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Introduction. In Riemannian geometry the autoparallels 
associated with the affine connexion coincide with the geodesies 
which a r i se from the m e t r i c . This is not the case in a modifi
cation of Riemannian geometry suggested by Lyra . A sufficient 
condition that the two c lasses of curves coincide is obtained. 

The differential geometrical structure of a manifold is 
determined by 

(i) an affine connexion characterized by its components 
C*a » which are defined by the infinitesimal parallel t ransfer 

of a vector Ç^ . If we let SÇ^ denote the quantity which must 
be subtracted from the ordinary differential d § f1, in order to 
obtain a tensoria l differential, we have 

(i) W =- r£ rax?, 

and (ii) a metr ical connexion characterized by the metr ic 
fundamental tensor g^x which is defined by the measure of 
length 1 of a vector ÇH» : 

(2) I 2 = g f . X ^ ^ • 

Riemannian geometry is characterized by the following 
assumptions. 

( a ) n*p = F$<A > 

(3) (b) S l Z = S ( g ^ x ^\X) = 0, 

F r o m these it follows that 

w r$ - {%} . 
where the lat ter quantities a re Christoffel symbols of the second 
kind. 
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An autoparallel of an affine connexion is defined by a 
curve x ^ = x ^ ( s ) (with s represent ing arc- length) , whose 
tangential vector {^ = d x ^ / ds is t rans fe r red paral lel to 
itself. Its equation is therefore 

(5) d2 x^ , r r d x * dx? n v / - + / *« = 0 . 
d s 2 r d s d s 

A geodesic of a met r ica l connexion, on the other hand, 
is defined by the extremal curves of the problem in the calculus 
of variat ions: 

<*, *,/d„ -^(jL^.f «)... 
where s i s arc- length and t is an a rb i t r a ry pa r ame te r . This 
yields 

(7) d2 x^ + f pO d x * dxfi 
d s 2 loC l̂ ds ds 

In view of (4), the two c lasses of curves a re the same , 

A modified Riemannian geometry . Lyra [11 suggested a 
modification of Riemannian geometry , which may also be 
considered as a modification of Weyl !s geometry [3] . Weyl 
introduced the concept of non-integrabili ty of length t rans fe r , 
thereby modifying (3b) to 

SI 2 = . i 2 ^ d x \ 

As a resul t 

(8) r^ = j r P i+*<#• ,+ %K- g*P ••">. 

where 
^ = g ^ * v . 

A Weyl manifold is therefore character ized not only by 
gpX but also by <f>^ . The non-integrabili ty of length t ransfer 
leads to the concept of gauge-transformation 

I2 -+ T 2 = X (x ^ ) I2 , 

under which 
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(9) 
(a) 

(b) 

gfU 

fcc 

—* 

—» 

gf.A 

** 

^g^A. 

ôC - A. r — * * x * 

In Weyl f s geometry the autoparal le ls and the geodes i e s are 
different. 

In Lyra ' s geometry Weyl's concept of gauge, which i s 
e s sent ia l ly a metr i ca l concept , i s modified by introducing a 
gauge function in the s t ruc ture le s s manifold. 

According to Lyra , the displacement vector between 
two neighbouring points P ( x K ) and P'(x^+dx**'), has the 
components Ç** = x ° d x ^ , where x ° ( x ^ ) i s a gauge function. 
The coordinate s y s t e m (xf*) together with the gauge x ° form 
a reference s y s t e m (x°; x ^ ) . The transformation formula 
for a tensor under the general transformation of re ference 
s y s t e m s 

(10) x ^ - ^ x H - 1 =x»*'(xA"); x° ^ x Q l = x ° f ( x ° , x > ) , 

with 

(10') A ^ = — *'• A ^ - — ^ 

i s then 

^ < - - - <rr' ft ?S < g-; S cr,. . . OV 

Thus the factor X s " r , where \ = x° / x ° , a r i s e s a s a con
sequence of the introduction of the gauge function. 

In a Riemannian manifold the components of the affine 
connexion T^ofs c a n ^ e considered to a r i s e as a consequence 
of general coordinate transformations in the following manner 
(cf. [ 4 ] ) . Let us suppose that, in a coordinate sy s t em (x^) , a 
vector %^ i s constant, i . e . ^Ç** / " à x x = 0. Then, in 
another coordinate sy s t em (xf*-),we have 

where 

= 0 

r r = - A ^ A ^ ' A ^' . = - ^ — W A 1 " - ' 
'v'A' v' A

r , V * f s* . " - & x ^ l A r 

257 

https://doi.org/10.4153/CMB-1960-032-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1960-032-0


Another way of expressing the fact that £^* = constant would be 
to say that equation (11) is valid in all coordinate sys tems , but 

r *\ = 0 in the par t icular system ( x ^ ) . f ^ vanishes also 
in all other coordinate systems obtained by an affine t ransfor 
mation from this one. 

We shall show that a s imilar analysis of a constant vector 
in Lyra1 s geometry leads to the concept of a generalized affine 
connexion character ized not only by Cj*~K but also by a function 
<k , which a r i s e s through gauge t ransformation, 

A vector ^ ^ in Lyra1 s geometry t ransforms as 

If • d Ç 1 / "àx = 0 in the reference system (x°; x ^ ) , then, in 
the reference system (x° ; x ^ ), we have 

o r 

x o ! ^ A ' v»X* z ^ ! 

2 
where 

fcJ - 1 f*1 /* 1 1) l O g X ' 
(12') r v , x , = ^ . A ^ x , A v t ; 4 X , = ^ < - ^ T T -

Note that A £ A ^ = £vi , by (10! ) and hence, by par t ia l 
differentiation with respect to x ^ , A £ /̂ A^ f = - A t Av» y 9 

Accordingly C^x' *s symmetr ica l in v1 and X' . 

In analogy to the Riemannian case then the paral le l t r ans « 
fer of a vector ^ in Lyra ' s geometry is given by 

(i3) &r = -(r,Tp - i*£ V r * ° *< e • 
The t ransformation formulae for P ^ and ^ a re : 

(i) Under coordinate t ransformat ion x ^ —^ x ^ , 

f£ S A £ A*' AÎ' rt' + 4- AC. A V 

(14) » P X , | 

** = A l ^ • 
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(14') 

(ii) Under gauge transformation x° —¥ x° 

w - «p 
^ -L-1, , 1 ^ logX2 

) ( « ' = * ) 

Auto parallels of the modified manifold. An autoparallel 
of the generalized affine connexion is defined by a curve 
X T - x t ^g^ whose tangential vector ^r= x°(dxr/ds) is 
transferred parallel to itself. Its equation is therefore 

d^x^ -r Hx^ dx ̂  -> © dx* dy"^ 7 

<») *° !#- + rv77 77 <*°>M(«,- •« >£ fr<*°>2 = ° 
where 

(IB') k ^ 1 ^ ^ -
X ° Ô X ^ 

A metrical connexion can be introduced in Lyra1 s 
geometry by means of a symmetric metric tensor g % : 

(16) ds2 = gp.x (x°dx^)(x°dxX) 

with the assumption that 

(I?) M g ^ x Z* ! x ) = o 

for arbitrary vectors ^ ^ • 

Assuming, as usual, that the process S satisfies the 
product rule of differentiation and that S ĝ : = dgj;, we find, 
from (13) and (17), that 

(18) r4 = ̂ & W < s r * p + & £ * * - g « P ^ > > 
where <f>̂= g ^ <t>\ * A geodesic of the metrical connexion is 
therefore given by a solution of 

s<^>= *<//<•"* «*£-*£**)-• . 

i . e . by 

(19) S ( / L d t ) = 0 , 
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where 

y<x« V g ^ *** dx" 
dt dt 

The Euler-Lagrange equations for the problem (19) are then 

Now 

ZJL, 

dt I * x v > -Ox"» V* " dt ' 

and 

- ( £ ) ( * ° > 2
g f . v ^ . 

Substituting in the Euler-Lagrange equations, performing the 
differentiation and putting t=s, we find that the geodesies of 
the metrical connexion can therefore be written 

\ A / ë|Ltv d s 2 x ' L r i ds ds 
(20) 

o r» n d x ^ dx*"_ A 

+ <2g f f c Vx°x -x»,v g | f c X ) x° ^ I I ' 

where Lv,X pj is the Christoffel symbol of the first kind and x,x 
denotes 7>x°/^x^ . Multiplying (20) by g T V and using (15* ) , 
we obtain 

dZxY
 + f x | dx^ dxP-

ds2 tX^J ds ds 
(21) 

x x ° / £ r I j . £ T * £^ \ d x ^ d x > " n 

where ^ H g fi\ • 

On the other hand, in view of (18) and (15), the equation 
of an autoparallel of the generalized affine connexion becomes 
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(22) S 

A comparison of equations (21) and (22) shows that a sufficient 
condition that the two types of curves be the same is 

It can easily be seen that the above condition is invariant 
under gauge transformations because 9^ t ransforms exactly 
as 4>^ , when x° -4 x ° ' . 

In concluding the author wishes to acknowledge 
Dr . Vanstone fs help with the final redaction of this paper . 
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