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1. Write 

(1) M(a , . . . . a J s m a x T ^ ^ l l - eaq) (a k i9 ) | , 

(2) f ( n ) = g . l . b . M(a , . . . , a ), 
1 n 

where the max imum i s over al l real 9 , and the lower bound i s 
over al l se t s of posit ive integers a^ <_ a£ <c . . . <C a . The 
problem of the order of magnitude of f(n) was posed by Erdos 
and Szekeres [ l ] , side by side with a number of other in teres t 
ing quest ions . Writing g(n) = log f(n), it i s obvious that g{n) i s 
sub-addit ive, in the s ense that g(m + n) < g(m) + g(n), and a l so 
that g( l ) = log 2, so that g(n) <C n log 2. However, they w e r e 
able to prove the s tronger result that 

(3) g(n) = o(n) 

for n-*oo, the ir main tool being the approximation to numbers 
by rat ionals; in the other direct ion, a distinct argument showed 
that 

(4) g(n)>±log(2n). 

The a im of this note i s to improve (3) to 

(5) g(n) < n 2 ( l log n f 4 log 2) , 

us ing a method which i s connected m o r e with F o u r i e r s e r i e s 
and tr igonometr ic polynomials . 

2, The connection with the lat ter topics appears on taking 
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l ogar i thms in (1). We get 

n g ( n ) = g . l . b . m a x 2 i l o g | l - expfa^G ) | 

where the lower bound and max imum are taken over the same 
s e t s a s in § 1- We r e - w r i t e this a s fo l lows . Define, for non-
negative c^, . . . , c p , and 1 <C p <: n, 

P i k i Q j 

(6) N(c , . . . , c ) = m a x E r c log 1 - e 
i p 0 < 0 <C ZTT k = l k 

We then wri te 

g(p»n) = g - I -b . N(c^, . . . , c ) , 

where the l o w e r bound i s over al l s e t s of p non-negat ive in tegers 
whose sum i s n, so that, f inally, 

g ( n ) = m i n g(p»*i)-
B ' 1 < p < n B * 

If in (6) we u s e the F o u r i e r s e r i e s 

i i8 , o o - l 
(7) log) 1 - e | = - 2 m c o s m8 , 

va l id when 8 ? 0 (mod. 2ir), r e - a r r a n g e m e n t g i v e s , formal ly at 
any rate , 

oo - i 
(8) N(c , . . . 9 c } = - m i n ? w

r
w - 4 m J(m 9 )> 

1 p o < W < £?r m = l 
where 

(9) j(4>) ^ ^ k ? ! ^ 0 0 8 1 ^ -

This sugges t s that we should choose the c^ so a s to m a x i m i z e 
the l o w e r bound of j(<(>), which wi l l be negat ive if the c^ are 
not a l l z e r o . 

3. In making th is l ine of reasoning r igorous , the main 
obs tac l e i s that the Four i er s e r i e s (7) i s not absolute ly c o n 
vergent . It turns out that the place of the infinite s e r i e s (7) 
m a y be taken by a part ia l sum of the s e r i e s , modif ied by the 
inser t ion of certa in m e a n s . 

.LEMMA 1. F o r pos i t ive integral M, and real 8 4 0(mod. 2TT) 
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(10) 

log 11 » e l 6 | < - £ M ~ *(1 - m /M) 2 m" 1 cos me + M~ (2M- l ) log2. 
' — m = l 

For M = 1 the sum is empty, and the inequality is then 
precise if 9 = *rr. 

It is clearly sufficient to prove this when 0 < 8 < ir* On 
this assumption we have 

i94 f o dz 
log(l - e i9 To dz 

' ) = / 16 1 - z J e 

N -1 mi6 
= - 2 m e + R, 

N 

1 - z 

say. We wi i te 
N 

+ R 2 . 

say, where R, is taken round the unit c i rc le in the positive 
sem 
get 
sense and R^ along the negative real axis . Putting z = e i U we 

r N ie . ie 
_ / IT e ie _„ R s / ——- d9 

î /e l w e i e 
i / IT (N+i) ie . J A 

s - T / f t « c o s e c f e d e . 

Taking real pa r t s , we therefore get 

i9 , ^ N -1 _ /"IT cos{N+J-)6 #,,% , i . 10 • ^ N -1 „ r i r cos (N + t 
( l l ) l o g j l - e | S . I m 8 l m c o « m 9 - / e ^ ^ 

• / • -

y - i i 

de 
J u £ sin-ju 

N + / 7 .Z dz. 

We now take (11) with N = 0, 1, . . . , M • 1, multiplying 
these resul ts respectively by (2M - 1), (2M - 3), . . . , 1, and 
add. After slight reduction, the result may be writ ten as 

(12) M 2 l o g | l - e l 9 | = - S M " / ( M - m ) 2 m * 1 c o s me - I + I , 
m = l 1 Z 

where 
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I = / 0 ' r ( 2 s i n ^ e f 1 ^ " * ^ " 4 " 2 N ) cos (N + i-)9de , 

and N 

/"o M - l _ z _ 
2 / - i N = 0 V 1 - z 

It i s c l e a r that (12) wi l l imply the resul t of the l e m m a , namely 
(10), if we show f irs t that 

(13) I 4 > 0 . 

and secondly that 

(14) I < (2M - 1) log 2. 

As regards (13), it i s sufficient to show that the integrand 
in Ii i s non-negat ive . Clear ly sin-j-9 > 0 in the relevant in ter 
val . A s regards the other factor, s imple ca lculat ions show that 

Z N - 0 ( 2 M " * ~ 2 N ) c o s ( N + T)0 = c o s i e sin i M G c o s e c f 9, 

which again i s non-negat ive . This e s t a b l i s h e s (13). F o r (14), 
we observe that, if - 1 < z < 0, 

M - l N 
0 < 2~? *(2M - 1 - 2 N ) z < 2M - 1. 

This fol lows from the fact that the t e r m s in this sum are 
alternating in s ign, and monotonical ly decreas ing in absolute 
va lue . Hence 

0 < I < ( 2 M - l ) / - ? 7 ^ - . 
2 ~ / - i l - z 

which proves (14). This c o m p l e t e s the proof of the l e m m a . 

4. We now apply this resul t to the e s t imat ion from above 
of N(c , . . . , c ), a s given by (6). We have 

1 P 

LEMMA 2. JLet CQ, * . » , c be non-negat ive , and not 
al l z e r o , and such that 

(15) 2 P ^ c n c o s k $ > Q 
k = 0 k — 

for al l rea l <}>. Then, for any pos i t ive integer M, 

(16) N ( c d , . . . f c p ) < cQ log M + 2M°* E * c k log 2. 
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The bound (10), inserted in (6), g ive s , with the notation 
(9), 

N ( V . . . , C p ) < m a x o < ^ ^ { - z £ ; J (1 - m / M ^ m O ) } 

2 M - 1 . -, « P 
M 2 k = l k 

In deriving (16) we have only to use (15) and the es t imate 

M - 1 2 - 1 
S (1 - m / M ) m < log M. 

5. We f irst use l e m m a 2 to es t imate g(n) when n i s a 
triangular number. We take cQ = T ( P + *)» c^ = p + 1 - k, 
k = 1, . . » , p, this choice being justif ied by the identity 

S ^ (p + 1 - k) c o s k9 + 4-(p + 1) = r sin (p + |-)8 c o s e c y 8 , 

va l id for 0 < 8 < 2 IT. This g ives 

N(p, p - 1. - . . , 1) < f ( p + l ) log M + M~1p(p + l ) log 2. 

Taking M = p, say, we deduce that 

g( f P(p + D) < f ( p + D(log p + 2 log 2), 

F o r the c a s e of general n, let p be the greates t integer 
such that 4"P(P + 1) £ n, and write 

n = i-p(p + 1) + q, 

so that 0 £ q < p. Then 

g(n)< g( i -p(p+ 1)) + g(q) 

< z"(p + D( log p + 2 log 2) + q log 2 . 

Here we use the bounds -£-(p + 1) < Yn, q < p < ./(2n), and (5) 
fol lows immediate ly . 

6. I conclude with two minor remarks bearing on the 
prec i s ion of our es t imate for g(n). Our m a i n resul t , that for 
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g(i"P(p +1))» w a s in effect that 

(17) h(9)< f (p+ l)(logp+ 2 log 2) 

p i k i 8 • 
where h(8) = Z _ (p + 1 - k) log| 1 - e | . That the bound on 

the right of (17) is not very wide of the mark may be seen from 
the result that 

/ (1 - cos 8)h(0)d8 = firp, 
Jo 

which follows on use of the Fourier expansion (7). This shows 
that we must have h(0) > -J-p for some 8 . 

The method of this paper does not seem to yield any 
improvement on the lower bound (4) for g(n). However it is 
perhaps worth pointing out that there seems to be a connection 
with this problem and another very difficult problem, namely 
that of the minimum of a sum of cosines. Using the Fourier 
expansion in (i), we need to minimize the upper bound of 

oo -1 n 
- E a m S, cos (a, m8)* 

m = l k=i k 

Treating the terms for which m = 1 as perhaps dominant, it is 
a question of the best possible upper bound for the negative 
minimum of 

n 
S cos (a

k
0)* 

for arbitrary integers a-, . . . , a . A recent work on this 
topic is that of P. J- Cohen [2]. 
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