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PESIN’S ENTROPY FORMULA FOR
ENDOMORPHISMS

PEI-DONG LIU

Abstract. In this paper we prove Pesin’s entropy formula for general C?
(or C***) (non-invertible) endomorphisms of a compact manifold preserving a
smooth measure.

§1. Introduction

Let M be a C*° compact Riemannian manifold without boundary, and
let f: M — M be a C' map. The Lyapunov exponents of the map f are
defined by Oseledec’s theorem which states that, for any f-invariant Borel
probability measure p on M, for almost every point x € M there exists a
unique family of numbers

—00 < MV (z) < A®(z) < -+ < MA@ (1) < 400

(the Lyapunov exponents of f at z) and a unique sequence of subspaces of
T.M
{0} = v (z) C V(l)(;]j) C..-C V(’"(z))(m) =T, M
such that .
lim = log|T,f™¢| = A®
Jim L log 7,7 = A0(a)

for all £ € V@(z)\ VE=U(z), 1 < i < r(z). For any such a system
[ (M,u) <, the entropy h,(f) and the Lyapunov ékjponents can be
connected by Ruelle’s (or Margulis-Ruelle) inequality ([R];)

(L1) hulf) < /MZA@(x)*mi(x) dy

where at = max{a,0} and m;(z) = dim V®(z) — dim V=Y (z) (the mul-
tiplicity of A()(z)). Pesin’s entropy formula ([Pe]) states that, when f is a
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C? (or C'**) diffeomorphism and p is absolutely continuous with respect
to the Lebesgue measure on M, then (1.1) is an equality

(1.2) hif) = [ SN0 @)tz du

Such a result has played a fundamental role in smooth ergodic theory and
related fields.

Various extensions of Pesin’s above result have been made for (essen-
tially) invertible systems (see [LeSt], [KSt], [LeY]:, [LeY]s, [LiQ] etc. and
see [M]; for an alternative proof of Pesin’s above result). But in the case of
non-invertible systems, extensions have been so far restricted, as far as the
author knows, to one-dimensional maps ([Le]), expanding maps ([M]z Sec-
tion IV.5, [H], [B]) and Axiom A endomorphisms ([QZ]). In this paper we
aim to extend Pesin’s above result to general C? (or C'**) non-invertible
endomorphisms, that is, to prove the following theorem (the Lebesgue mea-
sure on M will be denoted by A throughout this paper).

THEOREM 1.1. Let f : M — M be a C? endomorphism and p an
f-invariant Borel probability measure on M. If u < A, then there holds
Pesin’s formula

(1.3) h() = [ N0y m(a) d

Remark 1.1. Actually Theorem 1.1 can be proved for C1*2 (a > 0)
endomorphisms. But for simplicity of presentation we confine ourselves to
the case of C? endomorphisms.

Remark 1.2. Under the conditions formulated in Theorem 1.1, it can
be verified that log|detT,f| € L}(M,u) (see Subsection 2.2), and hence
AD(z) > —co for p-a.e. z € M by Oseledec’s theorem. This was indicated
to the author by J. Bahnmiiller after he read the first draft of the paper,
in which the integrability of log|det T, f| was stated as a condition in the
theorem.

Theorem 1.1, among other things, allows us to compute the entropy of an
endomorphism via its Lyapunov exponents. For example, the following two
results, which have been proved in other ways, can be obtained as natural
corollaries of the theorem.
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COROLLARY 1.1. ([M]y Section IV. 5) Let f be a C? expanding en-
domorphism of M and let u be the unique f-tnvariant probability measure
which is absolutely continuous with respect to the Lebesgue measure on M.
Then one has

mih)= [ YA )m(w) du = | 1ol et 7. fla.

COROLLARY 1.2. ([W] Section 8.4) Suppose that A : KP — KP is a
surjective (group) endomorphism of p-dimensional torus. If m is the Haar
measure on KP, then

hm(A) =) log Ay

l>‘i|>1

where Ay, -+, Ay are the eigenvalues of the linear transformation A:RP —
RP that covers A.

In the rest of this paper we shall address ourselves to the proof of
Theorem 1.1. In view of Ruelle’s inequality, it remains to prove

(1.4 mih) = [ E A @) miw)

under the conditions presented in the formulation of Theorem 1.1. Since
maps considered here are non-invertible and unstable foliations are not
available for such maps, we will make use of stable foliations instead. Many
ideas used in this paper go back to [Pe], [LeSt] and [LeY]s.

§2. Proof of Theorem 1.1

2.1. Technical preliminaries

In the remaining part of this paper we will always assume that f :
(M, ) < satisfies the conditions of Theorem 1.1. Denote by I' the set of
critical points of f. By Sard’s Theorem, A\(f"T") = 0 and hence u(f"I') =0
for all n > 1 since p < A. Put g = dp/dX\ and IV = {z : g(z) = 0}. Write
T'= UrS £5T and [= Ut _"(f UTY). Clearly u(T') = 0 and fTcT.
Choose a Borel set A C M\ I such that u(A) =1, fA C A and every point
z € A is regular in the sense of Oseledec. It is easy to see that every z € A
is both a regular point and a regular value of f™ for all n > 1. Hence for
every £ € A and an arbitrarily fixed natural number n, there is an open
ball V centered at x such that (f*)~!'V has a finite number of connected
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components {U;} and f"|y, : U; — V is a C? diffeomorphism for each U;.
From this there follows readily the following simple fact.

LEMMA 2.1. Let n be an arbitrarily fized natural number. If W is a
k-dimensional (0 < k < dim M) CY¢ (0 < 6 < 1) embedded submanifold of
M, then there exists a k-dimensional CY? embedded submanifold W' of M
such that W' C (f*)"'W and

(fH™'WNnA=WnA.

Set I ={xreA: ) >0frall<i<r(}andA=A\I
Clearly fI C I and fA C A. For z € A, write E*(z) = Uy (z)<o V(@)
and define the stable manifold of f at x as

1
Wé(z) = {y € M : limsup - logd(f"x, f"y) < 0}.
n—-+00
The arguments of Sections 1-3 of [LiQ, Chapter III] restricted to the de-
terministic case show that, for u-a.e. z € A, there exists a sequence of C1:!
embedded k-dimensional discs {W,,(z)}129 (where & = dim E*(z)) such
that fW,(z) C Wp41(z) for all n > 0 and

+o0
We(z) = | J (/") Walz)

(see also [R]p or [RSh]). For z € I, define W*(z) = {z}.

Let B, (A) denote the completion of the Borel o-algebra of A with re-
spect to u. Then (A,B,(A),u) is a Lebesgue space. Since fA C A and
p(A) =1 we have h,(f) = h,(f|a). Hence, in order to prove Theorem 1.1,
it is sufficient to prove (1.4) for the map f|a : (A, Bu(A), 1) <. Through-
out what follows we will consider exclusively this map and we will denote
it also by the notation f for simplicity. We now state our main result of
this subsection as follows.

LEMMA 2.2. Let f : (A,By(A),u) < be as given above. Then there
erists a measurable partition m of A which has the following properties:

(1) fin<n;

(2) For u-a.e. x € A, there exists a dim E*(x)-dimensional C*' embedded
submanifold W, of M such that W, C W*(z), n(z) C W, and n(z)
contains an open neighbourhood of x in Wy N A (with respect to the
induced topology of Wy N A as a subset of M);
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(3) For every Borel set B C A the function
Pp(z) = A;(n(z) N B)

is measurable and p almost everywhere finite, where A is the Lebesgue

measure on W, induced by its inherited Riemannian structure as a
submanifold of M (X5 = 6, if W*(x) = {z});

(4) Let {uz}zen be a canonical system of conditional measures of u asso-
ctated with n. Then

<L A [ — a.e. T.

This lemma is similar to [LiQ] Proposition IV.2.1 (restricted to the deter-
ministic case), which is a variant of [LeSt] Proposition 3.1. A detailed proof
of that proposition in [LiQ] is given in [LiQ, Section IV.2] with the needed
properties of local stable manifolds being worked out in [LiQ, Chapter I1I].
The difference between our present situation and that of [LiQ] lies in that
we are dealing with a non-invertible endomorphism rather than a diffeo-
morphism. But one can check that this deficiency can be overcome by the
local diffeomorphism property of f (as far as points in A are concerned) and
Lemma 2.1. That is to say, Lemma 2.2 can be proved by almost the same
arguments as the corresponding proof in [LiQ] with some slight modifica-
tions caused by applying the local diffeomorphism property and Lemma 2.1
instead of the diffeomorphism property. Here we omit presenting the long
arguments and refer the reader to [LiQ] for details.

The conclusion (3) of Lemma 2.2 allows one to define a o-finite Borel
measure A* on A by

N(B) = [ A(nle) 0 B du

for each Borel set B C A. From Lemma 2.2 (4) it follows that p < A*.

Define p
i
2.1 h= .
(21) dX*
Then one has the following
LEMMA 2.3. For p-a.e. x € A,
dpg
h= dXs

AS almost everywhere on n(x).
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See [LeSt] Proposition 4.1 or [LiQ] Proposition IV.2.2 for a proof.

2.2. Proof of (1.4)

Let n be a measurable partition of A as introduced by Lemma 2.2. Let
{,ui_ln}me A be a canonical system of conditional measures of u associated
with the partition f~'n. Then

hu(f) 2 hu(fim p(nl\/f n)

n=1

=H,(n| f'n)
—/Aloguﬁ_l”(n(w))dﬂ-

So, in order to prove (1.4), it suffices to show
(2:2) —/logufl”( (z)) dp > /Z/\(’ z)mi(z) dps
I

(this is actually an equality) and

(23 - /A log 1d " (n(x)) dyt > /A A @) mi(z) du.

We first prove (2.2). The proof of (2.2) presented below is due to
F. Ledrappier and L.-S. Young and was communicated to the author by
Bahnmiiller [B].

We begin with the Jacobian of f : (A, u) <. Since T} f is nondegenerate
and g(z) > 0 (g = du/dX) for every x € A, one can easily choose a countable
measurable partition @ = {4;} of A such that f restricted to each A;,
written f4,, is injective and u(fa,(B)) = 0 if B is a Borel subset of A; and
u(B) = 0 (f(B) is clearly Borel if B is Borel). By this we can define a
measure 4, on each A; by

pa; (B) = u(fa,(B)) for Borel set B C A;

which is clearly equivalent to p; (u; = pl|a,, the restriction of p to A;).
Define a measurable function J(f): A — R* by

J(f)(@) = %(x) itz € A,
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It is easy to see that J(f) is independent of the choice of partition a. We
call J(f) the Jacobian of f: (A, ) <. By Radon-Nikodym Theorem, one
can easily compute that

(2.4) J(f)(x)zm[dethfl, z € A.
g(x)

We now proceed with the proof of (2.2) and, at the same time, prove
that log|det T, f| € L*(M,u). Suppose that K C A is a measurable set
such that fK C K and p(K) > 0. Let B,(K) be defined analogously to
B.(A) and let € be the partition of K into single points. Since (K, B,(K), 1)
is a Lebesgue space (maybe p(K) < 1), by an interesting result of Parry
([Pa] Lemma 10.5) one has

—log ufle(e(m)) = log J(f)(z), p-a.e. z € K.
By (2.4), for p-a.e. x € A

g(f(z))
g()

since J(f) > 1 p-a.e. on A. This yields that

log™ g9(f(=)) > —log" |det T, fl, prae. x € A

9(z)

log J(f)(z) = log

+log|det T, f| >0

which, by [LeSt] Proposition 2.2 and the integrability of log™ |det T} f,

implies that
/ log 9of du =0
K g

(note that fK C K). Hence

og—/ loguf;_le(e(x))duzj log | det T, f| du
K K

_ ) ()ms(
/KXZ:A (2)mi(z) dp

by Oseledec’s theorem. By taking K = I and K = A respectively, this
proves (2.2) (since n(z) = {z} for p-a.e. x € I) and log |det T,.f| € L}(M, p1).

Now we proceed to the proof of (2.3). We may assume that u(A) =1
and even A = A without any loss of generality. So in what follows we take
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this assumption. We first introduce the following measurable functions on
A:

W(z) = ul "(n(2)),
g h((R)
X&) =506 Th)
| det(T. f| s )
Y(z) = [det T,f|

where h is defined by (2.1). We now present several claims, whose proofs

will be given a little later.

CLam 2.1. W = XY, u almost everywhere on A.
CLAIM 2.2. logY € LY(A,p) and

N /A logV dy = /A ; A (z)Tmy(z) dp.

CLaM 2.3. log X € L'(A, ) and [log X du = 0.

Then (2.3) follows immediately from Claims 2.1-2.3. This completes the
proof of Theorem 1.1.

In the sequel we give proofs of Claims 2.1-2.3. In order to prove
Claim 2.1, we need the following two lemmas.

LEMMA 2.4. Let A C A be a Borel set such that u(A) > 0 and f|a :
A — fA is injective. Then for p-a.e. © € A one has

(25 / () dd ™ =l (FA).
(f~1n)(z)nA

Proof. Let F(x) and G(z) denote respectively the function at the left
hand and that at the right hand of the equation (2.5). By the uniqueness
of canonical systems of conditional measures one has

G(z) = ul "(f7NfA),  pae z€A

Let B(f~'n) denote the o-algebra generated by f~1n. Clearly F(z) and
G(z) are both measurable with respect to B(f~'n). So, in order to prove
(2.5), it suffices to show that for any C € B(f~n)

(2.6) LH@@:LQ@W
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Note that, since C € B(f~1n),

/F(m)d»u:/)m/ XaJd (f) dpl ™" du
c A (f~1n)(z)
=// xexaJ () dud ™" dp
A1)

[ tpan
ANC
— w(f(ANC))

and

/G(w)du=/><c/ Xg-1(say dud” M du
c A (f~1in)(z)

_ fin
= XCXp-1(fa) dpy 7 dp
/A/( —1n)(z) U4

= u(C N fH(fA))
= u(fH(F(ANC)))
= u(f(ANC)).

This proves (2.6) and completes the proof of Lemma 2.4. 0

LEMMA 2.5. Let A be as given in Lemma 2.4. Then for p-a.e. x € A
one has

f~in _

1
pr "(B) —/ —— 1 Ay
BI(f)oft @
for any Borel set B C (f'n)(z) N A, where fa = fla: A — fA.
Proof. Put £ = n|sa and ( = f;'6 = (f71n)|a. Write v = pla,
U = p|s4 and let measure v4 on A be defined by dva/dv = J(f). It is easy

to see that a canonical system of conditional (probability) measures of v
associated with ( is given by

PN S0
a Vm() - /lg_ln(A) :ceA.
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Then, by [KSt] Proposition II.11.1, a canonical system of conditional mea-
sures of v4 associated with ( is

va)s i d(vy)b = ——— L8
( A):c ( A)m f((m) J(f) dl/g z

TEA

Since fa : (A,v4) — (fA, D) is measure-preserving, fa¢ = £ and a canonical
system of conditional measures of U associated with & is given by

{( D) : (@)5() = uy&)}yem

then, by the uniqueness of canonical systems of conditional measures, one
has for py-a.e. x € A

U
Nf(z)(fB)
va)3(B) = (0)5p)(fB) = 5 >
(a)e(B) = @) (fB) = Zr "5
if B C ((z) is a Borel set. Therefore, for p-a.e. * € A and any Borel

B C ((z),
w7 (B) = ul(A) - VS(B)
) [ Tt | = dwas
uf ()/m ) / (va)s

J(f)
f(f 1n)(z)nA J(f) dud” " 1 .
”f(z>(f 4) /B 707 A5 © f4)

1

1
= ——d n
/,«B T(f)o ;L H@

by Lemma 2.4. This completes the proof of the lemma. 0

Proof of Claim 2.1. It suffices to show that for y-a.e. z € A one has

W(z) = X(2)Y(2), Ua-a.e. 2.

Let a = {A;} be the partition of A introduced above. Then for py-a.e. x € A
we have for any Borel set B C n(x)
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u(B) = Wl(x—)u{“w)
th Zﬂz C)  (Ci=BnA)

1
W(x ZAC@ J(f f 1 dﬂ’f (by Lemma 2.5)

1 S
W(x)szc J(f fA1<z> M) i

1
= = ., T T )l

1 1 s
W<~'v>/ IDIE >”(f (2))] det(T> |+ ()| 423

and, on the other hand,

W1(B) = /B h(z) d2s.

Since Borel set B is arbitrarily chosen, we have

for Aj-a.e. z € n(x). Since W(z)

that

1

1
"D =W T

h(f(2))] det(T: flgs(2))]

L BIED g gl

= X (2)Y(2), pz-a.e. z € n(z).

Then there follows the claim.

Proof of Claim 2.2. Noting that for y-a.e. z € A

szflEs(z)l < lflCla

207

= W(z) for any z € n(z), it follows then

we have log™ |T, f| B (2) € LY(A, ). By Oseledec multiplicative ergodic
theorem we have

(2.7)

log | det T, f] dp = / A (2)my(z) du
[ 1og|devT. 1 > )
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and

@8 [ togldet(T. flp)ldu = [ S0y mi(2)

Since log|detT,f| € L'(A,u), one has 3, A& (2)m;(2) € L*(A,p) and
hence 3, A\ (2)~m;(z) € LY(A, ). So, by (2.8), it follows that

log ' det(TszES(z))l € Ll(A,p,).

Thus, logY is integrable and

- [rogYdu= [ YA @mite) du~ [ S A0G) mu(z) du
_ / 32D () m(z) dp
which proves Claim 2.2. 0
Proof of Claim 2.3. By Claim 2.1,

logW =log X +logY <0, p-a.e.

Hence, by Claim 2.2, log* X € LY(A, ). Then, by [LeSt] Proposition 2.2,
we know that log X is integrable and [log X du = 0. 0
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