
NOTES AND PROBLEMS NOTES ET PROBLEMES 

This d e p a r t m e n t w e l c o m e s sho r t no t e s and p r o b l e m s be l ieved 
to be new. C o n t r i b u t o r s should include solut ions whe re known, or 
background m a t e r i a l in case the p r o b l e m is unsolved. Send a l l 
c o m m u n i c a t i o n s concern ing th i s d e p a r t m e n t to I. G. Connel l , 
D e p a r t m e n t of M a t h e m a t i c s , McGill Un ive r s i t y , Mon t r ea l , P . Q. 

A FUNCTIONAL EQUATION FOR THE COSINE 

PL* Kannappan 

It is known [3] , [5] tha t , the complex -va lued solu t ions of 

(B) f ( x + y ) + f(x-y) = 2 f(x)f(y), for x , y r e a l 

( apar t f rom the t r i v i a l solution f(x) =0) a r e of the fo rm 

(C) f(x) = + W + 0 W 1 1 , w h e r e 

(D) 4>(x+y) = <|)(x) <|>(y). 

In c a s e f is a m e a s u r a b l e solution of (B), then f is cont inuous 
[2] , [3] and the c o r r e s p o n d i n g cj> in (C) is a l s o cont inuous and 4> is 
of the f o r m [1] , 

(E) <j>(x) = exp(c x), c, a complex cons tan t . 

In th i s p a p e r , the functional equat ion 

(P) f(x + y + 2A) + f(x-y + 2A) = 2 f(x) f(y) 

whe re f is a c o m p l e x - v a l u e d , m e a s u r a b l e function of the r e a l v a r i a b l e 
and A ^ 0 is a r e a l cons tan t , i s c o n s i d e r e d . It is shown that f i s 
cont inuous and that (apar t f rom the t r i v i a l solut ions f = 0, 1), the 
only functions which sat isfy (P) a r e the cos ine functions cos ax and 
- cos bx, w h e r e a and b belong to a d e n u m e r a b l e set of r e a l 
n u m b e r s . 

Equat ion (P) i s s i m i l a r to the equation 

(Q) f(x-y + A) - f (x+y + A) = 2 f (x) f (y) 

c o n s i d e r e d by E . B. Van Vleck [4] , w h e r e f is a s s u m e d r e a l and 
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continuous and the general solution is f(x) = sin c x, for a sequence 

c=-jr~ • 0=0,1,. . .) . 

T H E O R E M . Let f be a c o m p l e x - v a l u e d function of the r e a l s 
R, sa t isfying (P) for e v e r y x , y in R, w h e r e A / 0 is a r e a l 
cons t an t . Then the g e n e r a l solut ion of (P) is given by e i t h e r 
f = 0 or f(x) = g(x-ZA), w h e r e g is an a r b i t r a r y solut ion of (B) 
wi th per iod 4A. 

Proof . F i r s t , se t t ing 

(1) f(x) = g(x-2A), 

w h e r e g is a solut ion of (B) with pe r iod 4A, we have 

f ( x + y + 2 A ) + f ( x - y + 2 A ) = g(x+ y) + g(x-y ) 

= g ( x + y - 4 A ) + g(x-y) 

= 2 g(x-2A) g(y-2A) 

= 2 f(x)f(y), which i s (P) . 

C o n v e r s e l y , e v e r y solut ion of (P) is of the f o r m (1). Indeed, 
i n t e r chang ing x and y in (P) and c o m p a r i n g it wi th (P) , we obtain 

(2) f ( x - y + 2 A ) = f ( y - x + 2 A ) , for a l l x , y in R. 

Put t ing x=A, y=3A in (2) and x = 0, y = 0 in (P ) , we get 

(3) f(0) = f(4A) and 

(4) f(2A) = f (0) 2 . 

F r o m (3), (4) and (P) wi th x = 0, y = 2A, we deduce t h a t e i t h e r 
f(0) = 0 o r f(2A) = 1. It i s ea s i ly seen that f(0) = 0 i m p l i e s f(x) 5 0 
<by settir^ y = 0 in (P)) . If 

(5) f(2A) = 1, 

2 
we get f(0) = 1 f r o m (4) and f rom (5) and (P) wi th y = 2A, we 
see that 

(6) f (x+4A) = f(x), for a l l x in R. 

That i s , f is a pe r iod i c function wi th pe r iod 4A. We r e m a r k h e r e 
that f is even (which can be deduced f r o m (2) and (6))-
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Replacing x by x+2A and y by y + 2A in (P) , we get 

f(x + y + 6 A ) + f(x-y + 2A) = 2 f(x+2A )f(y + 2A ), 

and f r o m (6), 

(7) f ( x + y + 2 A ) + f(x-y + 2A) = 2f(x+2A) f (y + 2A). 

If g is defined a s in (1) for a l l x in R, then g sa t i s f i e s the equation 

(B) g(x + y ) + g ( x - y ) = 2 g(x) g (y). 

One s e e s f rom (1) and (6), that g is pe r iod ic with the per iod 4A, 
that i s , 

(8) g(x+4A) = g(x). 

This c o m p l e t e s the proof of th is t h e o r e m . 

COROLLARY. The only m e a s u r a b l e solut ions of (P) a r e 

f = 0, 1 and f(x) = cos (~— - mr) whe re n = 0 , - 1 , . . . o r equivalent ly> 

kîr 
f(x) = 0, 1, f(x) = cos ax and f(x) = - cos b x w h e r e a = — and 

(2k+ 1)TT 
b = (k = 0, 1, . . . ) is the comple te set of mea surab le solut ions 

of (P) . 

Proof. F r o m (1) and the in t roduct ion we conclude that both f 
and g a r e con t inuous . Since g is p e r i o d i c , f rom (C), (E) and (8), 

it is e a s y to see that 4cA =2 niri, (n =0,- 1, . . . ), thus g(x) = 0 

or e(x) = c o s h • Hence f rom (1) we obtain, f(x) = 0 or 
& 2A 

f(x) = cox (—— - nir), n = 0,- 1, . . . . This con ta ins , for n = 0, f(x) = 1. 

kir 
When n = 2k, ( k = 0 , l , . . . ) , we have f(x) = cos a x , with a = — , 

(k = 0, 1, . . . ). This c o r r e s p o n d s to the ca se f(0) = 1. When n = 2 k-f 1, 
(2k+ l)ir 

(k = 0, 1, . . . ), we have f(x) = - cox b x, with b =—TT—— > (k = 0, 1, . . . )• 

Th i s c o r r e s p o n d s to the ca se f(0) = - 1 . Thus the proof is c o m p l e t e . 

F ina l ly I e x p r e s s my s i n c e r e thanks to Prof . J . A c z e l for his 
c r i t i c a l r e m a r k s dur ing the p r e p a r a t i o n of th i s pape r and to the r e f e r e e 
for the useful r e m a r k s . 
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