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Duals of Banach spaces which admit

nontrivial smooth functions

K. John and V. Zizler

If a Banach space X admits a continuously Fréchet differentisble
function with bounded nonempty support, then X* admits a
projectional resoclution of identity and a continuous linear

one-to-one map into cO(F)

1. Introduction

There are two difficulties in building up the projectional resolution
of identity in nonseparable Banach spaces; such a resolution was
originally constructed by Amir and Lindenstrauss ([1]) for spaces which are
generated by a weakly compact set. First we need a compactness argument to
ensure the existence of limit points for certain nets of operators and
second we need to be able to ensure that the limit point is a projection.
The first one can be overcome in any dual space. Tacon showed.in ([4])
that also the second difficulty can be overcome in duals of spaces with
Fréchet smooth norm. His argument relies on the uniqueness of Hahn-Banach
extensions. Here we show that the projectional resolution of identity in
X* exists under the hypotheses in the abstract. This is done by basing
the proof on the existence of differentials of certain functions

constructed by Leduc ([2]1, [31).

2. Notations and definitions

We will work in real Banach spaces. The norm |+| of a Banach space

X is rotund if whenever |aty| =2, |x| =]yl =1 ,then x=y . If X
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is a Banach space, then, following [4], Xa is the Banach space of all
bounded homogeneous functionals on X with the sup-norm over the unit ball
of X . If C is a subspace of X and T : C* > X* is a bounded linear
.map, then T : x* - X* 4is defined as if'f = TRf , wvhere R means the
restriction-map to C* . densX is the smallest cardinality of a dense
subset of a Banach space X . The symbol c¢lM denotes the norm closure of
M in X .

3. Main result

THEOREM 1. Let X be a Banach space which admits a continuously
Fréchet differentiable function with bounded nonempty support. Let u be
the first ordinal of cardinality densX . Then for every 0 < a = u there
1s a subspace X& of X and a linear operator T : X& + X* such that

P=§'a 18 a linear projection with XaCX if a<B and XU=X’ and

B

1. |Pa|=1 for >0, Pyj=0,

A

2. PX* is linearly isometric to X3, densX (= densX&)
for infinite a ,
. = = b <
3 PaPB PBPa PB , where B < o, N

4, U P

18 norm dense in PYX* » or equivalently
B<y

%
g+1%
5. for every x* € X* , Pax* 18 norm continuous on ordinals.

COROLLARY. If a Banach space X admits a continuously Fréchet
differentiable function with bounded nonempty support, then X* admits a
bounded linear one-to-one map into co(I‘) . Thus X* has an equivalent

rotund norm.

4. Proof of the main result
We need the following result of Amir and Lindenstrauss.

LEMMA 1 (see [1], Lemma 2). Assume X 1is a normed linear space.

Then given € > 0 , an integer n >0 , m elements fl, vees fm of X*

and any finite dimensional subspace B C X , there is an No-dimensional
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subspace C < X containing B such that, for every subspace Z of X
with Z>OB and dimZ/B = n , there is a linear operator T : Z +~ C with
|7l =1 +€, Th=b forevery b €B and Ifk(z)—fk(TzH = glz| for

every 2z €2 and k=1,2, ..., m.
Also we need the following result of Leduc.

LEMMA 2 (see [2], Theorem 3 and [3], Corollary 1). If f is a
continuously Fréchet differentiable real valued function on a Banach space
X with bounded nonempty support (we may assume f(0) >0 and 0 = f <1),
then the gauge of f defined by the formula

viz) = Um f(t:c)dt]_l , cto,

.

is continuously Fréchet differentidble, v'(x) # 0 and

ca{v'(z) e vi(x)| 7Y, Jz| =1} = {F €x*, |f] =1} .

LEMMA 3. Let X be a Banach space, B a finite dimensional
subspace of X , f., ..., fm € X* . Then there is a separable subspace C

of X and a linear operator T : C* » X* such that |T| =1 and
TAx = z for all x €B, i’f‘i=fi, £ =1,2, ..., m.

Proof. Let ¢,?B, n=1,2, ..., be the No—dimensional
subspaces of X given by Lemma 1 for € = 1/n , and let C = E;(U Cn]
n
If E is a subspace of X, ESB , dimk/B = n , then there is a linear
operator TE’ : E>C such that ITE'I £1+1/n, TE;L‘ =x for x €B ,

Ifk(TE,)_fk(z)l <glz| , z€E, k=1,2, ..., m . We extend Ty toa

0 if x € X\E . Ve consider

homogeneous map Té, : X>C by Tl";,.z

T'* ; ¢* > X* yhere in the space of bounded linear maps C* + X* we
consider the pointwise topology and on X0l the X-topology. By the
Tychonoff Theorem, the net Té, has a limit point T : C* + X* and if
x € X , then

(Tf,;) (=) = (TR)f ;(=) =

= Lin(TER ) (2) = 1in(TERf ;) (=) = Lin(Rf )Tz = f(=)
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Similarly T*z =z for x € B .

LEMMA 4. Let X be a Banach space, f a continuously Fréchet
differentiable function on X with bounded support such that 0 = f <1
and f(0) >0 . Let v be the gauge of f defined in Lemma 2, B
infinite cardinal nwmber. Assume 2, W are subspaces of X, X*
respectively, densZ, densW =R . Then there is a subspace ,C C X ,
densC =R, (D Z,and a linear operator T : C* + X* with |T| =1,
TRg =g for g €W , TRd=d for all differentials d of v at all
points of ¢\0} and (TR)*xz =z for z € C and such that

TC* = c1{M, XA 2 0, d differentials of v at all points of C\{0}} .

Then P = TR is a projection on X* , |P| =1 such that Pg =g for

g €W, P* =g for x €C . Furthermore, R : PX* ~ C* is an tsometry

onto C* .
Proof. By transfinite induction on ® ., If ¥ = NO and xj, fj s
J=1, 2, ... , are dense in Z, W respectively, then there exist, by
* Lemma 3, separable subspaces Cn cX, n=1,2, ... , and linear
operators T, : C:l->X* with |Tn| =1, ;flxi=aci , 2=1,2, ua,
and Frak o X 1<Z=mn 1=k<nl, vhere 0 # a5
nt 72 -0~ ’ - i 7 ?
1=1,2, ... , is dense in Cy Tnfi=fi , T=1,2, ..., 7, Tnd= d

P

for all differentials d of Vv at %, , 1=Z=mn, 1=2k=nl. Let

o

us put C =-cl U Cn . If Rn is the restriction map of C* to C;; , then
n

the limit point T in the X-operator topology of the net {Tan}n is

seen by the arguments used in Lemma 3 to satisfy that if P = 7 , then
k

k .
|P| 1, P is linear, P*:r:i = for 7, k=1,2, ... , so that

P*z = x for all x € C and similarly Pf=f for all f €W, Pd=d
for all differentials d of v at all £ €C , x # 0 . Here we use the

continuous Fréchet differentiability of v on X\{0} . It remains to

prove that P is a projection; that is, P2 = P . To show this it

clearly suffices to prove that

PX = c1{Md, d differentisl of VvV at & nonzero point of C, A 20} =D,
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If d € D, then for some sequence Ai =20, di differentials of Vv at
cMo} , 1im A.d. =d . Then Pd = P(limr.d.) = 1im A.d, = d , so
(A A i1 11

DcPx* ., If x*=Te* , ce* € C* , then Lemma 2 used for ( gives the

existence of differentials di of V at the points of C\{0} and Ai >0
such that 1im A.Rd. = ¢* , where Rd. is the restriction of d, to (.
T 7 1 i

* = i . . = i . 3 = i . . i * .
So, Te T(llmktﬁdt] 11mTR(A£d1] lim dez , showing that PX* c D

Now we show that the restriction R : PX* > C* 1is an isometry onto.
For if e* €C, le*| =1, €>0 , then there is a ¢ € C , le]l =1,
such that |[e*(e)-1] <€ . So if =z* € X* , ¢* = Rx* , then Px* = Te*
and (Px*)(e) = ¢*(P*c) = c*(e) . From the last fact and from |P| =1
easily follows that R is an isometry. Furthermore RPX* DRD , so R is
onto C* by use.of Lemma 2. If the lemma holds for all cardinals less

than ® and u is the first ordinal of i:= XN | then obviously there are

1 c < < c c i
subspaces Za z , Wa W , o<y such that Za ZB . Wa WB if
o < B with densZ , densW <a and Z=cl U 2 s W=¢l U W . By
o o o a
a<y o<y

the induction hypothesis, we construct for every o <y , a subspace

C <X with densC_ <o and such that ¢ D22 u U ¢
[s 3 o o B<a

linear operator T : C& + X* such that P = %a satisfies lPa| =1,

8 together with a

*p = =
Pax x for x € Ca R Paf f for f € Wa s
PaX* = c1{Ad, A 2 0, d differentials of Vv at the points of Ca\{O}} .

We put C =¢cl1l U Ca and consider the extensions of Ta ’ f& : CF > X%
o<y

Again for T we take & limit point in the X-operator topology of ia .
a < g4 and see that

7x* = {\d, d differentials of Vv at nonzero points of (, A > 0}
and P = } satisfies our requirements.

Proof of Theorem. From Lemma 5 and the arguments developed in [1],
[4], the theorem follows.

Proof of Corollary. It is the same as the proof of Theorem 1 and its

corollary in [4].
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