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Analytic iterations on Riemann surfaces

Meira Lavie

A complex analytic family of mappings P -+ M(a,P) from an abstract
Riemann surface (analytic manifold) into itself is studied. The

mapping M(a,P) is assumed to satisfy in local coordinates the

autonomous differential equation é2_= L(w) , and the condition

da
M(0,P) = P . Under certain assumptions of regularity of the
reciprocal differential L in a domain D C S , we prove that for

every fixed a , |a| <ay s the mapping M(a,P) 1is conformal and

one to one in D . Moreover, it is shown that the family of
mappings M(a,P) satisfies the iteration equation
Mla,M(b,P)] = M(a + b,P) and hence is an analytic group (analytic

iteration).

1. Let w(a,z) be analytic and regular in a and 2z for

]a| <a (ao >0) and ze€ D , vhere D 1is a given domain in the complex

)
plane. If w(a,z) satisfies the iteration equation
(1) wla,w(b,2)] = wla+b,z)
and the initial condition

(2) w(0,8) = 2

for z€ D and |a| , |b| , |a#b| < a, , then w(a,z) is called an analytic
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iteration. Setting

W
(3) e R
a=0
it is well known [2], [3], that an analytic iteration w(a,3) satisfies the
differential equation

(4) W@5) - Lluia,z)) .

Assuming that it is L(z) , rather than w(a,z) , that is given, we
propose to use the differential equation (4) with the initial condition (2),
in order to generate analytic iterations. The case when L(z) is a
stngle-valued analytic function in the domain D of the complex plane, has
already been studied in an earlier péﬁer and the following theorem was
established [4, Th. 11. o

PRELIMINARY THEOREM Let L(z) be alregular single-valued function in
the closure of the bounded domain D of the complex plane. Then there

exists a unique funetion w(a,z) with the following properties.

(1) There exists a number ao(D) > 0, such that for any fixed 2z in
D, wla,z) is regular in a for |a| <o (D), and satisfies
the differential equation (4) and the initial condition (2).

(ii) For any fized a , |a| < o, (D) , wla,z) maps D conformally
and untvalently onto the domain D, .

(iii) For any fized =z €D, wla,z) satisfies the iteration equation

(1), whenever both sides of (1) can be defined.

Note that the single-valuedness of L(z) 1is essential, because if
L(z) is multiple-valued in the domain D of the complex plane, so is the
solution w(a,z) of the system (L) and (2). In this case, it is not clear

what significance has the equality sign in (1).

In this paper we study the case of multiple-valued L(z) . We apply
a technique frequently used in the theory of functions, namely: we embed the

domain DU , and consequently the domains Da , in a Riemann surface S . By

doing so, we are led to a study of the differential system (k) and (2), and

the iteration equation (1) on a Riemann surface S .
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Though our original plan was to study the differential system (4) and
(2) when the domain D is embedded in the Riemann covering surface of L ,
it was pointed out to us by the referee that the proofs go through on a
general Riemann surface. Thus, we consider now the more general problem of
the existence and the properties of a solution of the differential system (k)
and (2) when the domain D is embedded in a general Riemann surface
(complex analytic manifold). Throughout the paper we use the definitions
and the terminology of [5]. We assume now that S is a given Riemann
surface, namely: S 1is a connected topologic¢al Hausdorff space with a given

analytic structure defined by the collection {Qi,O-} (I an index set),

171€l

where {Qi}iGI

Qi onto an open set in the complex plane [5, p. 59]. We state now

is an open covering of S , and @i is a homeomorphism of

2. MAIN THEOREM Zet D be a domain included in a compact connected
set C, where CCS , and S 1is a given Riemann surface. Let A be a
first order differential defined in a region G , GO C D D , which in any
local coordinate w = ®,(P)  has the form

_ -1 _ dw
(5) A(P) = A[e, (w)]-———Li(w), PeQ, na.

Assume that for every P,EC, and any local coordinate w = 9.(P) , the
function L;(w) is regular at wo = @i(EB) . Then there extsts a unique
family of mappings M(a,P) with the following properties.
(1) There exists a number o, > 0 , such that for any fixed P €D ,
M(a,P) is regular in a for |a| < a, , and satisfies the initial
- condition
(") M(0,P) = P,

and the differential equation (4); i.e. when expressed in terms

of a local coordinate, w(a) = ¢.[M(a,P)] is regular in a for

la] < a, , and satisfies the differential system

(6) i'lééa_) = Li[w(a)] 3 w(0) = Qi(P)

(i1) For any fized a , |a| < %y s M(a,P) maps D conformally and
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univalently onto the domain D,cs (Do = D)

(iii1) For any fixed P € D, M(a,P) satisfies the iteration equation
(7 Mla,M(b,P)]} = M(a+b,P) ,
whenever both sides of (7) are defined.

We first make the following remark. Without loss of generality, we may
assume [5, p. 60] that the analytic structure of S is such that for every

Po € S , there exists an open neighborhood Qi (i € I) and a homeomorphism

_ op o a1 ;
®, , such that ¢.(P ) =0 and Q = {p:pP-= e (w) , [w] < 1} . Q, is
then a coordinate disk with center at Po , and w = ¢i(P) assigns a local
coordinate to every P €}, . Moreover, if w, = ¢;(P) and w; = $,(P)
are local coordinates in §; and §, respectively, and if @ NQ, $ ¢ ,
then ¢2¢Il is a conformal one-to-one mapping of @;(Q; N Q,) onto
$,(0) NQy) , i.e.

. -1
(8) wy = 9,9, (wl) = f(wl)

is a regular univalent function in &;(y; NU,) and f'(w) $0 .

In order that the system (6) will be satisfied by any local coordinate
defined at P , it is necessary to take L as a reciprocal differential

rather than a function. Hence for P €Q; NQ, NG , we have

-1 dwl
A(P) = Aldy" (wy)] = m R
1 dw2
A(P) = A[®3" (wy)] = +——
. 2 2 LZ(wZ) £}

and the relation between L)(w;) and L,(wy;) is given by

dw;
(9) Ly(wy) = Ly[f(wy)] = Iy g = Ly(wy)f' (w1) .

From (9) and from the fact that f(w;) is regular and f'(wy) 0 , it
follows that regularity of L)(w;) at w? implies regularity of L,(w,)
at the corresponding point wg = f(w?) , and vice versa.

Let PO €C , and let w = ¢i(P) s ¢i(Po) = 0 , be the local coordinate
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in the coordinate disk Qi . If A(P) is given by (5), then by our
assumptions Li(w) is regular at w = 0 , and thus there exists a number
r; > 0 , such that Li("’) is regular for |w| < r, . We associate now two

open neighborhoods with every Po € C , namely;

-7
U, = U(P,) ={P P=0"w) , v <r7:},
and
-1 r;
v, = V() ={P $P=0 ), v <2—}.
. _ a1 .
Since Po = <I>i (0) , evidently P, € V(PO) c U(PO) C Qi .
The collection {V(Po) }P < is an open covering of the compact set
o}

C . Hence, there exists a finite number of points

P = , P, =P P

Po1 02> > By = Pop o

Pjec s d =1,25...,m, such that

n

Uvp,)oc . For 1<j4<n,let V,=V(P.,) and U, = U(P.) ; then
i1 =° = J J J J

J= r,
Pj € Vj C U,j and w = @J.(P) maps Pj to the origin, Vj onto Iw[ < —51

and Uj onto |w| < rj . For PeU, ,154<n, A[@;Z(w)] =L;.1(w)dw s

dJ
and Lj(w) is regular for |w]| < rj .

A

Consider now the differential system

@ _ -
(10) da = Ljw) , w0) =2=\0(P), PEU;, 1

A

jsn,

A

where L.(w) 1is regular for |w| <r., , and z € ®.(U.) , i.e. |z| <r.

J J Jd d J
Given the initial value =z € (I>j(Uj) , there exists, by the existence and
uniqueness theorem [1, p. 1-5], a unique solution wj(a,z) = wj[a,Q)J.(P)] of

the system (10) which is regular in a for |[a| < ao(z) , for some

a,(z) >0 . Moreover, ij[a,Qj(P)]l <ri for Ja| < a (z) = ao[Qj(P)] .

We define now a mapping MJ.(a_,P) for every P€E Uj , in the following

way.
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_ -1
(11) M;(a,P) = ¢, [wla,0.(R)]] , la] < a,le;(P)], PE Us s

J
where wj[a,¢j(P)] is the solution of the system (10). Hence for any given
pPe U,j , Mj(a,P) is regular in a for |a| < ao[tbj(P)] , and

MJ.(a,P) € Uj .

We set now:

(12) M(a,P) = M;(a,P) , PEU;, 1273n, la| < ao[¢j(P)] .

In order to show that (12) defines M(q,P) uniquely for |a| < am(P) ,
where
am(P) = max ao[<I>J.(P)]

and the maximum is taken over all indices J , such that P € Uj s

1 <J<n ,ve require the following lemma.

3. LEMMA Given @, € U, and Qe Uy , (@ and @y are not
necessarily distinct), let My(a,@)) and M(a,Qs) be defined by (11). If
both Mi(a,Q,) and M,(a,Q,) are regular in a for
la| <t = min{a [¢1(Q1)] , a (9:(@;)]} , and if lat| < t, , then

Ml (a*)Ql) = MZ(a*:QZ)
if and only if @y = @, .
Proof Let A ©be the open disk defined by

A={a:|a|<to},

and let
By ={a:a€e 4, M(a,Q) = My(a,Q,)}
and
By={a:a€ A, M(a,Q) ¥ My(a,@)} .
Evidently BN B, = ¢ , and A4 = By U B, . We shall prove now that B,
and B; are open sets.

Suppose a*€ B; , i.e. M;(a*,§) = My(a*,Q;,) =

R , then
Re Uyn U, , and by the analytic structure of S , (8) maps &,(U; N Uy)
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onto ¢,(U; N U,) . Moreover, Lj(w;) 1is regular in ¢;(U; N Uy) , and
Ly(wy) is regular in &,(U; N Uy} and (9) holds.

Consider now the differential system

(13) %’ =L (w) , wiat) = wf = o, (R) .

Since wf € &;(U; NUy) , there exists a number p > 0 , such that

|w-wf| < p 1is included in the open set &;(U; N U,) . It follows now from
the existence and uniqueness theorem [1], that the system (13) has a unique
analytic solution w(a) . More specifically, there exists a number

Yy > 0 , such that for Ia—a*| < y; , the solution w(a) of (13) satisfies
|wla) - wi| < p . Observe now that if w(a) satisfies the system (13) for

|a-a*| < y; , then wfa) = flw(a)] , where f = ¢2¢IJ , satisfies the system

(13) Do), Blar) = R .

Indeed, w(a) € ¢;(U; nU,) for |a-a*| <y, , and therefore
w(a) = flw(a)] is defined and regular. From (9) and (13) it follows now
that

D o @)@ = ) = Lalfw)] = Ly

and
wla?) = flwla*)] = Fle1(R)] = 9,(R)

But similarly to (13), the system (1k) has also a unique analytic solution
for |a-a*| <y, for some Y; >0 . It is easily confirmed by (11) that
®;[M (a,9,)] is the unique anelytic solution of the system (13) for

la-a*| < y1 , and ®,[My(a,Q,)] is the unique solution of the system (1L)
for fa-a*[ < Y2 . On the other hand, by the observation made above
f(®1[M(a,Q1))) satisfies the system (14) for |a-a*| <y; . Hence, by
the uniqueness of the solution of the system (1kh), it follows that

6,[Ma(a,Q)) = F(31(M(a,@1)]) = &,(M (a,@y)] 5 |a-a*| < Y, = Min(y1,Y2)

Hence

My(a,@y) = My(a,@) , |a—a*| < A

and we conclude that if a* € B} , then all the points in the disk
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|a-a*| < Y, @lso belong to B , and B; is an open set.

Next we prove that B, 1is open. Suppose now that a* € B, , 1i.e.
la*] < t, and
Ry = Mi(a*,@,) 4 My(a*,Q;) =R, .

Since a Riemann surface is a Hausdorff space, there exist two disjoint open

sets U, and U, , such that Ry € U; C Uy and Ry € UpC Uy .

Consider now the differential systems

(13') Do, wlat) = m)
and
(lh') g%= Lz(w) 5 w(a*) = @2(32) .

Li(w;) 1is regular in &;(U;) D ¢;(U;) , and therefore there exists a number
§, > 0 such that for Ia—a*| < §; , the unique solution of (13'), namely
wla) = <I>1[M1(a,Q1)] satisfies w(a) e Ql(ﬁl) , i.e. Myla,@,) € U; for
|a—a*| < 81 . By the same argument there exists a number &, > 0 , such
that M,(a,@,) € U, for |a-a*| < 8, . Since U, nU, =@ , it follows

L4
that

Mi(a,@1) + Mr(a,q,) , |a-a*| < §, = min(8;,8,) .

Hence, if a* € By , then all the points of the disk [a-a*| < & also

belong to B,

Since A is a connected open set, and A = By U B, where B; and
B, are disjoint open sets, then either B) or B, is empty. Assume now
that @) = @, , then @, = M (0,8,) = M,(0,Q,) =@, , and a = 0 Dbelongs
to By . Consequently, By 1is empty and B) = A4 , i.e.
M (a,Q,) = My(a,@;) for |a| < t, . In the other case, if @ + @, then

a =0 Dbelongs to By , which implies that B; is empty, i.e.
Mi(a,Q,) % My(a,Q,) for |a| < ty - This completes the proof of the lemma

and we proceed now with the proof of the theorem.
4. It follows from the lemma that for PE€ U;N Uy , i 4k , 157 ,

k £ n , we have
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Mi(a,P) = My (a,P) , la] < min{ao[¢j(P)] s agle )1} .

n
Hence, M(a,P) is uniquely defined by (12) for P € U U, and
J=1

la] < a (P) = max{ao[éj(P)]} . Furthermore, M(a,P) depends on the

analytic structure of S , and on the reciprocal differential L , but not

on the choice of the finite collection of open sets Uy, ..., Un .  Because

suppose Ui‘, ey U,; is a different finite collection of open sets such that

m
re U Ui(‘ s then U, ..., Un , Uf, vy Ur’,‘l is also a finite collection of
k=1

open sets, and by the lemma M(aq,P) is not changed.
We turn now to the mapping properties of M(a,P) . We restrict now

the set of initial values in (10), and consider only P € Vj . Consequently,

r,
for =z = <I>J-(P) , P € V,j » we have lz] < —2‘1 , and we may apply the

preliminary theorem to the system (10). Thus, there exists a number

otJ. = OLO[<I>J.(VJ.)] > 0 , such that for any fixed z € <I>J.(VJ.) , the solution

wj(a,z) = wJ.[a,%.(P)] is regular in aq for J|a] < G.J. . Moreover, for

. r.
any fixed |a| < otJ. s wj(a,z) maps the disk |z] < —51 conformally and

univalently into the disk le' < PJ. . Hence, for any fixed a ,
[al < Ol.J. . Mj(a,P) = Q;l[wj(a,<1>j(P))] is a conformal one to one mapping

from V. into U. . Let
d Jd

a, = min{o,,. ..,otn} 5

then for any fixed a , |a| < a, » the mapping M(a,P) , defined by (12),
n
is conformal and locally univalent in .Ul V. . But by the lemma, if
QhEV ,QeV, and § 89, , thenJ—
M(a,Q,) = My(a,Q,) % My(a,Q,) = M(a,Q,) , |a| < a .
n

Hence, for |a| < % > M(a,P) maps Dc U Vj conformally and
J=1
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n
univalently onto Da c U v, .
j=1

Finally, we show that for a given Pe€ D , M(a,P) satisfies the
iteration equation (7) whenever both sides can be defined. More
specifically, for any given P€ D , M(b,P) is defined at least for
|b| <@ (P) . Let M(b,P) =R, where b is fixed and |[b| < a (P) ; then

M(a,R) = M{a,M(b,P)] is defined at least for a such that |a| < am(R)

On the other hand, M(a+b,P) is defined at least for |a+b| < am(P) . Let

4y = {a ¢ la| < a, [Mb,P)] , |atb| <a (P), |[b] < am(P)} s

then we claim that for a given point P € D , (7) holds at least for
<

|| a,(P) and a€ 4, .
Assume now that

a,(P) = max{ao[éj(l’-)]} = a0[<1>1(P)] »

and therefore

M(e,P) = My(e,P) , Je| < a,(P) = a [e1(P)] .

We distinguish two cases. In the first case

a,(R) = [M(b,P)] = ao[<1>l (R)]

R
and

M(a,R) = Mi(a,R) , |a| < a, (R)
Thus, M(a,M(b,P)] = Mj[a,M(b,P)] , and M(a+b,P) = M)(a+h,P) and equation
(7) reduces to
() Mila,M,(b,P)] = My (a+h,P)

The fact that M;(a,P) satisfies equation (7') follows from the uniqueness

of the solution of the system
d _ - =
(15) = - I (w) , w0) =& (R) =9 [Ml (b,P)] .

Indeed, ¢;[M;(a,R)] 1is regular in a for |a| < a,(R) = a (¢ (R)] and

satisfies the system (15), while &,[M,(a+b,P)] is regular in a for
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latb]| < a,(P) and also satisfies (15). Hence
@1[M1(CZ,R)] = Q>1[M1(a+b,P)] s ae€ Ab .

Therefore, (7') holds for PED, |b] < a (P) and a €4, . Note that
this result follows also directly from the preliminary theorem.

In the second case

a,(R) =a [M(b,P)] =a [®((R)], k+1, 22kin.

Without loss of generality we assume now that k = 2 . Thus,
R = M(b,P) = My(b,P) and

Mla,M(b,P)] = M(a,R) = My(a,R) = Myla,M(b,P)] , |a| <a (R),
and equation (7) reduces in this case to

() Myla,My(b,P)] = My(a+b,P) .

Note that for |a| < ao[él(ﬁv] < aO[QZ(R)] , it follows from the lemma that
My(a,R) = My(a,R) , and (7") reduces to (7'). To establish (7") for
a € 4y , namely for a such that lal < a,l®:(R)] lath| < ao[él(P)] , we

consider the two sets

B*={a:a€4

A Myla,My (b,P)] = My(a+b,P)}

b )

and

Bf = {a :a€4y, Mla,M(b,P)] + My (a+h,P)} .
By similar arguments to those used in the lemma, it follows that Bf and

Bg are both open. Since Ab is an open connected set, and Ab = Bf U B;

where Bf and B; are disjoint open sets, then either Bf or B; is
empty. But Bf is not empty, because it includes the point a =0 ,

therefore B} =4 Hence (7") holds for P€&€ D , |b| < a, (P) and

b

a€ A This completes the proof of our theorem.

5 -
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