
This study presents a general model of two binary
variables and applies it to twin sex pairing data

from 21 twin data sources to estimate the frequency
of dizygotic twins. The purpose of this study is to
clarify the relationship between maximum likelihood
and Weinberg’s differential rule zygosity estimation
methods. We explore the accuracy of these zygosity
estimation measures in relation to twin ascertain-
ment methods and the probability of a male. Twin sex
pairing data from 21 twin data sources representing
15 countries was collected for use in this study.
Maximum likelihood estimation of the probability of
dizygotic twins is applied to describe the variation in
the frequency of dizygotic twin births. The differ-
ences between maximum likelihood and Weinberg’s
differential rule zygosity estimation methods are pre-
sented as a function of twin data ascertainment
method and the probability of a male. Maximum likeli-
hood estimation of the probability of dizygotic twins
ranges from 0.083 (95% approximate CI: 0.082,
0.085) to 0.750 (95% approximate CI: 0.749, 0.752)
for voluntary ascertainment data sources and from
0.374 (95% approximate CI: 0.373, 0.375) to 0.987
(95% approximate CI: 0.959, 1.016) for active ascer-
tainment data sources. In 17 of the 21 twin data
sources differences of 0.01 or less occur between
maximum likelihood and Weinberg zygosity estima-
tion methods. The Weinberg and maximum likelihood
estimates are negligibly different in most applica-
tions. Using the above general maximum likelihood
estimate, the probability of a dizygotic twin is subject
to substantial variation that is largely a function of
twin data ascertainment method.

Keywords: zygosity estimation methodology, probability
of a male, maximum likelihood estimation, Weinberg’s dif-
ferential rule

In twin studies examination of concordance rates
between zygosity groups is used as a means to identify
the contributions of genetic and environmental factors
to the development of a given condition. Where twin
zygosity has not been established through biological
means, accurate estimation of zygosity is critical. The
primary methods used for zygosity estimation are the
maximum likelihood procedure and Weinberg’s differ-

ential rule. While there have been many publications
regarding the validity of Weinberg estimation methods
(Allen, 1981; Bulmer, 1976; Fellman & Eriksson, 2006;
Husby et al., 1991; James, 1976; James, 1979; James,
1992; Orlebeke et al., 1991; Vlietinck et al., 1988) a
lack of clarity remains in the relationship between the
maximum likelihood procedure and Weinberg zygosity
estimation methods.

The primary goal of this study is to clarify the rela-
tionship between maximum likelihood and Weinberg
zygosity estimation methods through presentation of a
general description of binary variables that yields esti-
mates of the frequency of dizygotic twins. Variance
formulas are presented that are substantially simplified
in comparison to those recently published (Fellman &
Eriksson, 2006). A formula quantifying the difference
in estimates obtained using the maximum likelihood
and Weinberg zygosity estimation methods is pre-
sented. We employed twin sex pairing data from 21
data sources to explore comparisons between zygosity
estimation methods.

Methods
Data Sources

Twenty of the twin data sources were abstracted from
publications of international twin registries (Table 1)
while one twin data source was derived from
California vital statistics records. Publications were
included based on a review of the twin registry litera-
ture and were validated against electronic twin
resources (Twin Registers and Research, 2007b) that
enumerate major international twin registries. In selec-
tion of publications for inclusion in this study
voluntary ascertainment was defined as recruitment of
twins through convenience sampling while active
ascertainment was defined as recruitment of twins at
birth or through birth registers. The twin registries
included in this analysis encompass a broad range of
birth years, ranging from 1870 to 2005.
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Description of Binary Variables 
and Maximum Likelihood Estimation

The general properties and description of two binary
variables applies directly to the estimation of the fre-
quency of dizygotic twins. Thus, maximum likelihood
procedures produce optimally efficient estimates of
the probability of dizygotic twins and estimates of
their associated variance. In addition, the classic
Weinberg estimate becomes a special case and, there-
fore, its properties also follow from the maximum
likelihood process.

Estimation of the probability that a twin pair is
dizygotic (monozygotic) is derived from the general
relationship between two binary variables denoted X
and X′, where:

The symbol p = probability (X = 1) = probability (X′ =
1) and q = 1 – p = probability (X = 0) = probability (X′

= 0). The symbol ε represents the covariance between
the two binary variables X and X′. Therefore, the cor-
relation coefficient measuring the degree of association
between X and X′ is given by:

f = ε__
pq

and is an application to binary data of the classic
Pearson correlation coefficient calculated between two
variables where:

In the case of twin data, the correlation coefficient f
indicates the proportion of monozygotic pairs among
like-sex twin births. The correlation coefficient f, as
always varies between –1 and 1 and when f = 0 (ε = 0)
the variables X and X′ are independent. The maximum
likelihood estimates for the two parameters, p and f,
denoted by p^ and f

^, are:

The symbol a = number of observed pairs (X = 1 and
X′ = 1), b = number of observed pairs (X = 0 and X′ =
1) or (X = 1 and X′ = 0), c = number of observed pairs
(X = 0 and X′ = 0), yielding a total number of pairs n
= a + b + c.

An estimate of the variance of the distribution of
the estimate of p^ is given by:

and for the estimate f
^, an estimate of the variance of

its distribution is given by:

A number of applications of the maximum likeli-
hood estimate of f

^ and its associated variance are
important, particularly in genetics. The estimate f

^ is
sometimes referred to as the ‘phi-correlation coeffi-
cient’ and Wright (Wright, 1922) defined f

^ as an
estimate of the correlation between two uniting gametes
(inbreeding coefficient) where p = frequency of a spe-
cific gamete and again q = 1 − p. In another application
drawn from genetics, when p represents an allele fre-
quency (Thomas, 2004) the parameter ε measures the
degree of Hardy-Weinberg disequilibrium among a
sample of observed genotypes. In fact, the quantity

X2 = nf
^2

is the classic chi-square statistical criterion for measur-
ing the likelihood that the observed deviance from
independence arose by chance.

An application to twin data produces an estimate
of the probability of a dizygotic twin (denoted d

^
= 1 –

f
^) and its variance. That is, when the probability of a
dizygotic twin is the same regardless of the composi-
tion of the twin pair (like or unlike sex) and the sex
composition of the dizygotic twin pair is determined
by two independent events, the estimated probability
of a dizygotic twin is d

^
.

Specifically, for twin data where a represents the
observed number of male-male pairs, b represents the
observed number of male-female pairs, and c repre-
sents the observed number of female-female pairs,
estimates from twin data are given, as:

estimated probability of male twin = 

where n = a + b + c and

estimated probability of dizygotic twin = 

When the probability of a male twin is 0.5 (p =
0.5), these expressions produce the classic Weinberg
estimate of the probability of a dizygotic twin and its
variance where:

The variance of the distribution of either zygosity
estimate is:

where m^ ′ = d
^′.

That is, the Weinberg estimate is the special case
of the maximum likelihood estimate when the value
of p is replaced by 0.5. The difference between the
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maximum likelihood and Weinberg estimates is
extremely small when p is in the neighborhood of 0.5.
The difference is given by:

When the probability of a male varies between
0.45 and 0.55, the difference in the two estimates is
less than 0.01.

Statistical Methods
Estimated probabilities of dizygotic twins and 95%
approximate confidence intervals were generated using
the maximum likelihood method and applied to 21
twin data sources (Table 1 and Figure 1). Differences in
maximum likelihood and Weinberg zygosity estimation
methods were calculated for each twin data source and
are presented as a function of the probability of a male
in Figure 2.

Results
Table 1 presents an overview of 21 international twin
data sources. Thirteen of the sources obtained twins by
voluntary ascertainment, while eight sources obtained
twins by active ascertainment. In these data the fre-
quency of males varies substantially depending on the
ascertainment method, which influences the estimates
of the probability of dizygotic twins. Twin data
sources that used active ascertainment methods have a
probability of a male that ranges from 0.476 to 0.516
with four out of the eight sources having a probability

of a male of essentially 0.51. In contrast, data sources
that contained twins based on voluntary collection
methods have a much broader range in the probability
of a male, 0.165 to 0.543.

Also presented in Table 1 are estimates of the
probability of dizygotic twins and their associated
approximate confidence intervals derived from the
maximum likelihood procedure. The estimate of the
probability of dizygotic twins, d

^
ranges from 0.083 (p

= 0.165) to 0.987 (p = 0.514). The estimates of the
probability of a dizygotic twin, d

^
ranges from 0.374 to

0.987 for active ascertainment data sources and from
0.083 to 0.750 for voluntary ascertainment data
sources. The probability of a male, p range from
0.477 to 0.516 but estimates of the probability of
dizygotic twins, d

^
spans a much broader range of

0.374 to 0.987 for the active ascertainment data
sources. This illustrates that the distribution of males
among twin pairs is crucially important in maximum
likelihood zygosity estimation. 

Figure 1 presents estimates of the probability of
dizygotic twins and the associated approximate confi-
dence intervals for each dataset. Bulmer reported
(Bulmer, 1970) that the frequency of dizygotic twins
varies with race-ethnicity, but on average dizygotic
twins constitute about 65% of all twins. Therefore in
Figure 1, the vertical line at 0.65 represents the proba-
bility of dizygotic twins across all race-ethnicity
groups. Estimates of the difference in the estimation of
the probability of dizygotic twins using maximum
likelihood and Weinberg methods as a function of the
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1ˆˆ4ˆˆˆ −=′− qpddd      

Figure 1
Maximum likelihood estimates of the probability of dizygotic twins and 95% approximate confidence intervals for 21 twin data sources.
Note: Dashed vertical line at 0.65 represents the literature reported (Bulmer, 1970) probability of dizygotic twins.
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probability of a male are presented in Figure 2. The
figure illustrates that differences of 0.01 or less occur
in 17 out of the 21 twin data sources, when the proba-
bility of a male falls between 0.45 and 0.55, indicating
both methods result in almost identical zygosity esti-
mates when the probability of a male is close to 0.5.

Discussion
This study uses a general model describing the statis-
tical structure of binary traits to illustrate the
estimation of the frequency of dizygotic twins using
the maximum likelihood estimation procedure. The
properties of Weinberg’s differential rule follow
directly from the maximum likelihood process. We
present an intuitive general model that can be used to
describe any binary trait and is useful for estimation
of the probability of zygosity. We further illustrate
that the probability of a male may deviate from 0.5
when ascertainment has resulted in selective samples
(Table 1), which affects the agreement between the
maximum likelihood procedure and the Weinberg’s
differential rule zygosity estimation methods. Our
study shows that it would require large shifts away
from the expected probability of male from 0.5 for
substantial differences between these two zygosity
estimation methods to exist.

Several investigators (Allen, 1981; James, 1971;
James, 1976; James, 1979; James, 1992; Orlebeke et
al., 1991) have suggested that the underlying

assumptions of Weinberg’s differential rule are often
violated. These studies suggest that a lack of indepen-
dence exists between zygotes in dizygotic pregnancies
and that the probability of a male also differs
depending on zygosity. Genetic theory assumes that
dizygotic twins are as similar genetically as non-twin
siblings, which implies independence between
zygotes. The probability of a male in a singleton
birth is universally close to 0.5 and therefore the
probability of a male in dizygotic twins is similarly
expected to be close to 0.5. Without persuasive evi-
dence to the contrary, the binary variable model
provides an accurate basis for useful estimates of
zygosity. Furthermore, the robustness of Weinberg’s
rule has been illustrated through comparisons
between Weinberg’s estimates and known zygosity of
observed data (Vlietinck et al., 1988; Husby et al.,
1991), through more theoretical discussions (Bulmer,
1976), and recently through comparisons of esti-
mates derived using a maximum likelihood function
(Fellman & Eriksson, 2006).

We recommend that researchers examine the pro-
posed general model describing the statistical structure
of binary traits in estimation of zygosity. We further
suggest that researchers carefully examine the ascer-
tainment methods employed for recruitment of twins
and the associated frequency of male twins, as they
may substantially influence the accuracy of zygosity
estimation methods.
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Figure 2
Difference in maximum likelihood and Weinberg estimates of the probability of dizygotic twins as a function of the probability of a male for 21 twin
data sources.
Note: The dashed vertical line at 0.5 represents the usual probability of a male. The dashed horizontal line at 0.01 illustrates that 17 out of 21 twin data sources have differences 

of <0.01.
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