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Baker-Type Estimates for Linear Forms in
the Values of q-Series

Keijo Väänänen and Wadim Zudilin

Abstract. We obtain lower estimates for the absolute values of linear forms of the values of general-

ized Heine series at non-zero points of an imaginary quadratic field I, in particular of the values of

q-exponential function. These estimates depend on the individual coefficients, not only on the maxi-

mum of their absolute values. The proof uses a variant of classical Siegel’s method applied to a system

of functional Poincaré-type equations and the connection between the solutions of these functional

equations and the generalized Heine series.

1 Introduction

Let I denote the field of rational numbers or an imaginary quadratic field. In the

present paper we are interested in linear independence measures for the values of the

function

(1) φ(z) = 1 +

∞
∑

n=1

q−sn(n−1)/2

P(1)P(q−1) · · ·P(q−(n−1))
zn,

where s is a positive integer, q is an integer in I with |q| > 1, and the polynomial

P(z) ∈ I[z] of degree ≤ s satisfies the conditions P(0) 6= 0 and P(q−k) 6= 0 for

k = 0, 1, . . . . Two interesting special cases are the Tschakaloff function [Tsch]

Tq(z) =

∞
∑

n=0

q−n(n+1)/2zn

and the q-exponential function

Eq(z) =

∞
∑

n=0

zn

(q − 1) · · · (qn − 1)
=

∞
∏

n=1

(

1 +
z

qn

)

.

There are many results on linear independence measures of the values of Tq(z),

for these we refer to [Bu]. Already Stihl [St] was able to obtain linear independence

measure for the values of φ(z), if P(z) = (1 − a1z) · · · (1 − at z) with non-zero ai ∈ I

and t < s. From Bézivin [Be] we obtain linear independence of the values of φ(z)

also in the case deg P = s, in particular, of the values of Eq(z), but his proof is based
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on Borel–Dwork-type rationality criteria, see [A], and is not quantitative (at least

until now). The first quantitative linear independence measure for the values of gen-

eral φ(z) was obtained in [Va2]. This paper uses Siegel’s method applied to a system

of functional equations of Poincaré-type and the connection between the solutions

of these functional equations and φ(z) applied already in [AKV]. Another essential

ingredient is the use of Padé-type approximations of the second kind for these solu-

tions.

A variant of Siegel’s method can be used to get for the values of Siegel E- and

G-functions, a linear independence measure depending not only on the maximum of

the absolute values of the coefficients but on individual coefficients. Baker [Ba] was

the first to obtain such a result for the values of exponential function, and there are

a lot of later works of this type, see, e.g., [Fe1, Fe2, Ma, Va1, So, Zu]. Such measures

are not known for the values of q-series, and our aim in the present work is to give a

linear independence measure depending on individual coefficients of the linear form

in the values of φ(z). Our approach is mainly based on the ideas used in [Va2] and

[So]. More precisely, we prove the following general result.

Theorem 1 Suppose that α1, . . . , αm are non-zero elements of I satisfying αi 6= α jq
l,

l ∈ Z, for all i 6= j. Further, suppose that either deg P(z) < s or deg P(z) = s and

αi 6= Psq
n, i = 1, . . . , m; n = 1, 2, . . . , where Ps is the leading coefficient of P(z).

Then for any given ǫ > 0, there exists a positive constant C = C(ǫ) such that for all

integers l0, l1, . . . , lm of I, not all zero, we have

(2) |l0 + l1φ(α1) + · · · + lmφ(αm)| > C(l̄1 · · · l̄m)−µ(m,s)−ǫ,

where l̄i = max{1, |li|}, i = 1, . . . , m, and

µ(m, s) =
4sρ2

0 + 4(s + 2)ρ0 + (s + 17)

4ρ0 − 13m

with

(3) ρ0 = ρ0(m, s) =
13m

4
+

√

( 13m

4

) 2

+
13m(s + 2) + s + 17

4s
.

Easy verification shows that

µ(m + 1, s) − µ(m, s) < 13s and µ(1, s) < 15s + 5 for m ≥ 1 and s ≥ 1,

hence µ(m, s) < 13ms + 2s + 5 for all m ≥ 1 and s ≥ 1.

As a special corollary of Theorem 1, in which the exponent on the right of (2)

can be sharpened, we have the following result for the values of the q-exponential

function.

Theorem 2 Suppose that α1, . . . , αm are non-zero elements of I satisfying αi 6= −qn,

i = 1, . . . , m; n = 1, 2, . . . , and αi 6= α jq
l, l ∈ Z, for all i 6= j. Then there exists a

positive constant C ′ such that for all integers l0, l1, . . . , lm of I, not all zero, we have

(4) |l0 + l1Eq(α1) + · · · + lmEq(αm)| > C ′(l̄1 · · · l̄m)−(24m+11)/2.
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Theorems 1 and 2 improve the corresponding results of [Va2] in the case of archi-

median valuation and the field I. Our theorems also partly sharpen the results of

[St] when t < s. We also note that it would be possible to consider non-integral

q ∈ I, if the denominator is sufficiently small in comparision to |q|, but for the sake

of simplicity we assume that q is an integer.

Remark 3 As shown in Section 6 below, the exponent on the right of (2) in The-

orem 1 can be also sharpened for the values of the Tschakaloff function. Namely,

assuming that non-zero elements α1, . . . , αm of I satisfy αi 6= α jq
l, l ∈ Z, for all

i 6= j, with some positive constant C ′′ we have the estimate

(5) |l0 + l1Tq(α1) + · · · + lmTq(αm)| > C ′′(l̄1 · · · l̄m)−(17m+9)/2,

where l0, l1, . . . , lm are any non-trivial integers of I. But the estimate (5) is weaker

than the earlier results obtained by using explicit Padé approximations (see [Bu, St]).

2 A Difference Equation

We shall consider the q-difference equation

(6) αzs f (z) = P(z) f (qz) + Q(z),

where s is a positive integer, α ∈ I is non-zero, and P(z), Q(z) ∈ I[z] satisfy P(0) 6= 0,

Q(z) 6≡ 0, and t = deg P ≤ s. Let us write an analytic solution (at z = 0) f (z) of (6)

as a power series

f (z) =

∞
∑

ν=0

fνzν .

By denoting

P(z) =

t
∑

i=0

Piz
i , Q(z) =

u
∑

i=0

Qiz
i

and using (6) we then obtain

P0qν fν = −

t
∑

i=1

Piq
ν−i fν−i − Qν , ν = 0, 1, . . . , s − 1,(7)

P0qν fν = α fν−s −

t
∑

i=1

Piq
ν−i fν−i − Qν , ν ≥ s,

where we agree that fν = 0 for all ν < 0 and Qν = 0 for all ν > u. By (7) it follows

that

(8) Fν := P
ν+1
0 qν(ν+1)/2 fν ∈ Z[α, Pi, Qi, q], ν = 0, 1, . . . ,
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and the degree of Fν with respect to α, Pi, Qi is ≤ ν + 1 and with respect to q is

≤ ν(ν+1)/2. Furthermore the recursive formulae (7) also imply, as proved in [AKV],

that

(9) | fν | ≤ Cν+1
1 ,

where C1 (as also C2,C3, . . . later) is a positive constant depending on s, q, α (or αi

later), P(z) and Q(z) (or Qi(z) later). We also note that by using (6) the function f (z)

can be continued meromorphically to C.

The functional equation (6) implies

f (z) = −

∞
∑

n=1

q−sn(n−1)/2Q(zq−n)

P(zq−1) · · ·P(zq−n)
(αzs)n−1,

if P(zq−k) 6= 0, k = 1, 2, . . . . If Q(z) = −P(z), then f (q) = φ(α) in (1), and thus

we can consider linear independence of φ(α1), . . . , φ(αm) by considering a system of

difference equations of the type(6). In particular,

(i) s = 1, P(z) = q − z

gives the q-exponential function Eq(z), while

(ii) s = 1, P(z) ≡ q

gives the Tschakaloff function Tq(z). Note that in these two cases we have

(10) Fν = qα

ν−1
∏

j=1

(α + q j) in (i),

Fν = qαν in (ii).

Still another consequence of the difference equation is the iteration equation

(11) (αzs)kquk f (zq−k) = Xk(z, q) f (z) + Yk(z, q),

where (see [AKV, Lemma 3])

Xk(z, q) = qsk(k+1)/2+uk

k
∏

j=1

P(zq− j)

is independent of α and Q(z), and

Yk(z, q) =

k
∑

j=1

(αzs) j−1qs(k(k+1)/2− j( j−1)/2)+uk
Q(zq− j)

k
∏

l= j+1

P(zq−l).

Further, we have

(12) |Xk(z, q)| ≤ Ck
2|q|

sk(k+1)/2 max{1, |z|}C3k.
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3 An Analytic Construction

Let α1, . . . , αm ∈ I and consider a system

(13) αiz
s fi(z) = P(z) fi(qz) + Qi(z), i = 1, . . . , m,

of difference equations, where Qi(z) ∈ I[z], Qi(z) 6≡ 0. Let

fi(z) =

∞
∑

ν=0

fiνzν , i = 1, . . . , m,

be the analytic (at z = 0) solution of (13). We shall construct Padé-type approxima-

tions of the second kind for these functions.

Let n1, . . . , nm be positive integers, N = n1 +· · ·+nm, and choose δ, 0 < δ < 1/m,

such that

(14) ni ≥ δN, i = 1, . . . , m.

We are looking for a polynomial

(15) P(z) =

N
∑

µ=0

pµzµ

qµ(µ−1)/2
6≡ 0

with integer coefficients pµ ∈ I, such that for all i = 1, . . . , m the expansion

P(z) fi (z) =

∞
∑

k=0

qikzk

satisfies the conditions qik = 0 for k = N + 1, N + 2, . . . , N + ni − [δN]− 1. We have

P(z) fi (z) =

∞
∑

k=0

k
∑

ν=0
ν≥k−N

fiν pk−ν

q(k−ν)(k−ν−1)/2
zk

=

∞
∑

k=0

k
∑

ν=0
ν≥k−N

Fiν pk−ν

Pν+1
0 qk(k−1)/2+ν(ν−k+1)

zk,

where, analogously to (8), Fiν = Pν+1
0 qν(ν+1)/2 fiν . Thus the condition qik = 0 for

k > N is equivalent to

(16)

k
∑

ν=k−N

P
k−ν
0 q(ν+1)(k−ν)Fiν pk−ν = 0.
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We now choose natural numbers A and B in such a way that the numbers Aαi

and the coefficients of BP(z) and BQi(z) for i = 1, . . . , m are integers in I. Multiply-

ing the equation (16) by (AB2)k we thus obtain a linear equation in pµ with integer

coefficients from I satisfying, by (8) and (9),

|coefficients| ≤ Ck
4 max

k−N≤ν≤k

{

|q|ν(ν+1)/2+(ν+1)(k−ν)
}

≤ Ck
5|q|

k2/2.

We need the condition qik = 0 for k = N + 1, N + 2, . . . , N + ni − [δN] − 1, and for

these k we have

k ≤ N + ni − δN = N + (N − n1 − · · · − ni−1 − ni+1 − · · · − nm) − δN

≤ 2N − mδN

by (14). Thus the absolute values of the coefficients are bounded by

CN
6 |q|

(2N−mδN)2/2.

The number of linear equations qik = 0 is equal to

m
∑

i=1

(ni − [δN] − 1) = N − m([δN] + 1),

and the number of indeterminates pµ is N + 1. Therefore Siegel’s lemma (see, e.g.,

[Sh, Chapter 3, Lemma 13]) yields the existence of integers pµ ∈ I, not all zero, such

that

(17) |pµ| ≤ CN
7 |q|

γ1N2

, γ1 = γ1(δ) =
(2 − mδ)2(1 − mδ)

2mδ
.

By using (10), we see that in the special cases (i) and (ii) we can replace γ1(δ) in (17)

by

(18) γ(i)
1 (δ) =

(3 − 2mδ)(1 − mδ)

2mδ
and γ(ii)

1 (δ) =
1

2
γ1(δ),

respectively.

Let us define

Qi(z) =

N
∑

k=0

qikzk, i = 1, . . . , m.

Since, for k ≤ N ,

qik =

k
∑

ν=0

fiν pk−ν

q(k−ν)(k−ν−1)/2
=

k
∑

ν=0

Fiν pk−νqν(k−ν)

Pν+1
0 qk(k−1)/2+ν

,

https://doi.org/10.4153/CMB-2005-013-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2005-013-5


Baker-Type Estimates for Linear Forms in the Values of q-Series 153

it follows that the polynomials

qN(N+1)/2(AB2)N+1Qi(z)

have integer coefficients in I.

By (9) and (17), for all k > N , the following estimates hold:

|qik| =

∣

∣

∣

k
∑

ν=k−N

fiν pk−ν

q(k−ν)(k−ν−1)/2

∣

∣

∣ ≤ Ck+1
1 CN

7 |q|
γ1N2

∣

∣

∣

k
∑

ν=k−N

1

|q|(k−ν)(k−ν−1)/2

∣

∣

∣

≤ Ck
8|q|

γ1N2

.

By defining

Ri(z) = P(z) fi (z) − Qi(z), i = 1, . . . , m,

we then obtain, for all |z| < (2C8)−1,

(19) |Ri(z)| =

∣

∣

∣

∞
∑

k=Ni

qikzk
∣

∣

∣
≤ |q|γ1N2

∞
∑

k=Ni

(C8|z|)
k ≤ CN

9 |q|
γ1N2

|z|Ni ,

where Ni = N + ni − [δN], i = 1, . . . , m.

We have thus proved the following

Lemma 4 There exists a polynomial

P(z) =

N
∑

µ=0

pµzµ

qµ(µ−1)/2
6≡ 0

with integers pµ ∈ I satisfying (17) such that the polynomials

qN(N−1)/2P(z), qN(N+1)/2(AB2)N+1Qi(z)

have integer coefficients in I and the forms Ri(z) satisfy the estimates (19) for all |z| <
(2C8)−1.

4 An Iteration Process

Let

P0(z) = P(z), Q0i(z) = Qi(z), R0i(z) = Ri(z),

and define further

(20) P j(z) = zsP j−1(qz), Q ji(z) = −α−1
i

(

P(z)Q j−1,i(qz) + Qi(z)P j−1(qz)
)

,

where i = 1, . . . , m, j = 1, 2, . . . . If

R ji(z) = P j(z) fi(z) − Q ji(z),
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then from the functional equations (13) it follows that

(21) R ji(z) = α−1
i P(z)R j−1,i(qz), i = 1, . . . , m, j = 1, 2, . . . .

We are interested in the determinant

∆(z) = det









P0(z) Q01(z) . . . Q0m(z)

P1(z) Q11(z) . . . Q1m(z)

. . . . . . . . . . . . . . . . . . . . . . . . . . . .
Pm(z) Qm1(z) . . . Qmm(z)









= (−1)m · det









P0(z) R01(z) . . . R0m(z)

P1(z) R11(z) . . . R1m(z)

. . . . . . . . . . . . . . . . . . . . . . . . . . .
Pm(z) Rm1(z) . . . Rmm(z)









.

Assume now that none of the functions fi(z) is a polynomial and that αi 6= α jq
l,

l ∈ Z, for all i 6= j. Furthermore, let α 6= 0 be an element of I satisfying P(αq−k) 6= 0

for k = 1, 2, . . . . Then (see [Va2, Lemma 3]) ∆(z) 6≡ 0. Since

ordz=0 ∆(z) ≥ N1 + · · · + Nm ≥ (m + 1)N − mδN

and

degz ∆(z) ≤ (m + 1)N + S
m(m + 1)

2
,

where S = max{s, deg Qi(z)}, we deduce that for each ρ > mδ, there exists an integer

k satisfying (see [Va2, Section 5])

(22) (ρ − mδ)N − S
m(m + 1)

2
< k ≤ ρN

and

(23) ∆(αq−k) 6= 0.

Let us take

Dk = (AB)N+1(A1B)mAN+Sm
2 qN(N+1)/2+k(N+Sm),

A1 and A2 are nonzero rational integers such that A1α
−1
i and A2α are integers in I.

By Lemma 1 and the recursions (20) it then follows that the numbers

DkP j(αq−k), DkQ ji(αq−k)

are integers in I. Furthermore, by (15), (17) and (20),

(24) |P j(αq−k)| = |q j( j−1)/2αq−k|s |P(αq j−k)| ≤ CN
10|q|

γ1N2

, j = 0, 1, . . . , m,
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and by (19) and (21),

(25) |R ji(αq−k)| = |α
− j
i P(αq−k) · · ·P(αq−k+ j−1)| |Ri(αq j−k)|

≤ CN
11|q|

γ1N2−kNi , j = 0, 1, . . . , m,

if 2C8|α| |q|
m < |q|k.

We now denote u = max1≤i≤m{deg Qi(z)} and use (11) to obtain

(26) r̂ ji = (αiα
s)kqukR ji(αq−k)

= Xk(α, q)P j(αq−k) fi(α) +
(

Yk(α, q)P j(αq−k) − (αiα
s)kqukQ ji(αq−k)

)

=: p̂ j fi(α) − q̂ ji .

Assume now that k satisfies (22) and (23). Let

r ji = (BAs
2)kDkr̂ ji =: p j fi(α) − q ji .

Then all p j , q ji are integers in I and by the above consideration and (25) and (26) we

obtain

(27)

|r ji | ≤ CN
12|q|

N2(γ1+1/2)−(ρ−mδ)N(Ni−N) ≤ CN
12|q|

γ2N2−(ρ−mδ)Nni ,

γ2 = γ2(δ, ρ) = γ1(δ) +
1

2
+ δ(ρ − mδ),

provided that |q|(ρ−mδ)N > C13, and by the estimates (12) and (24) we have

(28)

|p j | ≤ CN
14|q|

N2(γ1+1/2+ρ+sρ2/2) = CN
14|q|

γ3N2

,

γ3 = γ3(δ, ρ) = γ1(δ) + ρ +
1

2
(1 + sρ2).

Finally, we note that

(29) det









p0 q01 . . . q0m

p1 q11 . . . q1m

. . . . . . . . . . . . . . . . . . .
pm qm1 . . . qmm









=
(

(BAs
2)kDk

)m+1
Xk(α, q)∆(αq−k)(quαs)mk

m
∏

i=1

αk
i 6= 0.

5 A Number-Theoretical Result

We shall require a more useful notation ρ0 = ρ − mδ. Suppose that

ρ0 >
m(γ1 + 1/2)

1 − mδ
.
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Then

ρ0 − mγ2 = ρ0 − m
(

γ1 +
1

2
− δρ0

)

= ρ0(1 − mδ) − m
(

γ1 +
1

2

)

> 0.

Next take an arbitrary number ǫ > 0 satisfying

ǫ <
ρ0 − mγ2

2m
,

so that we have ρ0 − m(γ2 + 2ǫ) > 0, and define

λ0 = max
{

ǫ−1 log|q| max{2m,C12,C14}, 1 + ǫ−1(m + 1)ρ0, m + ρ−1
0 log|q| C13

}

.

Then, for any λ > λ0, we have

max{2m,C12,C14} < |q|ǫλ,(30)

(m + 1)ρ0 < ǫ(λ − 1),(31)

C13 < |q|ρ0(λ−m).(32)

Set L0 = |q|λ
2

0
(ρ0−m(γ2+2ǫ)) and consider an arbitrary linear form

(33) ℓ = l0 + l1 f1(α) + · · · + lm fm(α),

with integer coefficients li ∈ I, not all zero, satisfying the condition L = l̄1 l̄2 · · · l̄m >
L0, where l̄i = max{1, |li|} for i = 1, . . . , m. Define

(34) λ =

√

log|q| L

ρ0 − m(γ2 + 2ǫ)
> λ0

(thanks to the definition of L0) and

(35) ni =

[ log|q| l̄i + λ2(γ2 + 2ǫ)

ρ0λ

]

, i = 1, . . . , m.

Since
m

∑

i=1

log|q| l̄i + λ2(γ2 + 2ǫ)

ρ0λ
=

log|q| L + mλ2(γ2 + 2ǫ)

ρ0λ
= λ,

we deduce that

(36) λ − m < N = n1 + · · · + nm ≤ λ.

In addition,

ni >
log|q| l̄i + λ2(γ2 + 2ǫ)

ρ0λ
− 1 ≥

γ2 + 2ǫ

ρ0

λ − 1

≥ γ2

N

ρ0

=

(

γ1 +
1

2
+ δρ0

) N

ρ0

> δN
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as required.

We now choose k satisfying (22) or equivalently, (23) and

ρ0N − S
m(m + 1)

2
< k ≤ (ρ0 + mδ)N.

For the given linear form (33) there exists, by (29), an index j ∈ {0, 1, . . . , m} such

that

Λ = l0 p j + l1q j1 + · · · + lmq jm 6= 0.

Since Λ is an integer in I, we have |Λ| ≥ 1. By denoting for brevity p = p j , qi = q ji

and ri = r ji , we then obtain by (27), (28), (30) and (36)

|p| ≤ CN
14|q|

γ3N2

< |q|(γ3+ǫ)λ2

,

|ri| ≤ CN
12|q|

γ2N2−ρ0Nni < |q|(γ2+ǫ)λ2−ρ0(λ−m)ni ;

note that we may use (27) by (32) and (36). Since

l̄i < |q|ρ0λ(ni +1)−λ2(γ2+2ǫ)

by (35), we obtain for all i = 1, . . . , m

l̄i|ri | < |q|−ǫλ2+ρ0λ(ni +1)−ρ0(λ−m)ni

< |q|−ǫλ2+ρ0λ+ρ0mλ
= |q|λ(−ǫλ+(m+1)ρ0)

< |q|−ǫλ (by (31))

<
1

2m
(by (30)).

By the relation

pℓ = l0 p + l1 p f1(α) + · · · + lm p fm(α)

= l0 p + l1(r1 + q1) + · · · + lm(rm + qm)

= Λ + l1r1 + · · · + lmrm

we thus derive an inequality

|pℓ| ≥ |Λ| −

m
∑

i=1

|liri| ≥ 1 −

m
∑

i=1

l̄i|ri| > 1 −

m
∑

i=1

1

2m
=

1

2
.

Finally, using the definition (34) of λ we obtain

|ℓ| > (2p)−1 >
1

2
|q|−(γ3+ǫ)λ2

=
1

2
L−(γ3+ǫ)/(ρ0−m(γ2+2ǫ)).

Since ǫ > 0 is arbitrary, we can state the final result in the following form (we set

δ0 = mδ).
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Theorem 5 Suppose that none of the functions f1(z), . . . , fm(z) is a polynomial and

that αi 6= α jq
l, l ∈ Z, for all i 6= j. Let α 6= 0 be an element of I satisfying P(αq−k) 6=

0, k = 1, 2, . . . . Let

γ1(δ0) =
(2 − δ0)2(1 − δ0)

2δ0

, γ2(δ0, ρ0) = γ1 +
1

2
+

δ0ρ0

m
,

γ3(δ0, ρ0) = γ1 + δ0 + ρ0 +
1

2

(

1 + s(δ0 + ρ0)2
)

,

where 0 < δ0 < 1, ρ0 > 0 and, in addition,

ρ0 >
m(γ1 + 1/2)

1 − δ0

.

Then for any ǫ0 > 0, there exists a positive constant C0 = C0(ǫ0) such that for any

integers l0, l1, . . . , lm of I, not all zero, there holds the inequality

|l0 + l1 f1(α) + · · · + lm fm(α)| > C0 · (l̄1 · · · l̄m)−γ3/(ρ0−mγ2)−ǫ0 ,

where l̄i = max{1, |li|} for i = 1, . . . , m.

Remark 6 From the above proof we can see that the construction used here does

not work in the p-adic case. For the p-adic case it is obviously necessary to change

the construction in such a way that the dependence on the individual ni is in the

polynomials Qi instead of the forms Ri (see [Va1]).

6 Proof of Theorems 1 and 2

In the proof of Theorem 1 we use the fact fi(q) = φ(αi) if Qi(z) = −P(z), i =

1, . . . , m (see Section 2). By the assumptions of Theorem 1 it follows that the corre-

sponding fi(z) /∈ I[z], for the details we refer to[AKV]. Thus we may apply Theorem

3 to get a result with

(38)
γ3

ρ0 − mγ2

=
4 − 7δ0(1 − δ0) − δ3

0 + 2δ0ρ0 + δ0s(δ0 + ρ0)2

2δ0(1 − δ0)ρ0 − m(4 − 7δ0 + 5δ2
0 − δ3

0)

instead of µ(m, s). We now choose δ0 = 1/2; then ρ0 = ρ0(m, s) given in (3) admits

the minimum value µ(m, s) for the above expression (38) (in the case δ0 = 1/2).

This proves Theorem 1.

Theorem 2 and Remark 1 follow by noting that the choices (i) and (ii) give the

functions Eq(z) and Tq(z), respectively. Thanks to (18), we may replace γ1(δ0) in

(37) by

γ(i)
1 (δ0) =

(3 − 2δ0)(1 − δ0)

2δ0

in the case (i) and by

γ(ii)
1 (δ0) =

1

2
γ1(δ0)
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in the case (ii). Next take δ(i)
0 = 2/5, δ(ii)

0 = 1/3 and the corresponding values ρ(i)
0 (m),

ρ(ii)
0 (m) that minimize the exponent γ3/(ρ0 − mγ2). Let µ(i)(m) and µ(ii)(m) denote

the minimal exponents. It follows easily that

µ(i)(1) = 17.14 · · · and µ(i)(m + 1) − µ(i)(m) < 12 for m ≥ 1,

µ(ii)(1) = 12.98 · · · and µ(ii)(m + 1) − µ(ii)(m) < 8.5 for m ≥ 1,

and as a consequence we arrive at the desired estimates (4) and (5). The proof of

Theorem 2 and Remark 1 is complete.

Remark 7 Taking δ(i)
0 = 4/9 we arrive at the better exponent 11.79m + 5.27 for

m ≥ 10 in (4).
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