A note on convergence factors
By W. H. J. Fucsas.
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@
1. In this note X u, denotes a divergent series of positive,

ve=1

decreasing terms for which lim u, = 0. e, e,, .... are real numbers
n—>w

(convergence factors) such that X e, u, is convergent. We put

v=1

! 1
b= Z e, y gy =1,
v=1 n

H. Rademacher! has shown that
_liLn 0, =0 lim o,.

He also proved
Theorem A. If lim nu, >0, then for all sequences e, for which

Z e u, 18 convergent we must have lim o, = 0.
We shall now add :
Theorem 1. If lim nu, =0, we can find a sequence e, for which

S e,u, is convergent and lim o, > 0. This is possible, even if the e, may
take only the values plus one or minus one.

2. Proof of Theorem 1. We write
u, =n"1 a(n).
Since lim nu, = 0, we have lim a (r) = 0. It is therefore possible to

select—a_subsequence a (n), @ (ng), .... which tends to zero rapidly
enough to ensure the convergence of the series

?,
|8

a(ng). (1)
1

We may also assume that the conditions
k= o (n), Mgy = 20y
are satisfied, If this is not the case to start with, we need only omit

a sufficient number of terms from (1) and renumber the remaining
terms.
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We now choose ¢, = 4 1, if
n, = v<2n,, (k=1,2....), (2)

¢, = (— 1), if v is not in one of the intervals (2).

N
A section I e,u, of the series will in general consist of sums of
v=m

alternating terms separated by sums of positive terms arising from
values of v given by (2). Since the u, are decreasing, the sum of a
stretch of consecutive alternating terms will be less in absolute
magnitude than its first term, so that the contribution of such sums

N
to the value of 2 ¢, %, is less than
v=m

Un+ T Ups, < Un+ T Uy, < Un+ T a(ny).
n,=m nZm n, Zm

The contribution of one of the intervals (2) to the sum is

o u, <mu, = a(n),
n, Sv<2ny;

80 that

N
Z eu=0(u,+ Z a(n))=o0(1),

n2m

a8 m tends to infinity. Therefore I e, u, is convergent. But

v=1
n,—k—1
>k v
Oop,, = 2n, s
and therefore
lim o, = 3.
3. It is, of course, possible to ensure the existence of lim o, by

n—>w

@ 0
imposing conditions on ¥ u,and X eu,. We prove in this direction
v=1

14

=1
Theorem 2. If (i) | s e, u,

v=n

< Ku, forsome K>0 (n=1,2....)

and if (i) Nm (w, . /u,) =1
Ne=>w

then lim o, =0.
n=—> ©

Proof of Theorem 2. By condition (i)
«© @

'en un! = I Zeu — I e'u" < K (un + %11) < 2Ku,,
v=1n n

and therefore |¢,| < 2K.
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Suppose now that lim 6, = 3/K > 0. Then we can find an infinite
sequence of integers .V), N, .... such that

oy, > 2K, (j=1,2....)

Let m; be the largest value of n < N; for which o, < 1K. Since
lim o0, < 0, by Rademacher’s result quoted above, m; must tend to

in*ﬁnity with ¥;, Writing m for m;, V for N; we have

(ty — tm) m — (N —m) L,
mN

N m
1~{m S e+ (N—m) [e,l}
y=m+1 v=1

lK<0’N-—Om=

A

— mds

< EE—V{QK (N —m)m + 2Km (N —m)}

_4K(N—m)
~ .
Hence N—m >} N-»>w as N—> w0,
Now
N-1
| T eu,| =K (Unyy + uy) < 2Kup,. (3)
m4+1l
But
N-1 N-—1
Teu= 2t U, —U,p)FiyUy — lnlUny
m41 m+1

N-1
= X avv(u’v - uv+1) + ATUAV Uy — Moy, um+l
m41

> lK{(m + l) um+1 +u,,,+2+ PP + uN} + QIKN'U,N—- ZKNuN—leum+1
> UK {Uppy + Umy2 - o + Uyh

It follows from condition (ii) of the Theorem that, given e (0 < ¢ < }I),

we have, for v > n(e),

U, p1fu, > 1 — e
Hence

N-1
['Ele, [ > 1K (Upyy + Upyg + ... + Uy)

> {1+QL =)+ 1=+ .... + (1 =¥ "1} (m=n(e)
1—(1—¢¥m

€

= ZKU,,,_H

u"1+
> 1K —26—’- > 2KUpq
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for sufficiently large N — m. This is a contradiction of (3). There-
fore lim o, = 0. Similarly we find that h_m o, cannot be negative;
that is lim o, = 0.

m-1 _

4. The restriction lim ¥m*! — ] is necessary and the right hand
'um

side of the inequality (i) cannot be replaced by Ku3 , with a <1,
as can be shown by gegenbeispiels constructed in the following way.

o0
Let Z v, be a convergent series of decreasing, positive terms. We

v=1 R
choose a sequence of integers =, n,, .... tending to infinity and
insert between v, and v, ,; new terms v,, v,, .... satisfying

! n
Up, >Vp, >Vp > .... >0y ;. The number of these terms we take

sufficiently large to ensure that v, + v, + .... + V41> 1. Re-
numbering the terms we obtain a divergent series % w, The e, we
v=1

choose all equal to + 1 with the exception of those e, multiplying the

newly inserted terms. To these terms we give the factor ¢, = (— 1),

It is plain that X e, u, will be convergent and that we shall have

v=1

lim ¢, > 0, provided only that the sequence m,, m,, .... increases

rapidly enough. If we take v»,=¢" (0 <g < 1), we obtain a series
) u, satisfying condition (i), but not condition (ii) of Theorem 2.
v—1

o«w©
1f v, = n~Y1-9 condition (ii) is satisfied and | X e, u,| < Ku? but

n4 12
v=n-+1

the conclusion of the theorem holds in neither case.
1 am indebted to Dr Hyslop for several suggestions.

Kixneg’s COLLEGE,
ABERDEEN.
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