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In [4], Hanson has obtained necessary conditions and sufficient con-
ditions for optimality of a program in stochastic systems. However, in many
cases, especially in a general treatment, a program satisfying these con-
ditions cannot be determined explicitly, so that the question of existence
of an optimal program in such systems is significant. In this paper, we obtain
conditions sufficient for existence of an -optimal program by applying the
direct methods of the calculus of variations [9], [6] and the theory of optimal
control [7], [5].

1. Definitions

Consider a probability space (4, S, ¢) [3, p. 191]. We shall assume that

(1) the probability measure g is regular with respect to some topology
on A [3, p. 224].

Let R be a closed set in E,, and U a closed convex set in E,,. Consider
a fixed measurable mapping 7 : 4 — R.

We shall call a real function f(r, #) on RxU “linearly bounded below
in #” if

{(r(w@), u) = pw)+u - q(w)

for some integrable function p and bounded integrable function ¢ on A.

Consider any number of real continuous functions g;(r, u), 4,(r, #) on
R x U, each linearly bounded below and convex in #.

Let I be the class of all integrable mappings u : A — E,, such that

(2) ( w) € U for almost every w € 4;
fg, u(w) du < 0 for each 7;
h,-(r w), % )) = 0 for almost every w € A4, for each j.

Let ¢(r, #) be a real continuous function on RxU. We say that a
program %, € I" is optimal (with respect to ¢) in I"if
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Iw) = (4) [ $(r(w), w(w))du

has a minimum at #,; that is, 7 (%,) < I () for all u € I'. For I" nonempty,
we shall prove that an optimal program exists under suitable extra con-
ditions. Our general approach will be to make I closed and compact under
weak convergence in L, = L,(4, S, u). Lower semicontinuity of I(x) in
that convergence is then sufficient for the existence of an optimal program
in I

We obtain the equivalent of Hanson’s system if A C E,, 7(w) = w,
and y = J' ydA for y a probability density with respect to Lebesgue measure
Aon E,.

2. Semicontinuity

We shall make repeated use of the following theorem of lower semi-
continuity.

THEOREM 1. Let f(r, u) be a continuous real function on RXU, linearly
bounded below and convex in u. Suppose that

(5) (4) [ 1u(w)|dp is bounded on I

(Conditions sufficient for this will be discussed in Section 5.) Consider a
sequence of programs u,, € I' converging weakly in L, to an integrable mapping
u such that w(w) e U almost everywhere. Then, for any set E € S,

(E) [ 1(r(w), w(w)) dp < lim inf (E) [ f(r (), s (1)) .

Theorem 1 follows immediately from+Theorem 4 and Section 6 of [8].
Note that (E) f (p+u, - g)du is continuous under weak L, convergence,
so that the discussion of Section 6 of [8] applies. Our assumption (1) about
the measure u is used in the general semicontinuity theorem of [8].

3. Closure

THEOREM 2. Suppose that I' satisfies condition (5). Then I' is closed
under weak L, convergence.

Proor. Consider a sequence of programs u, eI, and an integrable
mapping #:A4 — E,, such that (A4)[u,vdu— (A)[wvdu for each
veL,(4,S, u).

The closed convex set U is the intersection of a countable number of
half spaces {u :b+u-c <0} Let E={w:wed, b+u(w) c> 0}. By
taking v above as the characteristic function of E, we have
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0= (E) [ (b+un(w) - ¢)du — (E) [ (b+u(w) - c)du = 0.

Hence (E) [ (b+u(w)-c)du =0, while b+u(w)-c¢>0 on E. Thus
u(E) = 0, and so #(w) € U almost everywhere.

Now (4) [g,(r(®), u,(w))du < 0 for each 7, and (4) [&i(r(w), u,(w))du
is lower semicontinuous with respect to weak L, convergence. Hence

4) [ g(r(w), u(w))du < 0,
so that « satisfies condition (3).

Let E;={w:wed, h(r(w), u@w)) > 0}. Now (E,) [ h,(r(w), u,(w))du
is lower semicontinuous with respect to weak L; convergence. Hence

E,) [ h(r(w), w(w))dp < lim inf (E,) fh , un(w@))du < 0.

Consequently u(E;) = 0, so u satisfies condition (4).

4. The existencé theorem

THEOREM 3. Let ¢(r, u) be a continuous real function on RX U, linearly
bounded below and convex in u. Suppose that I' satisfies condition (5) and

(6) f |u(w)ldu is equi absolutely continuous on I

(Conditions sufficient for this will be discussed in Section 5.) Then, if I' 1s
not empty,

(4) [ $(r(@), u(w))du

has a minimum on I

PROOF Since we assume that f |u|du is equi absolutely continuous
and ( f |u|dp is bounded on I', I' is compact in L, with respect to weak
convergence [2, p. 294]. By Theorem 2, I'is closed under weak convergence
in L,. Thus I"is compact in itself.

By Theorem 1, I(u) is lower semicontinuous with respect to weak
convergence in L;. A lower semicontinuous functional on a compact space
has a minimum [1, p. 63]. Hence the result.

5. Equi absolute continuity of f |u|dp

Conditions (5) and (6) play a key part in our existence theorem. We
now study conditions sufficient for equi absolute continuity of _[ |#|du and
bounding of (4 f [#|du on I

For example if U and the functions %, are such that some, at most
countable, intersection
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N{u:uel, h(r(w), u) < 0}

is bounded uniformly on 4, then conditions (5) and (6) are satisied im-
mediately.
Alternatively, the following integral condition could be used.

THEOREM 4. Let y(u) be a real funciion on U, bounded below and such
that p(u)/iu] — o as |u| > oo on U. If (A) [y(u(w))du is bounded on T,
then j lu(w)|dp ts equi absolutely continuous and (A)f lu(w)|dp is bounded
on I

PRrOOF. Suppose that (A)fw(u(w))d,u =c on I', w(u) = b; and, for
any ¢ > 0, (y(u)—b)/|u| > 1[e for |u| > m(s), ueU. For any program # € I’
and any set MeS define M+ = M n {w : ju(w)| > m(e)}, M~ =M—-M+.
Then

M) [ u(w)idp < e(M~) [ (p(s())—b) dat-m(e)u(M")
< s(c—0)-+m(e)u(M)
< g{c—b+1)
if u(M) < ¢/m(e). Thus f |u(w)|du is equi absolutely continuous. Similarly,
(A) [ (u@)dp < c—b+m(1)

so that (A4) f l4(w)|dp is bounded on I

For example, a “growth condition” &r(w), u) = y(u) on some g, would
be sufficient for the bounding of f p(u(w))du on I'. Alternatively, the
bounding of (4) [ y(u(w))dp, sufﬁclently for our purpose, would follow
from a similar growth conditlon on ¢.

THEOREM 5. Suppose that (r{w), u) = p(u) where p has the properties
stated in Theovem 4. Then our existence theorem, Theorem 3, holds without
the direct assumption of conditions (5) and (6).

Proor. If I(#) = oo for all 4 € I', then the result is trivial. Otherwise,
there exists u, € I' with I(#,) < co. In considering a minimum for I(x)
on I', we can restrict consideration to the class

N=In{u:Iu) <I(u)}

Now ( fzp w))dy is bounded on I'j. Theorems 3 and 4 show that
I(%) has a minimum on [, which is also a minimum on I
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