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00

1. In this note 2 uv denotes a divergent series of positive,

decreasing terms for which lim un = 0. elt e->, . . . . are real numbers
00

(convergence factors) such that 2 e, uv is convergent. We put
.. = 1

" 1
h = 2 e,,, a,, =—tn.

, = i n
H. Rademacher1 has shown that

lim on 5S 0 £S lim an.

He also proved
Theorem A. If lim nun > 0, <Aen /or aZ£ sequences ev for which

S ê tt,, is convergent we must have lim an = 0.
We shall now add
Theorem 1. / / lim m*n = 0, we can find a sequence evfor which

2 e ^ is convergent and lim C7n > 0. This is 2)ossible, even if the ev may
take only the values plus one or minus one.

2. Proof of Theorem 1. We write

un = n~x a(n).
Since lim nun — 0, we have lim a (n) = 0. It is therefore possible to
select a subsequence a (n{), a (n2), . . . . which tends to zero rapidly
enough to ensure the convergence of the series

1 a(nk). (1)
k = l

We may also assume that the conditions

k= o(nk), % + i ^ 2wA.
are satisfied. If this is not the case to start with, we need only omit
a sufficient number of terms from (1) and renumber the remaining
terms.
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We now choose ev = + 1, if

nk^v<2nk, (ft = 1, 2 . . . . ) , (2)

•€„ = (— 1)', if v is not in one of the intervals (2).

A section 2 evuv of the series will in general consist of sums of

alternating terms separated by sums of positive terms arising from
values of v given by (2). Since the «„ are decreasing, the sum of a
stretch of consecutive alternating terms will be less in absolute
magnitude than its first term, so that the contribution of such sums

y
to the value of 2 ev uv is less than

um + 2 u2nk < um+ 2 u,,k < um+ 2 a(nk).

nk>m nk> m nk>m

The contribution of one of the intervals (2) to the sum is

2 uv < nkun = a(nk),

so that

S eyu, = O(um+ S t) ()
v—m nk>m

GO

AS m tends to infinity. Therefore S evu, is convergent. But

._ % — A — 1

-and therefore
lim an

3. It is, of course, possible to ensure the existence of lim an by
n—> oo

00 00

imposing conditions on 2 uv and 2 e,«,,. We prove in this direction

Theorem 2. / / (i) | 2 e,u,\< Kun for some K>0 (n = 1, 2 . . . .)

and if (ii) lim (un+1/un) = 1
«—> 00

then lim an = 0.
n —> ex)

Proof of Theorem 2. By condition (i)
00 00

\enun\ = \ 2 e,«, - 2 e,«,| < Z (wn + un + 1) < 2Kun,
v=*n v — n + 1

therefore | en \ < 2K.
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Suppose now that lim an = 31K > 0. Then we can find an infinite
sequence of integers Nlt N2, . . . . such that

Oy.>2lK, 0 = 1 , 2 . . . . ) .

Let iiij be the largest value of n < Nj for which an 5S IK. Since
lim an ^ 0, by Rademacher's result quoted above, irij must tend to
infinity with Nj. Writing m for m,-, N for Nj we have

(ty -tm)m- (N - TO) tmIK mN

^ \T\m S \ey\ + (N-m) S | e . | l

^ - i - { 2 Z ( i V - r a ) m + 2̂ T?/i (iV —w)}
miv

_ 4 J g ( j y - m )
N

Hence N — m > \l N -> oo as iV-»oo.
Now

J V - l

(3)

But
N-l

2
m+l

=

m 4

ŝ1^
m+l

1 evuv\ ^ K
-i

JV-l

= S tv (u,,
m+l

(7j, V {Uy — VJ

' («m+l + Uy)

~ «.+1) + «,

h l ) + A7CTjy M^

< 2Kum+1

- m<7m un

> IK{(m + 1) um+1 +um+2+ . . . . + Uy} + 2lKNuN— lKNuy—mlKum+1

> IK {Um+1 + Um + 2 + Uy}.

It follows from condition (ii) of the Theorem that, given e (0 < « < \l),
we have, for v > n(e),

u^+1/u, > 1 — e.
Hence

N-l

| S e_ u v | > IK ( u m + 1 + « m 2 + . . . . + w,v)
m+l

> lKum+1 { 1 + (1 — e) + (1 — e)3 + . . . . + (1 — e ) A ' - m - i } ( m ;> n

1 - (1 - e ) v - m

https://doi.org/10.1017/S0013091500024263 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500024263


30 W. H. J. FUCHS

for sufficiently large N — m. This is a contradiction of (3). There-
fore lim an = 0. Similarly we find that lim an cannot be negative;
that is lim on = 0.

4. The restriction lim m"t"1 = 1 is necessarv and the right hand

side of the inequality (i) cannot be replaced by Kua
N+1 with a < 1,

as can be shown by gegenbeispiels constructed in the following, way.
CO

Let S v, be a convergent series of decreasing, positive terms. We
x = l

choose a sequence of in tegers nu n2 t end ing t o infinity a n d

inse r t be tween v%k a n d vUk+1 new t e rms v'n , v"lk, . . . . sat isfying
vnk > v'nk > v"nk > •••• > vnk+i- The n u m b e r of these t e rms we t a k e

sufficiently large t o ensure t h a t v'nt + v"Kk 4- . . . . + ^«t+i > 1. Re-
00

numbering the terms we obtain a divergent series S u,. The ev we

choose all equal to 4- 1 with the exception of those ev multiplying the
newly inserted terms. To these terms we give the factor ev = (— 1)".

CO

I t is plain that S e,ur will be convergent and that we shall have

lim an > 0, provided only that the sequence nu n2 increases
rapidly enough. If we take vn = qn (0 < q < 1), we obtain a series

2 uv satisfying condition (i), but not condition (ii) of Theorem 2.
CO

If vn = rj-Vd-a) condition (ii) is satisfied and I S evu,\ < Ku*^x, but

the conclusion of the theorem holds in neither case.
I am indebted to Dr ITyslop for several suggestions.

KING'S COLLEGE,

ABERDEEN.
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