariant open subset of X is dense. An example of an ergodic ttg is a point-transitive
ttg, which is a ttg with a dense orbit. A ttg is minimal iff every orbit is dense.

For (our fixed) T there exists a universal point-transitive ttg ¥, such that T can
densely and equivariantly be embedded in S;. The multiplication on T can be
extended to a multiplication on Sy, then St is a closed semigroup with continuous
right translations. The universal minimal ttg It = (T, M) for T is isomorphic to every
minimal left ideal in Sy and so M is a closed semigroup with continuous right
translations. Hence the collection J:=J(M) of idempotents in M is non-empty.
Moreover, {vM|ve J} is a partition of M and every vM is a group with unit
element v.

The sets Sy and M act on X as semigroups and Tx = S;x, while for a minimal
ttg € we have Tx = Mx for every x€ X. Let x be an almost periodic point in X, i.e.
Tx is minimal, then denote the non-empty set {veJ | vx = x} by J,. Note, that for a
ttg &, JX is the collection of almost periodic'" points in X.

Proximality is another dynamical concept that can be described by the action of
St Two points x, and x, are called proximal iff

T(x,, x,)NAx # .
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Let Ux be the unique uniform structure of X, then
is the collection of proximal pairs in X, the proximal relation; if P=X x X then ¥
is called proximal. It turns out that x;, and x, are proximal in & iff vx, = vx, for
some idempotent v € Sy iff there is a minimal left ideal I in S; such that px, = px,
for every pe L

Let 2* be the collection of non-empty closed subsets of X endowed with the
Vietoris topology [13]. Note that a base for the Vietoris topology on 2* is formed
by the sets

(u,..., U,,)1={A€2XIAS UU;, and AnU#Q forevery i},
i=1 .
where U is open in X. Then 2% :=(T, 2%, #) defined by #(t, D)= w[{t} X D] is a
ttg again, and Sy acts on 2% too. To avoid ambiguity we denote the action of Sy
on 2% by the circle operation as follows. Let pe Sy, then for De2X define
pe D=lim,x t,D for any net {t,}, in T with ¢, > p. Moreover
pe D ={xe X|there are d; € D with x =lim td,},

for any net t,~»>p in T. If F< Sy, De2* then we define
FoD=\J{foD|fe F}.

A homomorphism of ttgs ¢: & — % is a continuous map ¢: X - Y of the phase spaces
of the ttgs such that ¢(tx)=td(x) for all te T, x € X. Define

Ry ={(x1, x3) |#(x,) = ¢(x2)},
then Y=X/R,, The map ¢ is called proximal iff R,cP iff P,=
M{Tan R,y|ae Ux}=R,.

Let ¢: X > % and ¢: ¥ > Z be surjective homomorphisms of ttgs, then ¢ and ¢
are called disjoint iff R,, = {(x, y)|#(x) = ¢(»)} is minimal, notation ¢ L ¢; ¢ and
¢ are called weakly disjoint iff R,, is ergodic, notation ¢~ ¢.

In §2 we shall relate weak disjointness of homomorphisms of ttgs to that of their
maximally equicontinuous factors. A homomorphism of ttgs is called equicontinuous
or almost periodic iff for every a € Uy there is a B € Ux such that Ta " R, < B. Let

Qs = {TanR,|a e Ux}

be the regionally proximal relation and define the equicontinuous structure relation
E, to be the smallest closed invariant equivalence relation that contains Q. Then
¢: Z > ¥ is almost periodic ift Q, =Ax. If ¢: &> ¥ is a homomorphism of ttgs,
then 6: Z/ E, ~» % is the maximal equicontinuous factor of ¢ (also called the maximal
(uniformly) almost periodic factor of ¢).

Before we can discuss the material in § 2 we need to collect some results concerning
the equicontinuous structure relation of certain types of homomorphisms of minimal
ttgs, which will be done in § 1. Most of the results in § 1 are known, but the results
in 1.9d and 1.16b seem to be new.

In § 3 we refine our knowledge about the regionally proximal relation being an
equivalence relation. We prove that in several cases (RIC, Bc, RIM see § 1 for
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definitions) we have

Ey,=Qu=n {intg, Ta " Ry|lac Ux} (=Q3).
Note that it was already known that E, = Q, for open Bc extensions [2], Bc
extensions [15] and open RIM extensions {16].

In § 4 we return to the transitivity of the regionally proximal relation and translate
some of the ‘ # -ideas’ as revealed in § 3 to the idea of regional proximality of second
order.

A more detailed discussion about ttgs may be found in [3] and, with more
notational resemblance, [10] and [15]; for a function-algebraic approach see [5].

We would like to thank J. de Vries for his many valuable suggestions, and T. S.
McWoulander for his communications.

1. Some generalities

Let X be a CT, space and let I(X) be the collection of regular Borel probability
measures on X provided with the weak star topology; i.e. a net {u,}; in IN(X)
converges to u € M(X) iff | fdu; converges to | fdu for all real valued continuous
functions f on X. Then JM(X) is a CT, space in which X is embedded by the
mapping x> §,, where 8, is the dirac measure at x. If ¢: &> ¥ is a continuous
map between CT, spaces, then ¢ induces a continuous map (P ): M(X) » JM(Y)
which extends ¢. Note, that () is surjective (injective) (homeomorphic) iff ¢ is.

Let £ be a ttg for T. For te T and pueI(X) define tueIM(X) by tu(A)=
w(t™'A); or, what is the same, | fd(tu)=]ftdu, where ft: X >R is defined by
ft(x)=f(1x). Also one could say tu =IM(7"')(u), where 7' :==x—>tx: X > X. One
can show that

(t, w)—>tu: TXIYX) > IM(X)
is continuous. So JUX) is a ttg for T. If ¢: ¥ - ¥ is a homomorphism of ttgs, then
P(p): TUZL) > IM(¥) is a homomorphism of ttgs.

A surjective homomorphism ¢: & > ¥ of tigs is said to have a relatively invariant
measure (¢ has a RIM, ¢ is a RIM extension) if there exists a continuous
homomorphism A: ¥ > T(ZX) of ttgs such that

M(P)oA: Y > DY)

is just the (dirac) embedding. In other words: ¢ is a RIM extension iff for every
y€ Y there is a A, € M(X) with supp A, < ¢“(y) and the map y—>A,: ¥ > M(Z) is
a homomorphism of ttgs; this map A is called a section for ¢. If ¢ is a RIM extension,
then.a point xe€ X is called a supprim point if for some section A for ¢ we have
X €SUpp Ag(x). In particular, ¢: £ > {*} has a RIM iff Z has an invariant measure
ifft P(Z) has a fixed point. In case & is minimal it follows easily that every point
of X is a supprim point. Another example of a RIM extension is an almost periodic
homomorphism of minimal ttgs, which has a unique section and every point is a
supprim point. For more details on RIM extensions see [9]. RIM extensions of
minimal ttgs turn out to behave nicely with respect to the interpolation of maximal
almost periodic factors, i.e. with respect to the equicontinuous structure relation.
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(1.1) THeEOREM ([11,2.2]). Let ¢: Z— ¥ be a RIM extension, then ¢ is open in the
supprim points.

In [11] a technique is developed to investigate the equicontinuous structure relation
for RIM extensions. The most important results are 1.2 and its consequences 1.3
and 1.4 below.

(1.2) THEOREM. Let ¢: Z > ¥ be a homomorphism of minimal ttgs, and let : % > ¥
be a RIM extension with section A (% not necessarily minimal). Let x€ X and let V
be an open set in Z. Then

Ey[x]X(V ASupp Ay () < TURTX VA Ryy).

(1.3) CorOLLARY. Let ¢: X > ¥ be a RIM extension of minimal ttgs with section A.
Then for every xe X with x € supp A4y we have the equality Ey[x]= Q4[x]. In
particular, if a minimal ttg & has an invariant measure then Ey = Q.

(1.4) CoroLLARY. Let ¢: &> ¥ be a RIM extension of minimal ttgs. Then
E,=Qu°P,=P,oQ,={(x), x,) € Ry|(ux,, ux,) € Q, for some uelJ}.

Two other types of extensions that behave nicely with respect to the equicontinuous

structure relation are the Bc extensions and the RIC extensions.

Let ¢: Z > % and ¢: ¥ > & be surjective homomorphisms of ttgs (not necessarily
minimal). Then the pair (¢, ) is said to satisfy the generalized Bronstein condition
(gBc) if JR4y, = Ry, ; i.e. if the almost periodic points are dense in Ry,. If JR, = R,
then ¢ is said to satisfy the Bronstein condition (Bc); we shall also say that ¢ is a
Bc map or a Bc extension. We say that ¢ satisfies the n-fold Bronstein condition for
certain n eN whenever

RG={(x1,..., %) e X"|p(x)) =" - = $(x,)}
has a dense subset of almost periodic points (notation: ¢ is n-Bc). So ¢ is a Be
map iff ¢ is 2-Bc.

A homomorphism ¢: Z > & of minimal ttgs is called a RIC extension iff ¢ (z) =
uougp~(z) forevery z € Z and for every u € J, (RIC stands for Relatively InContract-
ible). Note that a RIC extension is an open extension ([10, X.1.1]). Examples of
RIC extensions are almost periodic, distal, and open point distal maps.

The proof of the next lemma is straightforward and will be omitted.

(1.5) LEMMA. Let & be minimal. Consider the diagram of surjective homomorphisms:

Z Y

%

The following statements are equivalent:
(a) ¢ and y satisfy gBc;
(b) Ryy=T({x}xuy“¢(x)) forsomexe X and some ueJ,;
(¢) Ry, =T{x}xup"¢(x)) forevery xe X and every uc/J,.
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Two other useful remarks concerning dense sets of almost periodic points are:

(1.6) REmARk. (Hypotheses as in 1.5.) Let ue J. Then ¢ and  satisfy gBc iff
U p(x)=J.cuy” ¢(x) Jor every xe X.

In particular, ¢ is a Bc extension iff ¢~ ¢(x)=J . cu¢p~¢(x) for every xe X.

Proof. The ‘if” part is obvious.

Conversely, let x€ X and y € ¢“ ¢(x). Then, by 1.5¢, (x, y) =1lim t,(ux, uy;) where
uy; € uy " dp(ux) = up~ ¢(x). After passing to a suitable subnet let p=1lim tue M.
Then it follows that

y=lim tuy,epeuy " ¢d(x) and px=x

For ve J with vp =p we have ve J, and

yepeup~¢(x)=poup™ upp” ¢(x) S voupy” d(x) < voud” d(px)=vouy " p(x).
So yevouy  p(x) < Jooup™ d(x). O
(1.7) REMARK. Let ¢: X > ¥ be a homomorphism of ttgs with Y minimal and Z having
a dense subset of almost periodic points. Then ¢ is semi-open (i.e., for every non-empty
open U c X, ¢{U] has a non-empty interior in Y).

Proof. The remark is well known for £ minimal. Let & have a dense subset of
almost periodic points and let U < X be open and non-empty. Then Un Z # J for
some minimal orbit closure Z in X. As ¢[U n Z] has a non-empty interior in Y
the remark follows. O

For the following denote by (u¢(z))" the cartesian n-power of u¢*(z); and by
2% the ‘relativized hyper ttg’, defined as a subttg of 2% by

2% ={Ae2X|¢[A] is a singleton}.
The simple proof of the following lemma is left to the reader.

(1.8) LEMMA. Let ¢: X > % be a homomorphism of minimal ttgs.
(a) ¢ isn-Beciff R =clx" [T.(udp“(2))"] for every ze Z and every ucJ,.
(b) If ¢ is n-Bc for all neN, then for every z € Z and every u € J, the set
\WHt{xy, ..., xa} | xicup“(2),neN, te Ty 2]

is dense in 2.

(1.9) TueEOREM. Let ¢: &> % be a homomorphism of minimal ttgs. The following
statements are equivalent:

(a) ¢ is a RIC extension;

(b) ¢ Ly for every proximal extension y: ¥ > Z of minimal ttgs;

(c) & and ¢ satisfy gBc for every ¢: ¥ > & with ¥ having a dense subset of almost
periodic points;

(d) ¢ is open and n-Bc for every neN.
Proof. (a) and (b) are equivalent by [10, X.1.3].

(a)=(c) Let U XV Ry, be a non-empty (basic) open set in Ry,. As ¢ is open
and ¢ is semi-open (1.7),

W=yl ¢[Uln VI’
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is a non-empty open subset of Z and ¢{U'}=¢[V’], where U= U ¢ [W] and
Vi=Vny[W]

Let ye V' be an almost periodic point, say y=uvy for certain veJ, and let
xe U nod"y(vy). As ¢ is RIC, x€ vovd ™ ¢(vy) so x =1lim t,vx; for some net ;> v
and vx; € ¢ “¢(vy). Hence (x, y) =lim t;(vx, vy), and for certain i,

t(vx, v9)e UXV' nRy, < UXVAR,,

Consequently R,, has a dense subset of almost periodic points.

(c)=>(d) Follows by induction from the observation that R}"'=R,,, where
1: Ry > Z is the restriction of ¢": Z" > Z".

(d)=>(a) Let ze Z and ueJ, By 1.8b, there are sets £,{x},...,x,} with xje
u$ " (z) which in 2 converge to ¢ (z). As

ti{x'i, fres xil,'} = tiu{x:’ ret x;;}g tiu°u¢(_(z)’
it follows that
¢ (z)=lim t{x},..., xL }clim tucud“(z) = poud(z),

where p =lim tu € M (after passing to a suitable subnet). But, clearly, peu¢*(z) =
¢ (pz), so z=pz and z=up 'z By openness of ¢ we know that ¢ (z)=
up~'o ¢ (2), so

¢ (2)=up o (z)Sup™'opoud~(z) = ucudp=(z).
Obviously, ucug " (z) < ¢~ (z), which shows that ¢ (z) = ucudp(z). ]

There are several ways to study the equicontinuous structure relation for Bc
extensions:

(i) Elementary, using some trickery with syndetic sets and the uniform structure.
In [2, th 3], it was proved that E, = Q, for open Bc extensions ¢ of minimal ttgs,
so certainly for RIC extensions. A suitable ‘shadow diagram’ ([7]) finishes the
general Be case.

(ii) Using our knowledge about (open) RIM extensions ([11], [16]) and a(nother)
shadow diagram ([9]).

(iii) The method of the F-topologies ([8], [4], [7] and [15]).

With help of the §-topologies one tries to imitate the properties of a compact group
action. We shall briefly describe the §-topologies and some of their properties,
resulting in a first description of the equicontinuous structure relation (1.16, 1.17).
Our approach will be based upon [15] which will also serve as a general reference.

First we shall specify a certain neighbourhood base for u in M (for the usual
topology). Let V be a subset of T such that ueints_cls [V], and let h(V):=
cls, [V1n M. Then define

V(u):={te Tltueinty h(V)}.

Clearly, V(u) is open in T, but in general V and V(u) do not coincide. However,
the collection of subsets V of T for which V and V(u) are the same can be used
to define a neighbourhood base for u in M, as follows.
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(1.10) LEMMA. The collection {h(V)|V = V(u)< T, ucintg_cl sy [V} forms a neigh-
bourhood base for u in M.

Let £ be a ttg. We shall define a topology ¥(Z, u) on uX ={xe X|ux=x} by
specifying a neighbourhood base for every x = ux in uX. So let x€ uX. A typical
neighbourhood of x in (uX, F(Z, u)) will be a set of the form

[U, VlnuX  with [U, V= {t'U|te V},
where U is a neighbourhood of x in X (usual topology) and V is an open subset

of T such that ueintg, cls, [V] and V= V(u). The union of those neighbourhood
bases forms a base for the F(&, u)-topology on uX.

(1.11) Properties. (a) The F(Z, u)-topology can be defined by the closure operator
A u(uoA), (Ac uX).

(b) (uX, F(Z, u)) is a compact T, topological space;

() Agix—ax:(uX, F(Z, u))»> (uX, H(Z, u)) is a homeomorphism for every
acuM;

(d) Ap:ix—ox:(uX, F(Z, u))-> (vX, F(Z, v)) is a homeomorphism for every v e J.
A special case is (uM, F(IMN, u)). With the F(IM, u)-topology uM is a group with a
compact T, underlying space and not only the left translations are homeomorphisms
(1.11b) but also the right translations and the inversion are. This space (uM, F(IN, u))
is some sort of prototype for the F-topologies; i.e. we can consider the §-topologies
as quotients of the F(IM, u)-topology.

(1.12) THeoREM. Let ¢: & > Y be a homomorphism of minimal ttgs and define the
map ¢, by
bu = Glux: (uX, F(ZX, u)) > (uY, F(¥, u)).

Then

(a) ¢, is a homeomorphism iff ¢ is proximal;

(b) @, is a closed continuous surjection;

(c) ¢, is open.
Proof. (a) [15, 2.5.8).

(b) [15, 2.5.7].

(c) Itis well known (e.g. [10, X.3.2]) that there are proximal maps ¢ and 7 and
a RIC extension ¢’ such that 7o¢'= ¢, (([EGS diagram}). From (a) it follows
that it suffices to show that ¢/, is F-open; or better, it follows that we only have to
prove the statement for RIC extensions.

Let ¢ be a RIC extension, x€ uX and let [U, V]n uX be an §(Z, u)-neighbour-
hood of X in uX with V= V(u) openin T and U is a neighbourhood of X in X.
As ¢ is open, it will follow that ¢, is open. First note that

¢.[lU, VlnuX]c ¢[[U, V]In ¢[uX]=[6[U], V]nuY.
Let y=uye[¢[U], VInuY, then y=¢(t 'x’) for some te V and x'e U. As ¢ is
RIC we have z:=t"'x"e ¢ (y) =uoug(y). Let {;}, be a net in T with ¢, u and
let x; € u¢ " (y) be such that z =lim t,x;. Since left multiplication with ¢ is a homeo-
morphism we have tt;x; > tz=x' and tt;> tu, hence ttu~>tu. As te V= V(u) we
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have tueinty (cls, [VIn M), so ttueinty, (cls. [V]n M) eventually, hence ;€
V(u) =V eventually. Also t,x;€ U eventually, so we can find some i, such that
i, x,€ U and tt, € V. This shows that

x,0= (tt,o)_l * tt,ox,oe V—I U,

so x, €[U, VInu¢p~(y). Hence x, € [U, V]n uX, while ¢(x,) =y and so it follows
that y € ¢,[[U, V]~ uX], which implies

¢.[[U, VInuX]=[¢[U], V]nuY,

in the case where ¢ is a RIC extension. (Compare {7, Cor. 3.3.] for another approach.)
.

As every minimal ttg & is a factor of IR, it follows from 1.12 that (uX, F(&, u)) is
an open, closed and continuous image of (uM, F(IM, u)). So (uM, F(IM, u)) plays
a central role in the observations about §-topologies.

Let Z be a minimal ttg, x, = ux, € X. Then define the Ellis group &(&, +,) of & with
respect to x, by

O(%, x0) ={ac uM|axo=x} (=uM p35(x)).

Clearly, &(&, x,) is a subgroup of uM. As p, : a—> ax,: M > Z is a homomorphism
of minimal ttgs and (uX, F(Z, u)) is T,, it follows from 1.12b that &(Z, x,) is
F(M, u)-closed. Note that, by  .12a, ¢:¥>¥ is proximal iff G(Z, ux,) =
&(Y, ¢(ux,)). ’

On the other hand, if F is an §(I, u)-closed subgroup of uM, then there exists
a minimal ttg A(I") defined by

A(F)={poF|pe M}c 2™,
such that F = &(UA(F), ueF), i.e. F is the Ellis group of A(F) with respect to uo F.

(1.13) The ttg A(F) is the universal minimal proximal extension of every minimal
tg & with Ellis group F. So let xo=ux,€ X be such that &(Z, x,) = F, then
o:pe Fe pxo: U(F) > & is the maximally proximal extension of Z. Note that every
extension : ¥ -» A(F) is a RIC extension (use 1.9b and the universality of A(F)).

Let ¢: Z > % be a homomorphism of minimal ttgs, x € uX, y = ¢(x) and F = &(¥, y).
Then u¢™(y) = Fx. Let N, denote the F(Z, u)-neighbourhood system of x in Fx.
Define ([15])

E(x)=E(x, ¢, u) = {clgzu UlUeN,}.
For p,: p—py: P> ¥ we have H(F) = E(u, p,, u) is the smallest F(IM, u)-closed
normal subgroup K of F such that F/K is a CT, topological group.

By 1.12, it follows easily that E(x)=H(F)x. It turns out that {E(x’)|x’e Fx}
forms a partition of u¢~(x) and that F/H(F) acts on it as a CT, topological group.
This is what we meant by imitating the compact group action (discussion after 1.9).
Paraphrazed, we may say that in H(F)x we collect all the non-equicontinuous
garbage for ¢ in u¢ “(y), which might be illustrated by the following theorem ([6,
5.4, 6.3]).
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(1.14) THEOREM. Let ¢: > ¥ be a Bc extension of minimal ttgs, xe uX and
F=&(%, ¢(x)). Then E [x]=JsH(F)x, (so &(Z/E,, E4[x]) = H(F)S(Z, x)).

The next lemma is a slightly modified version of a crucial idea in [15].

(1.15) LEMMA. Let ¢:Z > Y be a homomorphism of minimal ttgs, xe uX, F=
&(Y, ¢(x)), and denote by N, the collection of F(Z, u)-neighbourhoods of x in
u¢ " ¢(x) = Fx. Then

uoFxnJH(F)xcuolU  forevery U=N,.

Proof. Let U be an open ¥(&%, u)-neighbourhood of x in Fx. Then O ={f¢ F| fxe U}
is an F(IM, u)-open neighbourhood of u in F,s0 007" is an F(M, u)-neighbour-
hood of u in F, hence V=(0n 0 ')x is an open F(&, u)-neighbourhood of x in
Fx and V < U. Note that V is symmetric in the sense that for f€ F we have fxe V
iff f~'x eV, and remark that clyg.,V is symmetric too.

Define A:=intyg.) clyz. V in the relative F(Z, u)-topology on Fx. We claim
that

{A}u{gV]ge F and gx#clgag,, V}

is an F(Z, u)-opening covering of Fx, and prove it as follows:
Let fe F be such that fxg A; i.e.
fx € FX\A = Clg(zf,u) (Fx\clﬁ(g,u) V).
So we can find a net { fix}; with fix € Fx\ clgx ) V such that fix - fx in the F(Z, u)-
topology. Since
Ap-i (Fx, F(&, u)) > (Fx, F(Z, u))
is a homeomorphism, f~'fix - x in the §(Z, u)-topology. As Ve N,, there is an i,
with f"f,bx € V and by symmetry of V, f.'fx € V. Hence fx € f, V, where f, € F is such
that f, x € Fx\ clg.) V, which establishes our claim.

By compactness, there are finitely many g; € F with gix € clx . V, say g1,.. ., &n
such that

Fxc AulUJ{gV]ie{l,..., n}}.

As {A}u{gVl]ie{l,..., n}} is a finite collection it follows that
ueFx=uc(AuU{gV]ie{l,...,n}})y=ucAuJ{ucgVl|ie{l,..., n}}.
Now let x'e JH(F)x nuc Fx, say x'= vpx for some veJ and pe H(F). We shall

prove that x’'= vpx £ ueg;V for every ie{l,..., n}. It then follows that
xX'eucAc uoclygp, V=ucu(ueV)cueV,
which proves the theorem. Suppose vpx € ucg;V, then
x=ux=up 'vpxecup (uog,V)< up~ (ucupup'g,V)

c u(up 'oupoup~'gV=u(ucup'g,V)=clyz.,up 'gV.
As H(F) is a normal subgroup of F and g;€ F we can find g€ H(F) such that
up”'g; = g4, s0

x € clywu) 89V = 8 Clyww) 4V S & Clyzu) H(F)V.
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Butclyg.) H(F)V c clgyx.) V.Forletve V then Ve N, so E(v) S clyga., Vorevery
veV; as E(v)=H(F)v, H(F)Vcclgag., V and consequently clye,, H(F)V <
clz(#w) V. This shows that x € g; clz(#.) V and so g;'x € clzz., V. By symmetry of
Clxwwy V. 8x € clgxu) V, which contradicts the choice of g. O

Now we are ready for the main theorem of this section.
(1.16) THEOREM. Let ¢: X - ¥ be a homomorphism of minimal ttgs, x € uX and
F=8(%, ¢(x)).
(a) If ¢ is a RIC extension then E,[x]c u-U for every U e N, ([15, 2.6.1]).
(b) If ¢ is a Bc extension then Ey[x]c J,oU for every x'e€ ¢~ ¢(x) and every
Uen,.

Proof. As the proof of (a) is similar to that of (b), we just prove (b).
(b) Let Ue M, and let x'€c ¢ " dp(x) = "¢ (x’). By 1.6, ¢ (x)=J oud” d(x);
so from 1.14 it follows that

Ey[x]c Joo FxnJ 4yH(F)x.
Let ze E,[x], say z€ vo Fx nJH(F)x for certain ve J,. Note that
ve Fx = vouvFx € vucvFx =vovFx = vovuFx S vouFx =vo Fx,
so voFx=vovFx=vovFvx and ze vevFvx nJoH(F)vx. Applying 1.15 to vx it
follows that
vevFx nJvH(F)vx < vevl.

As vovlU = voul =vo U (similar to ve Fx = vevFx), we may conclude that
zevoFxnJH(F)x=vevFx nJoH(F)vxcvevlU =voU.
Consequently E {x]< J, o U. O

(1.17) CorOLLARY. Let ¢: &> ¥ be a Bc extension. Then E, = Q,,.

Proof. Let xe X, and ueJ,. By 1.16b with x'=x we know that E,[x]c J,oU for
every Ue N, Let a € Ux and let U be a neighbourhood of x in X (usual topology)
such that U x U < a. By 1.10, there is a V= V(u) open in T such that Vxc U.
Define V:=[U, V]nu¢“ ¢(x). Then

{x} X Ey[x]{x} x o V=Jo({x}x V).
As, clearly, {x}xV g V™' (Vx xUn R,) < Ta N R,, it follows that

{x}x Ej[xlc Jo({x}x V)= TanR,.
Since a € Uy was arbitrary, we have {x} X E,[x]< Q,, so E,[x]< Qu{x]. But x and
u € J, were arbitrary in the discussion up to now, so it follows that E,=Q,. O

We can do better than the corollary above as will be shown in 3.7.

2. Revitalized weak disjointness

In this section we relate weak disjointness of maps and that of their maximally
almost periodic factors. For that we need to keep control over open sets, which can
be done by means of a fair amount of openness in the maps involved.
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(2.1) LeMMA. Consider the following commutative diagram of surjective homomorph-
isms of ttgs:

S ¥
\ ‘ /
Z
and let n: Ry, - Z be the obvious map (n(x, y) = ¢(x) = ¢(y)).

(a) If one of ¢, ¢ is open and the other is semi-open then 7 is semi-open, and for
every non-empty open W < R, there are open sets U and V in X and Y with

@#UXVAR,cW and ¢[U]=y[V].

(b) If 7 and k are semi-open then k Xidy: Ry, = Ry, is semi-open, and for every
open W< R, there are U and V as in (a).

&

Proof. (a) Without loss of generality let ¢ be open and ¢ semi-open and let W< R,

be a non-empty open set in Ry, Let U’ and V' be open in X and Y such that
P#U XV'nRy, = W.

Then U'n¢“¢[V'] is non-empty and open so by semi-openness of ¢, O:=

d[U ndp Y[ V']]° is non-empty and open. Define U= U'¢p"[0O] and V=V'n

Y “[O]. Then as is easily seen,

(i) O< o[U TN yY[V']Icn[W], so n is semi-open;

(il) = UXVAR,cW and ¢[U]=y[V]=0:;
which proves (a).

(b) Let W be non-empty and open in Ry, and let U and V be as in (a), with
O=n(U" XV nR,,)°. Semi-openness of x implies k[ U}’ # &, and as ¢[U]= ¢[V]
it follows that

K[U]ox Vn Rod,;é@a

hence k Xidy is semi-open. O

In the following remark we collect some situations in which 7 is semi-open and
which are useful for our puposes. So consider the following diagram:

(2.2) Diagram

¥ —* +Z/E, Y

0

with & and Z minimal and % not necessarily minimal.

(2.3) ReEMARK. Consider diagram 2.2. In each of the following cases 7: Ry, > Z is
semi-open (and, by minimality of Z, also x Xidy: Ry, = Ry, is semi-open).

(a) ¢ and ¢ satisfy gBc;

(b) ¢ is open;
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(c) ¢ is open and Y has a dense subset of almost periodic points;
(d) @ is open, ¥ is a RIM extension and Y has a dense subset of supprim points.

Proof. (a), (b) and (c) are obvious from 1.7 (and 2.1).
(d) As ¢ is open in the supprim points, there is a dense subset of Y in which ¢
is open, hence ¢ is semi-open. O

(2.4) THEOREM. Consider diagram 2.2 and let ¢ and  satisfy one of the conditions
in 2.3. If for every non-empty (basic) open set UXV N R,, there is an open set
U = E,[U] in X such that

@#UXVAR,, <T(UXVAR,,)
then ¢ ~ ¢ iff 6 ¢
Proof. As « Xidy [R4,]= Rgy, ¢ — ¢ implies 6 = ¢.

Conversely, suppose 8- ¢. Let U XV Ry, be a non- empty (basw) open set in
R,y and let U be as in the assumption. Clearly, as « K[U 1=0, K[U ] is open in
X/E4 and K[U]x VR, #J. So, by ergodicity of Ry, T(K[U]x VN Ry,) is
dense in Ry, As « Xidy is semi-open,

(k xidy) [T(x[U]% VA Ryy)]
is dense in R,,. Hence, as
(k Xidy) [T(k[U]1X VA Rey)1=T(U X VAR,,) = T(UX VA R,,),
it follows that R,, = T(U X V A Ry,,). Consequently, R,, is ergodic. O

Now we shall look for situations in which the assumptions of 2.4 are satisfied. For
that we need the following lemmas.

(2.5) LEMMA. Consider diagram 2.2 and suppose that one of the conditions in 2.3 is
satisfied. If every non-empty (basic) open set U’ X V' R,, contains a point (x,y)
such that

Ey[x]1x{y}c T(U'XV' " Ry,)

then the assumption in 2.4 is satisfied.
Proof. We shall show that for a non-empty (basic) open set U XV R,, with
d[U]=y¢[V] the set U= E,[U}:=«"[«[U]]} is such that

U XV Ry, s T(UXVAR,,).

As one of the conditions in 2.3 is satisfied, the lemma follows.

Let U and V be open in X and Y such that [ U]=y[ V], define U=k [«[UT]
and remark that U XV Ry, # . Note that it is sufficient to show that for an
arbitrary non-empty (basic) open subset

U'XV' ARy < UXVARy,

we have U'XV'nT(UXVnR,,)# . By assumption, there is a point (x, y)€
U'x V'n R,, such that

Ey[x]x{y}< T(U'XV'n Ry,).
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As U'c l~J=x"[K[U]°] there is an x'€ U such that xe k" «(x') = E,[x'], so x'€
E,[x]. But then
(X, ) e UXVAE,x]Ix{y}cs UXVnT(U XV'nR,,),

SO UXVATU' XV ARy, )ZD and U'XV' nT(UXVANR,,)#D. O

(2.6) LeEMMA. Consider diagram 2.2. Suppose s is a RIM extension, Y has a dense
subset of supprim points and ¢ and ¢ satisfy one of the conditions in 2.3. Then every
non-empty (basic) open set U X VA R, contains a point (x, y) such that

Proof. By 2.3 and 2.l1a, we may assume that ¢[U]= ¢[V]. As the supprim points
are dense in Y, there is a section A for ¢ and a ye€ Vsupp A,(,). Let xe U be
such that ¢(x)=¢/(y). Then, b; 1.2,
Ey[x]x{y}< E,[x]X(VAsupp Ay,)) S T{x} X VA Ryy) = T(U XV Ry,).

O
(2.7) LEMMA. Consider diagram 2.2. Suppose ¢ is a RIC extension and let (x, y) be
an almost periodic point. If U XV 1 Ry, is a basic open neighbourhood of (x, y) in
R4, then

E,[x]1x{y}= T(U XV Ry,).
Proof. Let ve J be such that v(x, y) =(x, y). By 1.10, there is an open set W = W(v)
in T such that Wyc V. Define U:=[U, W]nvep“¢(x). Then U is an §(Z, v)-
neighbourhood of x in c¢“ ¢(x). Let x'€ U, then x’ € t~'U for some te W, so
(X', y)et  (UxtynRy,) st ™ (UXxWynRy,)s T(UXVnR,,).
Consequently, U x{y}< T(U X VA R,,) and so, by 1.16a,

Ey[x]x{y}c vo(Ux{yD <= T(U XV Ry,). o
(2.8) THEOREM. Consider diagram 2.2. In each of the following cases we have ¢ — ¢
iff 6= y:
(a) ¢ is a RIC extension, ¢ and ¢ satisfy gBc (or equivalently, Y has a dense
subset of almost periodic points);
(b) ¢ is a RIM extension, Y has a dense subset of supprim points and one of the
conditions in 2.3 is satisfied.

Proof. (a) Follows from 2.7, 2.5 and 2.4.
(b) Follows from 2.6, 2.5 and 2.4, |

(2.9) In order to prove 2.11, the Bc version of 2.8 (thus generalizing [15, 2.6.3]),
we consider a commutative ‘double’ diagram similar to the one constructed by Veech
in [15], as follows:

ACH) id - A(K)
o “wmyEe, " " " .
§L &
¥ x
T [ _ iy

Z/E,
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Here H = &(Z, x,) and K = (%, z,) are the Ellis groups of £ and & with respect
to xo=ux, and z,=uz,, ¢': A(H)-> A(K) is the RIC extension defined by po H—
peK, o and 7n are the maximally proximal extensions of Z and & (1.13). Then the
ttg Y’ is a subttg of & xA(K) defined by

Y'={(y,peK)|yepouy (xy)},

and the maps ¢': %' - A(K) and 7: ¥'> ¥ are just the projections. The following
facts are easily verified:

(i) Y'is T-invariant and closed in Y xA(K);

(ii) Y’ has a dense subset of almost periodic points;

(iii) 7: %'> % is proximal and 7 is a surjection iff Y has a dense subset of almost
periodic points.
As o and 7 are proximal and ¢ and ¢’ are Bc extensions, it follows from 1.14
(remark between parenthesis) that £ is proximal.

We shall need the following lemma about lifting of ergodicity.

(2.10) LEMMA. Let ¢: X > Y be a surjective proximal homomorphism of ttgs and let
& have a dense subset of almost periodic points. Then Z is ergodic iff ¥ is ergodic.

Proof. Clearly, if & is ergodic then % is ergodic.
Conversely, suppose that ¥ is ergodic. Let A< X with A=TA and A°# J and
let B:= X\ A. Then B=TB and X = Au B. As

¢[Alu ¢[B]=¢[X]=Y,
¢[A] or ¢[B] must have a non-empty interior in Y, and so, by ergodicity of ¥,
¢[A]l=Y or ¢[B]=Y.

Suppose that ¢[A]=Y. Let xc€ X be an almost periodic point. Then for some
ac A, ¢(a)= ¢(x). As ¢ is proximal, a and x are proximal and by almost periodicity
of x we have that x € Ta = TA = A. Consequently, every almost periodic point in &
is in A, so X = A. Suppose that ¢[B] = Y, then similarly it follows that X = B, which
contradicts the assumption of A°# J. Hence X = A and & is ergodic. O

(2.11) THeoREM. Consider diagram 2.2 with ¢ a Bc extension and ¢ and s satisfying
gBc. Then o=~y iff 0= 4.

Proof. Construct the diagram in 2.9 and suppose that 8 = . As 8’ is a RIC extension
(1.13) and as ¥’ has a dense subset of almost periodic points, R, has a dense
subset of almost periodic points (1.9). By 2.10, it follows from the proximality of
& X7 that Ry, is ergodic, so 6’ ¢'. As ¢'is a RIC extension (1.13) and as &' has
a dense subset of almost periodic points, ¢’ and ¢’ satisfy gBc (1.9). By 2.8a, ¢' = ¢'".
Since o X 7[R 4, 1= Ry, it follows that ¢ = ¢. a
A homomorphism of ttgs ¢: £ ~> & is called n-weakly mixing iff R} is ergodic. If ¢
is 2-weakly mixing then ¢ is just called weakly mixing. If ¢ is n-weakly mixing for
every neN, then ¢ is called totally weakly mixing.

(2.12) THEOREM. Let ¢: > % be a homomorphism of minimal ttgs with E, = R,.
(a) If & is n-Bc then ¢ is n-weakly mixing. In particular, if ¢ is n-Bc for every
neN (e.g. ¢ is a RIC extension) then ¢ is totally weakly mixing.
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(b) If ¢ is an open RIM extension then ¢ is totally weakly mixing.

Proof. Consider diagram 2.2 and note that E, = R, implies that 6 is an isomorphism.
So, under the conditions in 2.8 and 2.11, we have ¢ — ¢ iff ¥ is ergodic. We shall
prove the statements by induction.

(a) First note that R} =R, is ergodic (apply 2.11 to ¢ and ¢). Assume R} is
ergodic for certain m with 2= m < n. Then define y: Ry > Z as a restriction of ¢™.
By 2.11 and the observation that R,, = RY, it follows that R, is ergodic. So, as
R;*'=R,,, R is ergodic.

{b) As & is minimal, the supprim points are dense in X, so R, is ergodic (apply
to 2.8b to ¢ and ¢). Define : R - Z as a restriction of ¢™. Then A™ is a section
for ¢ (A a section for ¢). As ¢ is open, one sees readily that ¢ is open and that
the supprim points are dense in R. Suppose Rj is ergodic, then application of
2.8b to ¢ and ¢ shows ergodicity of R} ™. O

(2.13) .We shall now turn to a generalization of {14, 6.11] and [11, 1.9]. Consider
the following diagram of homomorphisms of minimal ttgs:

I )

%/ Ed) @/ Enl/

We are interested in the question of whether or not 84— 6, implies ¢ ~ ¢, (the
converse is obviously true). First we shall show that 8y = 8y iff 645 L 64,

(2.14) LEMMA. Let ¢: X > ¥ be a surjective homomorphism of ttgs. Let X' c X be a
closed invariant subset of X such that:

(i) o[X']1=Y;

(i) ¢|x: X'~ Y is open.
If Z is ergodic then X = Q[ X'].
Proof. Let x€ X and let x’ € X' be such that ¢(x') = $(x). As  is ergodic it follows
that x'e Ta(x) for every a € Uy ; so for every a € Uy we have a(x')n Ta(x)#* J.
For a e Ux let x,ca(x) and t,€ T be such that f,x, € a(x’). Then x, > x and
1, Xe > X' 50 Ly (x,) > d(X'). As |y is open, there are x!, € X' with ¢(x.) = ¢(x,)
such that t,x;, » x'. For a suitable subnet let z=1im x,,. Then ze X' and (x, z) € Q,.
Hence xe€ Q,[z] and so X = Q,[X"]. a

(2.15) THEOREM. Let ¢: & > ¥ be an almost periodic extension with & ergodic and
¥ minimal. Then Z is minimal.

Proof. Let X' be a minimal subset of X. As ¢|x- is almost periodic, ¢|x- is open.
From 2.14 it follows that X = Q,[X']. As ¢ is almost periodic, Q, =Ax, so X = X".

O
(2.16) As 604 and 6y are almost periodic extensions, 0y X 8g : & 4,4, > Z is almost
periodic too. By minimality of & and 2.15, it follows that 8y = 8, implies 6 1 64,
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The other way around is trival. Note that with little extra effort ([1]) one can prove
the following:

THEOREM. Let ¢ and y be HPI extensions of minimal ttgs such that ¢ and ¢ satisfy
gBc, then ¢ =~ ¢ iff ¢ L . In particular this holds for distal maps ¢ and ¢.

(2.17) THEOREM. Consider the diagram in 2.13. In each of the following cases we
have ¢ =~ iff 62— 64 iff 62 L 64,

(a) ¢ is a Bc extension and ¢ and ¢ satisfy gBc;

(b) ¢ is a RIM extension and ¢ and ¢ satisfy gBc

(c) ¢ is a RIM extension and ¢ or ¢ is open.

Proof. Consider diagram 2.13. As almost periodic extensions of minimal ttgs are
open RIM extensions, it follows from 2.8b that 0y = s iff 05— 04 iff ¢ = 8,
(a) Assume 0y 04. Then, by the above, 6, = . Hence, by 2.11, ¢ = .
(b) and (c) Assume 64— 6. Then by the above 05— ¢. As ¢ and ¢ satisfy one
of the conditions in 2.3, it follows that ¢ = ¢ (apply 2.8b with ¢ and ¢ interchanged.)
O

(2.18) CoroLLARY. Let ¢: & > & be a homomorphism of minimal ttgs with E, = R,.
If ¢ is a RIC extension or an open RIM extension then ¢ is weakly disjoint from
every homomorphism ¢: % > Z of minimal t1gs.

Proof. As E, = R, implies 6 is an isomorphism, this follows immediately from 2.8a
or 2.17c. O

3. A variation on regional proximality

In studying the equicontinuous structure of a ttg, the notion of the regionally
proximal relation is fundamental. It expresses how far the ttg is from being equicon-
tinuous ((uniform) almost periodic). For a deeper understanding of the bad
behaviour of certain points that keep the ttg from being equicontinuous, we need
a more detailed knowledge of how the regionally proximal relation is produced and
why transitivity occurs in the standard cases in which it does.

Let us recall that the regional proximal relation Qg is the set of points in X X X,
such that there exist nets (x;, ;) > (x, ) in X x X and {#}; in T such that ,(x, y;)~>
(z, z) for some z € X. Here all that is required is the existence of such a net {(x; y,)};
without regard to the way it approaches (x, y). Thus there might be ‘few’ such nets
for one pair in Qg and ‘many’ for another pair, which results in a difference in
dynamical behaviour of the pairs.

Now with the above discussion in mind, the meaning of the following notion is
clear. First we give a rough description. Let x and y be elements of the ttg Z; we
say that (x, y) is a sharply regionally proximal pair iff for every net {(x; y;)}; tending
to (x, y) there is a net {(x/, y})}; which is suitably close to the original net but which
has the property that there are t,€ T such that f(x], y})=>(z, z) for some ze X.
Therefore, the net {(x; y;)}; provides a direction and {(x}, y})}; is the one that makes
the pair (x, y) regionally proximal and that follows the direction if it is suitably
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close. Clearly, this notion has a relativized version, that is defined for a homomorph-
ism ¢: Z—> ¥ of ttgs. Now the rigorous definition follows.

Let ¢: & > ¥ be a homomorphism of ttgs. We say that (x,, x,) € R, is a sharply
regionally proximal pair iff given some net {(x}, x3)}; in R, converging to (x,, x;)
and given neighbourhoods U’ of (x{, x}) in R,, there exist (after passing to suitable
subnets) ¢, in T and (%}, ¥3) € U’ such that t,(X}, X5) > (z, z) for some z € X. Denote
the collection of sharply regionally proximal pairs for ¢ by QJ.

The following remark is another way to formulate the notion of sharp regional
proximality. The proof is straightforward, thus omitted.

(3.1) REMARK. Let ¢: & > %Y be a homomorphism of ttgs. Then
Q% =M{intg, (Ta Ry)| @€ Uy}
(3.2) Examples. Let ¢: X > ¥ be a homomorphism of ttgs.
(a) P,< Q)< Q,;soif ¢ is proximal Ry, = P, = Q% =Q,=E,.
(b) If ¢ is weakly mixing then R, = Q) = Qs = E,.
(c) If ¢ is almost periodic then Ax =E, = Q, =Q} =P,
The following example shows that there are minimal ttgs for which Q# Q”.

Moreover, it shows that if ¢ and ¢ are homomorphisms of minimal ttgs with
Q, = Q% and Q, = Q} then Q,., and Q}., may be different from each other.

(3.3) ExAMPLE. Let % be the fourfold covering of the minimal proximal rotation. Then

Q% # Qu # Ea.
Proof. Let T be the free group on two generators. Let X be the circle, define a: X - X
by a(x)=x+a (a irrational) and define b: X > X by b(x)=x>. Then a and b are
homeomorphisms of X, and & is a minimal proximal ttg for T(a, b), the minimal
proximal rotation. Let Y be the circle and define the map c: Y > Y by

c(y) =y +i
and d: Y- Y by
d(y)= sk +4(y —3k)’

whenever k=4y<k+1 (ke{0,1,2,3}). Define the ttg ¥:=(T{(c,d), Y) and let
¢:% > Z be defined as ¢(y)=4y (mod 1). Then ¥ (or better ¢) is the fourfold
covering of Z.

Note that Py = Q= Qe = Ex=X X X; and that ¢ is almost periodic, so that
P,=Q3=Q,=E,=Ay.

Obviously, % does not admit non-trivial almost periodic factors, in other words
Es =Y X Y. As ¢ preserves distances, it is not difficult to see that (y, y') € Qy iff the
distance (mod 1) between y and y’ is smaller than or equal to 5. So Qg # Eg,.

If the distance between y and y’ equals 4, then we can approach (y, y) with pairs
with a distance greater than } (from the outside), which shows that (y, y') €Q%. So
Qq # Q%. O
An indication of the power of sharp regional proximality is given in the following
theorem, which hints at regional proximality of second order which will be discussed
in § 4.
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(3.4) THEOREM. Let ¢:Z > % be a homomorphism of minimal t1gs.
(a) Let (x;,x,) € Ry. If T(x,, x,) N Q% # & then we have (x,, x;) € QF, and so

TG, %) € Qf < Qy

In particular, if Q, = Q}, then Q, contains the orbit closures that have a non-empty
intersection with Q.
(b) Let (x,, x,) € Q} and let {(x}, x3)}, be a net in R, converging to (x,, x,). Choose
{t;}; in T and (for a suitable subnet) let (z,, z,) =lim t;(x}{, x3). Then (z,, z,) € Q,.
(c) IfJ.QL < Qf (e.g. Q3 is closed, in particular if Q, = Q}) then
Q%P =P,°Q3=0Q5.
Proof. (a) If T(x,,x,)nQ} # @ then T(x,, x;)nintg, (Ta " R,) # & for every

a € Uy, and so
T(xl, xz)ninth’ (Ta mN Rd’) # .

But then it follows that (x,, x,) € intg, (Ta A R,,) for every a € Ux and consequently
(x1, x2) € Q:-

(b) Let a € Ux. As (x,, x,) €intg, (Ta " R,), there is an i(a) such that (x|, x}) €
intg, (Ta " R,) forevery i = i(a). But then also t(xi, xb) e intg, (Ta N Ry) for every
izi(a) and so

(zy, z) =lim t;(x}, x3) € Te "\ R,.
As a was arbitrary it follows that
(z1, 220 €N {Ta "R, |a € Ux} = Q.

(c) Let (x,,x;)€ P, and (x,, x3)€ Q3. Let I be a minimal left ideal in S7 such
that px, = px, for every pe I and let ve J,,(I). Then
(X, X3) = (0Xy, X3) = (VX,, X3) = v(x, X3) € J- Q4 < QF.
By (a), it follows that (x,, x;) € Q. Hence Q}° P, < Q}. Clearly, Q) < Q%°P,, so
Q%° P, = Q7. In a similar way it follows that P,° Q% = Q}. O
Before we can use some results of the preceding section in order to understand the

equality E, = Q, = QJ, we need the following lemma.

(3.5) LEMMA. Let ¢: > ¥ be a homomorphism of minimal ttgs and let x: X > &/ E,
be the quotient map and 6: ¥/ E, > ¥ the maximal almost periodic factor of ¢. Denote
the collection of non-empty open sets in X/ E, by 0. Then

E,={T(x[Ulxx[UlnR,)|Ue 0} =N{T(x [UIx« [UINnR,)|UeO}.

Proof. Let U € @ and (x,, x,) € E,. Then for some t€ T we have t«x(x,) = tk(x,) e U
and so

(x1, ) ek [t UIXk[tT'UINn Ry T(k[Ulxk“[U]NRy).
Hence
E,cN{T(k [U]xk"[U]nR,)|Ue 0} c M {T TUTX U]~ R,)| U< 0}.
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On the other hand,
k X k[T« TUIx«"[UINnR,)| U 0}]
s Tk xx(« [UIXk [UINR,)|Ue 0}
ST (V)" Rp)|Ue 0} = Qs =Ax/k, -

So

M{T TUTXx (U~ R,)| Ue 0} < (k k) [Ax/e,]= Es. 0

(3.6) THEOREM. Let ¢: & > ¥ be a homomorphism of minimal ttgs and let k. ¥ > ¥/ E,,
be the quotient map and 0: %/ E, - % the maximal almost periodic factor of ¢. Then
the following statements are equivalent:

(a) Ey=Q4= Qi;
(b) for every a € U there is a non-empty open set V in X such that V = E,[V} and
VXVARycTanR,;

(c) for every open set U in X there is a non-empty open set V in X such that

V=E,V] and

VXVAR,c T(UXUAR,).
Proof. (b) = (c) As & is minimal, T(U x U) is an open set containing the diagonal
for every open U in X Hence a:=T(U xU)e Uy.

(c) = (b) For every a € Uy there is a B e Ux with B="" and B>< a. Then

Bx)xB(x)NRycanR,
for every x€ X. Fix x€ X and set U= B(x); then T(UX U Ry) < Ta n R,

(b) = (a) Let a € Ux. By assumption, there is a non-empty open set V in X with
V=E,[V]=«x"«[V]and VX VAR, < Ta n Ry. As k[ V]isopenin X/ E, it follows
from 3.5 that

Ey,c Tk k[V]Xk“k[V]nR,)=T(VXVnR,)
So

E,cT(VXVAR,)cT - TanR,=TanR,

and as T(VX VA R,) is an open set in R,, E,Sintg, (Ta N R,). As a € Ux was
arbitrary, it follows that E, < Q} < Q, < E,,.

(a) = (b) Let ¥ be the collection of non-empty open sets V in X with V = E4[V].
Suppose there is an a € Uy with

VXVAR,N(XXxX\TarR,)#D
for every Ve 7. Define
H(V)=T(VXVAR,)\intg, (Ta " R,),
then (V) is closed and non-empty for every Ve ¥. As ¥ is closed under finite
intersections and invariant under 7, it follows that {%(V)|Ve ¥} has the finite
intersection property. Hence
K=N{XV)|VeV}=2.

By 3.5, K < E,, and by construction K n Q7 =, which contradicts assumption (a).
O
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(3.7) THEOREM. Let & and % be minimal ttgs. If ¢: X - % is an open RIM extension
or a B¢ extension then E, = Q, = Q.

Proof. First we shall show that E, = Q, = Q} if ¢ and ¢ satisfy the conditions in
lemma 2.5. We do this as follows:

Let ~U be a non-empty open set in X. By 2.5, there is a non-empty open set U
with U = E,[U] such that U = «“[«[UT] (for ¢{U]=¢[U]) and

@#UxUNR,cT(UXUnNR,).

Again by 2.5 and by the facts that ¢[U]=¢[Um U] and 0=K‘_[K[0f’\ Ul it
follows that
@#UxUnR,< T(UxUAnR,).

Hence Ux Un R, < T(UxUn R,) and the theorem follows from 3.6. By 2.6, we
know already that an open RIM extension satisfies the conditions in lemma 2.5,
which proves the theorem for the open RIM case.

Suppose that ¢ is a Bc extension. Let U, X U, R, be a non-empty (basic) open
set in R, and let (x, x,) € U; x U, R, be an almost periodic point; say (x,, x,) =
u(x,, x,) for some u < J. We shall show that

Ed,[xl] X{xz}g T( U] X Uzm R¢)

Let Vbe an opensetin T with V= V(u) and Vx, < U, (1.10). Define U =[U,, V]n
u¢d“ ¢(x,), then U is an F(&, u)-neighbourhood of x, in u¢~ ¢(x,). Consider an
arbitrary x'e U; say x'=1t"'z for some te V and z= U,. Then

(X', %) =1t""(z, tx,) e T(U, x U,),
so (x', x,) € T(U, x U,n R,). Hence
U x{x;} = T(U, x Uy Ry).
By 1.16b, E,[x,]< J,,° U, so
Ey[x ] x{x;} = J o U X{x2} = J,o(U x{x,}) € T(U; X U, R,).

Therefore ¢ and ¢ satisfy the conditions in lemma 2.5. This proves the Bc case.
O

(3.8) CoroLLARY. For an amenable group T and any minimal ttg & for T we have
Ey=Qx=0Q ;-

The truth of 3.7 is the consequence of certain incompressibilities. As those incom-
pressibilities are preserved under factors, it is natural to ask whether the property
E, = Q, = Q} is preserved under factors too. To that end we consider the following
diagram of homomorphisms of minimal ttgs:
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(3.9) TueoreM. Consider the diagram following 3.8. If ¢ is open then Q,= Q7
implies Q, = Q}. In particular, if  is open then E, = Qs = Q} implies E;= Qs = Q3.

Proof. If ¢ is open then ¢ X /|g .. Rs > R, is an open homomorphism of ttgs, since
UXy: XXX >ZxZ is open and R, = (¢ X¢)"[R,). Let a € Uz; then there is a
B € Ux such that ¢ X ¢[B]< a, hence

T-yxyp[BARy]< TanR,.
Since Qs = ¢ X ¥[Q,] ([12, 3.2), we have, assuming that Q, = Q},
Qs =y X (//[Q¢]§ ¥ X Y[intg, (TBAR,)].
As ¢ X§|g, is open
Qo < intg, (¢ XY[TB N R,)) =intr, (TY XY[B N R,)).
Hence it follows that
Qo S intg, (TY X$[B N R,]) Sintg, (Ta N Ry).

As a € U, was arbitrary, it follows that Qs < Qj ; so Q= Q3. (In particular, if

= Q, then, by [12, 3.2, 3.3], it follows that E, = Q,.) |

(3.10) THEOREM. Consider the diagram following 3.8. If Q= (¢ X)) [Q,] then
Qs = Q% implies Qo= Q7.

Proof. Let B€ U, and let a € Ux be such that ¢ X¢[a]<= B. Then
yXy[Tan Ryl Ty xyla]n Ry TB N R,.
Suppose Q4 = Q} then
Q,cintg, (Te " R,) = Ry \clg, (R, \(Ta " R,)).

As Qu = (¥ X¢)" Qp =y x¢) (¢ X¢)[Q,] it follows that
Qo =¥ x¥[Qs]= ¥ X Y[Ry I\ y X Y[clr, (Ry\(Ta N R,))]
S Ry\clg, (Re\ ¢ X ¢[Ta " Ry])
=intg, ( X¢[Ta " R,]) cintg, (TY xyY[a]n Ry) S intr, (TB N Ry).
As B was arbitrary this shows that Q, < Q. |

(3.11) ReMARK. Consider the diagram following 3.8. If E, = Q, and if R, < Q, then
Qs = (¥ X¢) [Qs].

Proof. Note that ¢ x¢[Q;]=Q, hence Quc(¥x¢)[Qs]l. Let (x,x)e
(¢ X )" [Qo). Then there is a (z,, 2,) € Q4 such that ¥ X y(z,, z,) = ¥ X ¥(x,, X,). But
then (x,, z,) € R, and also (x,, z,) € R,. Hence

(x1, %) € RyoQu° Ry < Q3,

and so (x;, x,) € Ey = Q. O
By now we are able to prove that the equality E, = Q, = Q}, is preserved under
factors.

(3.12) TueoreM. Consider the diagram following 3.8. If E, = Q, = Q}, then E,=
Q= QL"-
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Proof. Note that E, = Q, implies that E, = Q,. Now consider the following diagram
of homomorphisms of minimal ttgs.

& -
\ /
w
K ™ A
& [}

Let k: > &/ Q4 and A: & > Z/ Q, be the quotient maps. Since ¢ X y[Q,,] = Q, there
exists a unique homomorphism u: &/ Q> ¥/ Qs suchthat Acy=pox. Asa =Bopu,
w is almost periodic. Let xe€ uX, z:= y(x) and note that (x(x), z) € R,,. Define
W= T(k(x), z), then W is a minimal subset of R,, (for J,<J, ynJ,) and W
projects onto X/Q, and Z by m, and =, respectively. It is an elementary exercise
to show that =, is an almost periodic map (u is almost periodic!), so , is open.
Define x: W > ¥ by x = a°m and let £&: &> W be defined by ¢(x) = («(x), z). Then
¢ = x°& As, clearly, R, < R, = Q, it follows from 3.11 that Q, = (£ X £)"[Q,]. Hence
by 3.10, we know that Q, = Q}. As y = 8, and =, is open it follows from 3.9 that
Q. = Q}, which proves the theorem. O

In 3.7 we have seen that E, = Q, = Q7 in the case of open RIM extensions and of
Bc extensions. Is the equality of those three relations a coincidence? We shall see
that it is not; at least, we shall see that in several situations the equality of Q, and
Qj implies E, = Q, = Q). Whether or not transitivity of Q, implies Q, = Q} is
unknown. First we introduce some notation:

Let ¢: &> ¥ be a homomorphism of minimal ttgs. Let (x;, x,)€ R, and pe Sp.
Then define

p*(x;, x;) =) {pe V|V is a neighbourhood of (x;, x,) in R,}.

Clearly, p*(x,, x2) = {p°(U, x Uyn R,)| U; € ¥} (we denote the neighbourhood
system of x in X by ¥,). Note that there is some ambiguity in the notation as we
do not specify the map. As we use it only in the situation of one specific homomorph-
ism ¢ and never with respect to X X X, no serious problem will arise, (compare
with the definition of * at the beginning of § 4).

(3.13) THEOREM. Let ¢: & > Y be a homomorphism of tigs (not necessarily minimal)
and let (x,, x,) € R,. Then (x,, x,) € Q,, iff there is a minimal left ideal I in St with
P*(X, ) NAx #D Joreverype I

Proof. Let (x,, x,) € Q,. Then there are nets {(x}, x3)}; and {t,}; in R, and T such
that (xi, x3) = (x;, ;) and #;(x}, x5) > (x, x) for some x € X. Without loss of generality
we may assume that the net {#,}; converges to some p € Si. Let V be a neighbourhood
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of (x,, x;) in R,. Then there is an i, such that (x}, x5) € V for every i = i,. Hence
(x, x) =lim {#;(x}, x3)|i= g} e lim ,V = po V.
As V was arbitrary, (x, x) € p*(x,, x;) and so p*(x;, X,) " Ax # .
Conversely, suppose that for some pe Sr we have p*(x,, x;) "Ax #J, say
(x, x)e p*(x,, x,). For a € Uy,

pola(x)) Xa(x,) " Ry)e2Re

and ((@ N R,)°, R,) is a neighbourhood of pe(a{x;) Xa(x,) " R,) in 2%, Let {#};
be a net in T with ¢,» p in S. Then

ti(a(x)) Xa(x) N Ry) > pela(x;) Xa(x) " Ry) in 2R,
So there is an i, such that
t (a(x;)) Xa(x;) " Ry) N (@ R,)°#D.
Hence 1, (a(x,)Xa(x;)"nRy)nanR,# and we can find t,'=1¢_ in T and
(x}, x§) e a(x,) Xa{x,;) " R, such that t,(x7, x3)€ an R,. Doing this for every
a € Uy, we obtain nets {t,}aca, in T and {(x7, X3)}sca, in Ry such that

(x1,x3)>(x1,xz) and f.(x7, x3)~>(x, x).
Consequently, (x,, x,) € Qs What we have proved by now is
(x1,x)€Q, iff p*(x,x)NnAx# for some pe Sy,

hence the ‘if’ part of the theorem is proved.
Let (x,, x,) € Q4 and define

S={peSr|p*(x,x) " Ax #}.

By the above, S # J and, clearly, S is T-invariant. We shall show that § is closed;
hence it follows that S contains a minimal left ideal, which proves the theorem.

For each neighbourhood V of (x|, x,) in R, the mapping p—> pe V is continuous,
hence the mapping

¥:p—(){pe V|V neighbourhood of (x;, x,) in R¢}:ST—>2R°’

is upper semi continuous. Since Ay is closed and as S is the pre-image under ¥ of
the closed subset {A€2R°*|AnAx # O} of 2%, it follows that S is closed. |

The following remark in fact repeats and extends 3.4a and b.
(3.14) REMARK. Let ¢: Z > ¥ be a homomorphism of ttgs and let (x,, x,) € R,.

(@) If (x1, x2) € QF, then p*(x,, x,) < Q, for every pe Sr.
(b) If p*(x,, x;) N Q} # D for some p € Sy, then (x,, x;) € Q,.

Proof. (a) Let a € Uy, then (x), x;) €intg, (Ta N R,). So there are open neighbour-
hoods U, € ¥,, and U,€ ¥, such that
(x., x2) € U] X Uzm R¢ o= inth’ (Ta M R¢)'
For every p e Sy it follows that
p*(x, ;)€ po(U, xU,nR,) s T-intg, (Ta nR,)< Ta N R,.

As a was arbitrary, p*(x,, x,) < Q, for every pe Sp.
(b) Suppose p*(x,,x;)n Q) # . Let {t.}; be a net in T with t,»p and let
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a, B € Uy be such that B < a. Then
pe(B(x)) XB(x) " Ry)ninte, (Ta N Ry) # I

and as (intg, (T N R,), R,) is an open neighbourhood of the element po(B(x,) X
B(x;) " R,) of 2%, while

L(B(x) X B(x,) 0 R¢) > po(B(x;) X B(x) N qu),
it follows that eventually
t;(B(x) XB(x) " R,) nintg, (Ta N R,) # .

But then B(x;)xB(x)nTan R, #J, and as is easily seen (x;, x,)€ Ta n R,;.
Consequently, (x;, x,) € Q,. O

(3.15) LEMMA. Let ¢: ¥~ ¥ be a homomorphism of ttgs and suppose that Q, = Q7.
Let (x,y)e Q, and (y,z) € Q,. If ¢ is open in x € X, then (x, z) € Q,.

Proof. By 3.13, we can find a minimal left ideal I in S; pe I and a z'€ X such that
(z,2")ep*(y,z). Let a € Ux and let U, < a(x), U,c a(y) and U, < a(z) be open
neighbourhoods of x, y and z in X, such that

U, XU,NnRy<intg, (Ta N R,)

(no further conditions on U,). As ¢ is open in x, we may assume that U, is such
that ¢{ U, )< ¢#[U,]. Since

(z',2)ep*(y,z) S po(U, XU, Ry),
we can find nets {t,}; in T and {(y, z)}; in U, X U, " R, such that p=Ilim t; and
(2, z'y=1im t,(y, z;). Let x; € U, be such that ¢(x;) = ¢(y;). Then, for every i,
(x, y)e U, xU,nR, and (x,2z)eUXU,NR,.
Let x/, :=lim t,x; (after passing to a suitable subnet). Then
(x4, 2y =lim t;(x;, y) e pe (U, xU,n Ry)spe(TanRy)= Tan R,

and

(x4, 2’y =lim t,(x, z;) e po (U, X U,n R,) S pe(a(x) X a(z) " R,).
So for every a € Ux we can define in this way an element x,, € X. Let x'=1lim x,
(after passing to a suitable subnet). Then

(x',2)=lim (x}, z)e Tan R,  for every a € Ux;

hence (x', z') € Q4 = QJ,. And

(x', z)=lim (xp, z') e pe(a(x) Xa(z) " R,) for every a € Ux.
As p*(x,z) =N {pe(a(x)Xa(z)n Ry)|a e Uy}, it follows that (x',z')e p*(x, z)
and so that p*(x, z) n Q) # . By 3.14b, it follows that (x, z) € Q. 0
(3.16) THEOREM. Let ¢: X > %Y be a homomorphism of minimal ttgs, such that ¢ is
open in some point x € X. Then Q, = Q7 implies E, = Q,,.

Proof. Let (x), X,) € Q, and (x,, x;) € Q, and let pe M be such that x = px,. Then
(x, px;) = p(xy, x3) € Q4 and ( px,, px;) € Qy; 50, by 3.15, it follows that (x, px;) € Q,.
Let ve J,, then

(x1, vx3) = UP—I(X, PX3) € Q.
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As (vx3, x3) € Py, we have (x,, x;3) € Py Q. So, by 3.4c, (x,, x;) € Q4. Hence Q2 Q, <
Q; and Q, is an equivalence relation. O

(3.17) CoOROLLARY. (a) If ¢: &> Y is a RIM extension or if ¢ is a homomorphism
of metric minimal 1gs, then Q4 = Q} implies E, = Q, = Q% ; (use [3, 3.12.18)).
(b) If Z is a minimal ttg then Qg = Q% implies Eq = Qy = Q%.

It is not known whether or not Q, = Q} implies E, = Q, without further restrictions
on d> We shall now give some.other conditions on ¢ that are sufficient to deduce

= Q, from Q, = Q3.

(3.18) THEOREM. Consider the diagram following 3.8, and suppose that ¢ is proximal.
In each of the following two cases we have Q, = Q7 implies E, = Q, = Q3.

(a) 0 is open;

(b) E;=QyoP,; e.g. 8is a RIM extension.
Proof. If ¢ is proximal, then

(¥ x¢) [Qs]S Ry°Qy° Ry S PyoQyo Py,

and so, if Q, = Q3}, it follows from 3.4¢c that (¢ x )" [Qs]< Q,. Hence, by 3.10,
Q, = QJ implies Q, = Q}. But then, in both cases (a) and (b), it follows that E; = Q,
(cf. 3.6 and 3.4c respectively), As ¢ is proximal and as

Y XY[E,)=Ep= Qo= ¢ X y[Qq],
it follows that E, < P,° Q,° P,. But, again by 3.4c, this gives
Ey< PyoQuoPy=PyoQ%oP,=Qj. O
(3.19) THEOREM. Let ¢: X~ ¥ be a homomorphism of minimal tigs and let ¢ = < .
Suppose y is open, R, < Q,, and let Ey = Qg Py. Then Q, = Q7 implies E, = Q, = Q3.
Proof. As ¢ is open, Q, = Q7 implies Qp = Q} by 3.9. Hence, by 3.4c, it follows that

o=Qo°Po=Qs°Pe=Qo = Q.
Also, by the openness of ¢ we have that ¢ X¢: R, + R, is an open map. We shall
show that Q, = (¢ X ¥)"[Q,], hence that Q, is an equivalence relation.

Let (x, x,)€ (¢ X ) [Qp]; then (zy, z,) = ¢ Xy(x,, X,) € Qp. So there are nets
{(z, z5)}i in Ry and {}; in T such that (zi, z3) > (z,, 2,) and t,(z}, z5) > (2, ). As
(x1, x2) € (¢ X )" (2,, z,) and as the map ¢ X : R, - R, is open, we can find (x}, x5)
in R, such that y xy(x}, x3)=(z}, z3) and (x}, x3) > (x,, x,). After passing to a
suitable subnet let (X,, X,) =lim £,(x}, x3). Then

$(%,) =lim t(x}) =1lim t;z{ = z, =lim t,zj = lim t(x3) = Y(%,),

hence (%,, X,) € R, and therefore (X,, X,) € Q, = Q. By 3.4b, it follows that (x,, x,) €
Q.- Consequently, (¢ X )" [Qs]< Q4 and as, clearly, Q, < (¢ X )" [Q,], it follows
that Qg = (¢ X )" [Qs]. U

4. Regional proximality of second order

Let & be a ttg. It is not difficuit to see that a pair (x, x,) € X XX is regionally
proximal if we can find suitable pairs in the neighbourhood of (x,, x,) such that
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after suitable T-translations they tend to a proximal pair. If we could find pairs in
the neighbourhood of (x;, x,) that after suitable T-translations tend to a regionally
proximal pair, we could say that the pair (x,, x,) is regionally regionally proximal.
We call it regionally proximal of second order.

Let Z be a ttg and let A< X. Then define

D(A, Z):=U{p*Al|pe Ss},
where p* A is defined as
p*A=({p°V|AcV and V openin X}.

We remark that the * defined in § 3 is in complete agreement with this definition,
after noting that p*a:= p+*{a}.
(4.1) REMARK. Let & be a ttg and let A< X. Then

(a) D(A, &) is T-invariant;

(b) D(A, ¥)=D(A, %) foreveryteT,

(c) if A is closed then D(A, %) =\J{D({a}, ¥)|ac A};

(d) if A is closed then D(A, &) is closed.
Proof. (a) Let xe D(A, &) and let p € St be such that xe p* A, Then xe peV for
everyopen Vin X with Ac V.Hence tx € tpo Vforsuch Vand txe tpx A< D(A, Z).

(b) Note that po V=pt "otV for every VS X, pe Sy and te T. As

{W|Wgc X open, tAc W}={tV|V< X open, Ac V}

for every te T, it follows that p* A= pt™' xtA.

(c) Obviously, D({a}, ¥)< D(A, &) for every a€ A.

Conversely, let xe D(A, &) and let p e Sy be such that xe p* A. Let a € Uy be
an open index. Then there are a,,..., a, in A such that

Vo=U{a(a)lie{l,..., n}}
is an open neighbourhood of A (in X). So xe po V,, and as
peVa=U{poa(a)liefl,...,n}},

we can find a, €{a;|ie{l,..., n}} such that xe peca(a,). In this way we obtain a
point a, in A for every open index a € Uy. Let a:=lim {a,|a € I} for a suitable
subnet I < 9. We shall prove that x € p*{a}.

Let V< X be open and let {a} < V. Then there are 8 and vy in I such that 8(a)c V
and yoyc< B. Let 8§ € I with 8 < y such that a; € y(a). Then

xepod(a;) and &(as)< y(as)< y(v(a))<cBla),
so xeped(as)c peB(a)cs poV; hence xe px{a}. As ac A= A it follows that
D(A, ) =U{D({a}, Z)|a € A}.

(d) Let {x;); be a convergent net in D(A, &) and let x=lim x,. By (c), we may
find nets {a;}; and { p;}, in A and St such that x; € p; *{a;}. Let p=1lim p, and a =lim q;
after passing to suitable subnets. We shall prove that x € p*{a}.

Let V< X be open with {a}< V. Then {a;} < V for all i=i(V). Hence

xiepix{atspeoV for all i=i(V).
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But then it follows that
x=lim x; €lim,x (p;oV)=peo V.

As V was arbitrary, it follows that x € p»{a}, hence xe D(A, Z). O
The proof of the following remark is straightforward and will be omitted.

(4.2) REMARK. For a ttg Z, x € X and a € X the following statements are equivalent:
(a) xe p=*a for some p € Sy, in other words x € D({a}, Z);
(b) for every V,€ V,, and every V. € V, there is a te T such that tV,nV, #J;
(c) there is a net {a;}; in X with a,> a, and there are t; in T with x =lim ta;;
(d) ae q*x for some q€ Sy, in other words a € D({x}, Z).

Note that this shows that for pe St and x € X we have p*x < Qq[ px].

(4.3) ExaMPLES. Let X be a ttg and let ¢: X > Y be a homomorphism of ttgs. Then

(a) D(Ax, ZXZ)= Qu;

(b) D(Ax, @4,) = Q¢;

(c¢) D(E,, R,)=E4 and so D(Qy, Ry)< E,;

(d) D(Q%, R4) = Q,, hence Q, = Q implies D(Qy, Ry) = Q.
Proof. (a) Follows immediately from (b).

(b) Using 4.1c and 4.2 this follows easily from 3.13.

(c) Let 0:Z/E, > ¢[Z] be the maximal almost periodic factor of ¢ and let
k: &> &/ E, be the quotient map. Then it is easily seen that

k Xk[D(Eg, Ry)]< D(Ax,E,, kK Xk[Rs]) € Q.

As 0 is an almost periodic extension, k X x[D(E,, R,)]< Ax/g,; hence D(E,, R,) <
E,.

(d) Clearly, Q, = D(Ax, &4) < D(Q}, Ry).

Conversely, as Q7 Cintg, (Ta " R,) for every a € Uy, we have

p*Qigpoint&(TanR¢)gp°TamR4,g Tan R, (aeUy).

So px Q3 < Q, and D(Q%, Rs) < Qs o
The next theorem and its proof resemble 3.15 and 3.16.

(4.4) THEOREM. Let ¢: X > ¥ be a homomorphism of tigs. If for every x,€ X there
is an x € X with Tx nTx, # &, such that ¢(x) is an almost periodic point and ¢ is
open in x, then E, = Q, iff D(Qy, B4) = Qy.

Proof. If E, = Q, then, by 4.3, it follows that D(Q,, #,) = Q,.

Conversely, suppose that D(Q,, R,) = Q,. Let (x,, x,) € Q4 and (x,, x3) € Q,, and
assume ¢ is open in x,. We shall prove that (x,, x;) € Q4. Let {(x3, x3)}; and {#};
be nets in R, and T such that

(xh, x3) > (x5, x;) and  £(xh, x3)~> (w, w) for some we X.
As ¢(x3) > ¢(x,) = ¢(x,) and as ¢ is open in x,, there are z;€ ¢ d(x3) such that
z;> x,. Define z =1im t;z; (after passing to a suitable subnet). Then
(2, x2) > (X1, %) and  1,(z, x3) > (2, w).
As (x,, x,) € Q, it follows that
(z, w)e p*(x1, x2) € D({(xy, X2)}, Ry) € D(Qq, Ry) = Qy,
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where p=1lim t,€ Sy (after passing to a suitable subnet). As (z;, xi)- (x,, x;) and
t:(z;, x5) > (z, w), it follows that

(xl’ x3)€ ‘I*(Za W)g D({(Z’ W)}, %¢)§ D(qu» @d)) = an

where g =lim t;' € Sy (after passing to a suitable subnet). Now assume that ¢ is
not open in x,. By assumption, we may find x € X such that Tx n Tx, # J and ¢
is open in x, while ¢(x)€ Y is an almost periodic point. For an almost periodic
point ze Tx N Tx, let I and K be minimal left ideals in S; such that z = px and
z=g¢x, for some pe I and some ge K. Let ve J,(I). Then vx= vp 'gx,, and

(vx, ”P_quz) = UP_I‘I(xl, x)€ Q,
and

(0p™'qxa, 0P~ qx3) € Qs
As (x, vx)e P,, we have (x, vp~'gx,) € Q,° P, and it is easily seen that Qz°P, <
D(Q,, #,) = Q,. By the above, (x, vp~'gx;) € Q, and so

UP—I‘I(Xl, X3) = (vp—'qxl, Up‘qu:%) = (vx, vP_qu3) = v(x, UP_‘qxs) € Qy
But then

(x5, x3) € D({(Up—qul, Up_qus)}, .6/24,) < D(Q,, geeb) =Qy,
which shows the transitivity of Q,. O

(4.5) CoroLLARY. Let ¢: & > ¥ be a homomorphism of ttgs.

(a) If & is open then Ey, = Q, iff D(Qy, R,) = Q. In particular, for every tig X we
have Ex = Qg iff D(Qg, & XZ) = Qp.

(b) If % is a metric ergodic ttg and if ¥ is minimal, then E, = Q,, iff D(Qy, R4) = Q4.

Proof. (a) This follows immediately from the first part of the proof of 4.4.

(b) If X is metric, there is a residual set of points in which ¢ is open, also there
is a residual set of transitive points. As % is mimimal, the assumptions of 4.4 are
satisfied. O
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