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We consider the following problem. Let A = (a^) be a 
symmetric n x n mat r ix of non-negative numbers with a - = 0 
for all i, and let n points x , , x^, » • • , x be chosen at ran­
dom from the interval [0, L]. What is the probability P = P(n, A, L) 
that for all i and j , |x^ - x- j >_ a-- ? 

Let G be the symmetric group on the numbers 1, 2, . . . , n; 

for cr € G we write <r=( /1% ,̂ % . . . Our result is 
\ j r ( i ) <r(2) . . . o-(n)/ 

THEOREM i . Let 

(1) a.. + a., > a. , 1 < i, j , k < n; 
IJ j k — lk — -

then 

n - 1 
(2) P(n,A,L) = (1/n!) S [max (0, 1 - (1/L) S. a ... , . X , J ] . 

<rcG J = 1 <r(j) cr(j + 1) 

Proof. In the n-dimensional Euclidean space E n let H 
be the n-dimensional hypercube 

H = {(x., x . . . . , x ): 0 < x < L, i = 1, 2, . . . , n} . 
1 2 n — i — 

We then have the decomposition 

H = U c r T 

0" 6 G (T 

where T is the simplex given by 

T = {(x , x , . . . , x ): 0 < x < x < . . . < x < L} , 
cr 1 2 n — cr (1) — <r (2) — — cr (n) — 

and the volume VfT^ ) = L /nï . We choose a part icular cr € G, 
and impose the conditions 
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(3) x - x. > a . , , 1 < i, j < n ; 
i J XJ 

t h i s m e a n s tha t 

(4) x / M < x - a , l < i < j < n . 
<r(i) - o- (j) or(i) cr(j) - -

Suppose tha t the condi t ions (1) hold. Then the n{n - l ) / 2 con» 
d i t ions (4) a r e i m p l i e d by the n - 1 cond i t ions 

<r(k) — <r(k+l) <r(k)cr{k+l) 

Hence the s u b s e t U of T^ cons i s t i ng of t h o s e po in t s 
( x . , X£, . - • i x ) in T y for which the condi t ions (3) a r e s a t i s ­
fied i s given by 

U = {(x , x , . . . , x ): 0 < x < x - a < x 
o- 1 2 n — er(l) — cr(2) cr(l)o-(2) — cr(3) 

" acr(l)cr(2) " a<r(2)cr(3) - * " - Xcr(n) " j = 1 atr(j)cr(j + 1) 

^ L - S ? = l l a c r ( j ) ( r ( j + 1 ) } -

U , if i t i s not the empty se t o r a s ingle point , i s a s i m p l e x 
s i m i l a r to T^. and i t s v o l u m e V(U ) i s given by 

(5) V(U ) - ~ 7 [ m a x ( 0 , L - S . " a / M / . j AJ] . 
„ n - l 

^<r( j )cr( j+l) ' 

F o r the d e s i r e d p robab i l i t y P (n , A, L») we now obta in the e x p r e s s i o n 

(6) P ( n , A , L ) = — 2 V(U ). 
n 0" € G cr 

JLJ 

Subst i tu t ing (5) into (6) y i e l d s (2) and the proof i s c o m p l e t e . 

The a u t h o r w i s h e s to thank Dr . E . N . G i l b e r t of the Be l l 
Te lephone L a b o r a t o r i e s for point ing out tha t f o rmu la (2) i s not 
va l i d in the g e n e r a l c a s e when condi t ion (1) does not hold. 
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