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Abstract

The main aim of this article is to establish analogues of Landau’s theorem for solutions to the E-equation
in Dirichlet-type spaces.
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1. Introduction and main results

Let C = R? be the complex plane. Fora e C and r > 0, set D(a,r) :={z: |z —a| < r}
and D, :=D(0, r) so that D := D, is the open unit disk in C. For a real 2 X 2
matrix A, we use the matrix norm [|A]| = sup{|Az| : |z] = 1} and the matrix function
I(A) = inf{|Az] : |z] = 1}. Set z = x + iy € C. The formal derivative, namely, the Jacobian
matrix, Dy, of the complex-valued function f = u + iv is given by

_ [UxUy
Dy = (vx vy)’
so that [|[Dy[| = | f;| + |z and (D) = || f| = | fzll, where

O g =Y
fo=go=0f =5(f=if) and fi= 2

are the usual partial derivatives. We write
Jp=detDy = |f.)* - | £
to denote the Jacobian of f and Af = 4f for the Laplacian of a C?-function f.

- 1
=azf: 5(fx+l‘ﬁ)
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A continuous increasing function w : [0, c0) — [0, c0) with w(0) =0 is called a
majorant if w(f)/t is nonincreasing for ¢ > 0 (compare with [15]). Given a subset
Q of C, a function f : Q — C is said to belong to the Lipschitz space A, (Q) if there is
a positive constant C such that, for all z, w € Q,

1f(2) = fw)| < Co(lz = wl).

Throughout the article, we denote by C"(D) the set of all complex-valued m-times
continuously differentiable functions from D into C, where m € Ny := N U {0}. In
particular, C(D) := C°(D) is the set of all continuous functions on D.

We are primarily interested in functions f € C'(D) which satisfy the -equation

fr=u (1.1)

for some u € C(D). Hormander’s solutions to (1.1) in C are discussed in [11, 12]. In
particular, if the function u € C(D) in (1.1) is real valued, then we call f a u-gradient
mapping. If the function u in (1.1) is real valued and the solution f is sense preserving,
then we call f a sense-preserving u-gradient mapping (compare with [1]).

We use ¥ to denote the set of all analytic functions f defined in D satisfying the
standard normalisation f(0) = f/(0) — 1 =0. In [13], Landau proved that there is a
constant p > 0, independent of f € F, such that f(D) contains a disk of radius p.
For f € F, let Ly be the supremum of the set of positive numbers r such that f(DD)
contains a disk of radius . Then we call inf ¢ Ly the Landau-Bloch constant. One
of the long-standing open problems in geometric function theory is to determine the
precise value of the Landau—Bloch constant. It has attracted much attention (see,
for example, [2, 14, 18] and the references therein). The Landau theorem is an
important tool in geometric function theory of one complex variable (compare with
[3, 20]). Unfortunately, there is no analogue of Landau’s theorem for general classes
of functions (see [4, 18]). In order to obtain analogues of Landau’s theorem for more
general classes of functions, it is necessary to restrict the class of functions considered
(compare with [4-7, 18]). The first aim of this paper is to extend the classical Landau
theorem to the solutions of (1.1).

Let M denote the class of all complex-valued functions f satisfying (1.1) with
f(0)=Jy(0)-1=0,uecCD)and sup_p, | f(z)] < M, where M is a positive constant.

Tueorem 1.1. For a given u € C(D), let f € FM. Then there is a positive constant ro
depending only on M and u such that D,, C f(D).

Remark 1.2. Since the proof of Theorem 1.1 is based on convergence considerations of
function families, it is not possible to give an explicit form of the constant ry. Although
Theorem 1.1 provides the existence of the Landau-Bloch-type constant for functions
f € FM, an explicit estimate for inf e Ly(u) remains an open problem.

Let B, be the Bloch space consisting of all complex-valued functions f € C!(D)
with
supl(l = [P + LD} < +oe.
Z€E.
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CoroLLARY 1.3. For a given function u € C(D), let f € B, be a solution to (1.1) with
f(0) =Js(0) —1=0. Then there is a positive constant sy, depending only on u, such
that Dy, C f(D).

Proor. For z € D, let F(z) = V2f(V2z/2). Since F is bounded in D, the result follows

from Theorem 1.1. O
We use DY , (D) to denote the weighted Dirichlet-type space consisting of all
f € C'(D) with the norm

Ifllog, ,, = IFO) + f w((d@)"ND @I do(z) < oo,

D

where y; > 0, y, > 0, w is a majorant and do is the normalised area measure in D.

This Dirichlet-type energy integral has been investigated by Yamashita [19] and
Chen et al. in a series of papers (see [8, 9]). As an analogue of [9, Theorem 4], we
prove the following result.

Tueorem 1.4. Let 8> 0 and suppose 2 <n< 2+ +a)—-2B if @ €[0,2), and
2<n<2+Bifac(2,4]. ForueR and p > 2, ifgeDE%D)ﬁC%D) and g, is a
sense-preserving u-gradient mapping, then

fD (d(2)) PO A(Ig(2)I") dor(2) < oo, (1.2)

where u = u|g,|%, v =2 + B)/n and w is a majorant.

For p € (0, oo], the generalised Hardy space Hg(D) consists of all those functions
f :D — C such that each f is measurable, M,(r, ) exists for all r € (0,1) and
[If1l, < oo, where

SUpg.,.; Mp(r, f) if p € (0, 00),

p _ 1 fzn Oyp =
Myr =gz ), e deand il =000 k@l ifp = oo

The following result easily follows from Theorem 1.4 and [8, Theorem 1].

CoroLrLARY 1.5. Suppose >0 and 2 <n< 2+ B)(1 +a) — 2B with a € [0, 1). For
pueRandp=>_0-a)y/(v-1)22ifge Z)E’,U(D) NC3 (D) and g. is a sense-preserving
u-gradient mapping, then g € Hg(D), where u = pulg|% v=02+B)/n and w is a
majorant.

The proofs of Theorems 1.1 and 1.4 will be presented in Section 2.

2. The proofs of the main results

Let R" (n > 2) denote the n-dimensional Euclidean space, where n € {2,3,...}. Let
f:Q — R” be a differentiable mapping and let x be a regular value of f, where
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x ¢ f(0Q) and Q c R”" is a bounded domain. The degree deg(f, 2, x) is defined by
the formula (compare with [16, 17])

deg(£,Q,x):= ) sign(detJ;(y).

yef-1(xnQ
LemMma 2.1 [16, pages 125—-129]. The deg(f, 2, x) has the following properties.

D If x e R"\f(0Q) and deg(f, Q, x) # 0, then there exists a point w € Q such that
fw) = x.

L) If D is a domain with D c Qand x € R"\ f(OD), then deg(f, D, ) is constant on
each component of R"\ f(0D).

Lemma 2.2 [10, Theorem 11]. Suppose v : Q — C is continuous and the partial
derivatives vy, vy exist at every point on L except for countably many. If vz = 0 almost
everywhere in Q, then v is analytic on Q.

Proor oF Teorem 1.1. Suppose that the conclusion of Theorem 1.1 fails for f € FM.
Then there is a sequence {b;} and a sequence of functions {f;} C ﬁM such that
limy_, 40 by =0 and by ¢ fi(D) for k e N. For k € N, set Fy = f; — fy, where fj is
a particular solution to (1.1). By Lemma 2.2, for k € N, we see that F is analytic
on D. By the assumption, F} is uniformly bounded on D. Hence, by Montel’s
theorem, on any closed subset Q of D, there is a subsequence of {F;} which converges
uniformly on Q. Without loss of generality, we assume that the subsequence {F,,}
of {Fy} converges uniformly on D, ;2 to f* = fo. Hence limy_, o f5,(0) = f*(0) and
limy_ 400 ank (0) = J;+(0), which implies that f* € TMM. Since f*(0) = J4(0)-1=0,
there are | € (0,1/2) and r, > 0 such that J;- > 0 on ﬁrl, D,, c f*(D,) and [f*(2)| = 12
for z € dD,,. From the properties of the limits, there is a positive integer ky such
that, |f,, | > r»/2 on dD,, and I, > 0 on ﬁ,l for k > ky. Since det(f,,,D,,0) > 1, by
Lemma 2.1, we conclude that det(f,,, D, ,w) > 1 for k > kg and w € D,,,. Therefore,
Dy, 2 C f,,(Dy,) for k > ko, which leads to a contradiction. The proof of the theorem is
complete. O

Lemma 2.3. For a given 1 € R and a € [0,4], let g € C*(D) and let g, be a u-gradient
mapping, where u = u|g,|*. Then, for p € [2,+0), |g.|P is subharmonic in D.

Proor. Let Z, = {weD: g, (w)=0}. Then Z,, is a closed set and so D\, is an
open set. Set f = g.. By computation, for z € D\ Z, ,

2Re(Ffz) = pol I Re(£iF ) + g P,
which gives L
AUP) = p(p = DIFPHIET + FFP +2plf17
XILP + £ + gl P + apl fI7Re(£7)]
= p(p = DU + FFP + 2plf1P
]

X(1= S+ 1R a2+ S

>0.
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Hence |g.|? is subharmonic in D\ Z, . For each point of Z, , the mean value inequality
trivially holds. Therefore |g.|? is subharmonic in D. O

Proor oF THEOREM 1.4. The assumptions on a, 8,17 show that 7 € [2,2 + 3). Hence, by
Lemma 2.3, |g.|" is subharmonic in D. Then, for z € D and p € [0, d(2)),

1 27 .
lg: ()" < 7 f |8:(z + pe")I" db. (2.1)
T Jo

Multiplying both sides of the inequality (2.1) by p and integrating from 0 to d(z)/2,

d(z 2| 2|7 (2)/2 21 ; dod,
( ( )) 2gz( ) < pf |gZ(Z+pe9)|ﬂ P
0 0 n

= f 8:(DI" do(£)
D(z.d(2)/2)

<2P(d(z))* f lg(OI"(d(Q)Y do ()

D(z,d(z)/2)

_ d@)y
=284 Bf d . TI(— d
(d(2)) o) w((dOP)lg(O) dOP) (&)
2B
<— d (O d
< (D) P fD i w(d@)P)Ig(DI"do(L)
B 2N fllog,
~w()(d@)P’
which gives
2040 |
1 _ B
lg-(2)| < W and C; = W 2.2)
By the assumption and (2.2), we also see that
2C
1D < 21¢.) < G5 (2.3)
By (2.3),
18I <1g(0)] + fm | az(0)|
<1g(0)| + f[o 1D a2
’ C
<1g(0)] + - 2.4)

(d(z))@Pm-1

where C, =2Cn/(2 + B —n) and [0, z] denotes the line segment from O to z. Applying
(2.2),

et
1

lg-(2)|" < )i’
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Now recall the well-known inequality
(a+b)? < 2ma100(gd 4 ), (2.5)

where a,b > 0 and g > 0.
For p > 2, by (2.4) and (2.5),

C p—1 Cp_l
p-1 z_ p=2 p-1 2
@ < [l8O1 + | <201+ |
and
cr?
p-2 max{p-3,0} p—2 2
lg()I" " <2 [Ig(O)I + (d(z))((2+ﬁ)/n—l)(p—2)]
cr?
p-2 p-2 2
<2 ['g(0)| * (d(z))«zw)/n—l)(p—z)]‘

For the case p € [4, ), by computation and the fact that g; = u|g,|?,
Adgl") = p(p = 2)lgl" 188z + g=81" + 2plgl”*(ig:I” + lg=t") + plgl”*Re (3Ag)
< P18l IDgl> + 4pulgl’ g1,
which implies that

(d(@) P A(lgl?)
< PAA@) PV P D P + Apulgl gl (d(z)) PO e
= pXd@) P20 VIglP D | (d(2)
X (d(@)" "+ Applgl gl (d(z) PO
< PPC3lID,IP(d(2)*"" + Cy, (2.6)

where v = (2+ B)/n, C3 = 2P2(C5 ™ +1g(0)P2) and Cy = 2°C(CY " +1g(O)P~")ppe.
By Hélder’s inequality and (2.6), we conclude that

fD (d@)"" I Ag () dor(z)

2

IN

Cip* | ID,IP(@d@)*" do(z) + Cy

5

1-2/n

2/n
Csp( fD ||Dg(z>||"<d(z>>ﬁda(z>) ( fD da(z)) e

d@@)y
w((d(2))P)

(Ilgllpg, )" + Cy < +oo. 2.7)

IA

) 2/n
= ([ w(@P DI do@)  +Cy

(<]

2
< Cip
w(l)
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In the case p € [2,4), let GE = (|g|> + 1/n)?/? for n € N. Then A(G?) is integrable in
D, for r € [0, 1). By (2.6), (2.7) and Lebesgue’s dominated convergence theorem,

lim | (d(z))P" D" AGE(2)) dor(z)
D,

n—+oo

f (d2) P~ Jim A(G(z2)) dor(z)
D, n—+oo

A

< Cspsz 1D (d(@)?" dor(2) + Ca

1-2/n

2/n
cgpz( fD ||Dg(z>||"<d(z>>ﬁda<z>) ( fD do(z)) e

< 400

IA

by the same argument as in (2.7). The desired conclusion (1.2) follows from the two

cases. O
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