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ORTHOGONAL POLYNOMIALS 
AND RATIONAL MODIFICATIONS OF MEASURES 

E. GODOY AND F. MARCELLAN 

ABSTRACT. Given a finite positive measure on the Borel subsets of the complex 
plane with compact support containing infinitely many points, we deduce some formu
las for the sequence of monic orthogonal polynomials associated to a rational modifi
cation of the measure. These expressions depend on so called functions of the second 
kind. Some examples for particular Jordan curves are given. 

1. Introduction. The study of rational modifications for a measure has been intro
duced by Szegô in the case of the unit circle T = {z G C/ \z\ = 1}. In fact, if 

where h(z) is a polynomial of degree k, the system ipn(z) of orthonormal polynomials 
associated to /i can be calculated explicitly (see [15], pp. 289-290), except for a finite 
number of terms, by means of 

^n(z) = znh(z-{) with n>L 

On the real line, given a real or complex measure /i, a determinant representation 
is known (the Christoffel formula) [15, pp. 29-301 that gives orthogonal polynomials 
relative to the rational modification of the measure in the interval of orthogonality [a, b] 
in terms of orthogonal polynomials with respect to d\i and the functions of the second 
kind ([3], [16]). 

In a similar way, Paszkowski ([14]) obtains an alternative expression in determinan-
tal form, in terms of orthogonal polynomials with respect to the initial measure, their 
derivatives and their associated polynomials of first kind. 

Also, in ([2]) a study of the rational modification of a linear regular functional is 
presented. This corresponds to a new approach to the subject in the framework of general 
orthogonal polynomials. 

In this paper, we consider some analogous problems for rational modifications of finite 
and positive measures supported on a compact set of the complex plane with infinitely 
many points as the next step in the study of a more general problem started in [6], [7], 
[8]. 
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Rational modifications of measures have been used (see [12]) to establish a set of 
quadrature formulas on [—1,1], that are valid for analytic functions, as well as to show 
that orthogonal polynomials on [—1,1] with respect to w(t)/(t — x) are linear combina
tions of orthogonal polynomials on [—1,1] with respect to w(t). 

The aim of this paper is to present some results concerning the calculus of the monic 
orthogonal polynomials defined by a rational modification of a finite and positive Borel 
measure on a compact set (in particular, Jordan arc/curve are included) and to give as 
example some particular modifications on the unit circle and Bernoulli lemniscate. 

Recently, we have received a preprint of a paper concerning this question ([11]). The 
methods used by Ismail and Ruedemann are essentially different from ours and they 
apply only to the unit circle, while ours apply to any compact set. Moreover an extension 
to complex measures can be studied. 

The structure of the paper is the following: 
In Section 2, we give the basic definitions and we present the main results, using 

functions of the second kind. 
In Section 3, we consider an exhaustive study of some rational modifications of Borel 

measures on the unit circle T and the Bernoulli lemniscate BL respectively. 

2. Main results. Let \i be a finite and positive Borel measure such that C = supp \i 
is a compact set of the complex plane with infinitely many points and we assume, for 
simplicity, that A(z) is a fixed monic polynomial of degree m whose roots are simple and 
not on C 

m 

Mz) = Yl(z — cet) with cti T̂  (Xj if / ^ j and a, ^ C, 1 < / < m. 

We define 

such that 

d\i 
dji\ 

\A{z)\2 

\cjk({ii)\ < oo where cjk((ii) = ^ i t d\i\ = (zl,z!)^-

Also, let {Ow(z; /i)} and {On(r, /JL\)} be the monic orthogonal polynomial sequences 
(MOPS) on C associated to [i and [i\ respectively and let {tpn{z\ /x)} and {(pn(z', Mi)} be 
the corresponding orthonormal polynomial sequences. Then, we have 

Ortfo/x) = y/en(ii)yn(z; v) 

where 

^(M) = A
 n , x> ^n > 1 w i t h

 *O(AO = Ao(/i) = coo(/i) A„_i(/x) 

and 
An(fi) = det(q/(/x)). with the convention A_i (/i) = 1. 
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The reproducing kernels associated to {cpn(z; ̂ x)} are defined by 

The functions 

qk(t) = / —-—!—dfi(z), t exterior to C 
• z 

are called functions of the second kind ([17, p. 137] and [4, p. 185, equation 1.24] for the 
real line). From this definition, it is clear that q^{i) is analytic everywhere in the extended 
plane exterior to C, and vanishes at infinity. We denote also 

Qkit) = / ——:— dfi(z) = \fëJÂïî)qk(t\ t exterior to C 
JC t Z 

<&k(z\ji) 

• z 

Following Gautschi [3], we can make the transition from d\i to d\x\ following a se
quence of elementary steps of the form 

1 
d[ii = 

\z — a\ 
d\i where a ^ C 

since the general case can be solved by an iterated application. 
Therefore, we are interested in constructing the orthogonal polynomial sequence 

{On(z;/12)} associated with [i2, so that we will find some expressions to compute the 
elements of the above mentioned family. 

PROPOSITION 1. 

(1) •7—7-T = INI - E l«(«)r > o 

PROOF. If we consider the family {1, z — a, (z — ex)2,..., (z — oc)n}, we define 

dij(ii) = j(z ~ a)l(z - a)J dfi = j(z - a)l+\z ~ ocfX d\i2 = di+]J+\(fi2) 

The monic polynomials On(z; /i) are then given by 

doobi) d\o(ii) • • • dno(fi) 

On(z;/x): 
1 

A„_i(/i) do,n-1 (M) d\ >w_ 1 (/X) • • • dnjn-1 (/i) 
1 z — oc • • • (z — af 

and 

A„(M2) 

Joo(/i2) • • • dnfi(ii2) 

dQ,n(H2) • ' ' dn,n([li) 

dooim) d\o(fi2) 
do\(p2) ôo(M) 

dnoi^l) 

C?H_l,()(/i) 

(M) 
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By application of Sylvester's identity [10, p. 22, (0.8.6)], we get 

A„(/i2) Aw_2(/i) = A„_i(ju2) Aw_i(/x) - |/?|2 

where 

| < z - a , 1)^2 • ' • < ( z - « ) M ) / i 2 

JOO(M) " • ^/I-I,O(M) 
/? = 

d(),n-2(v) dn-\,n-l(n) 

I \ z — a 

\n-\ \n-\, 

Therefore 

A„( / J 2 ) A„_ 2 (A0 = A«-i(/x2) An_i(/i) - £?„_i(/i) A2_2(/i) | ^ n - i ( a ) | 2 

From this we obtain 
An(jLX2) 4,-1(^2) 1 , ,,2 
An_](^) An-2^) 

which by ^00(^2) = ll/^H leads to 

^ ~ = IH|-EI*(«)|2. 
A W - l ( / i ) j=Q 

Note that, in fact, we obtain 

COROLLARY 2. 

(2) :|M2ll - 1 to«*)l2 = f ^ f IIM2II - £ k » l 2 

y=o £/I(A0 y=o 

PROOF. It follows from the définition of en(\i) and from the result of Proposition 1. • 

The main result of this section is the following. 

PROPOSITION 3. The sequence ofmonic orthogonal polynomials (<&n(z
m, /i2) J can be 

obtainedfrom 

(3) On+1(z; /x2) = (z - a) 0„(z; /x) + f]n+] [(z - a)Rn^(z, or; /x) + 1], Vn > 1 

#ofc M2) = 1, * i fc M2) = z - oc + 
60(a) 

INI 
and 

Rn-1 (z, a; /x) = £ <&•(«) ̂ ( z ; M) = £ ^rrtyte »)> v " > 1 

0, 
Qnict) 

n+l 
l M 2 | | - E ^ o , l * ( a ) | 

with \\n2\\ = j c d/12-
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PROOF. Since {(z — a) ipj(z; li)}o<j<n is an orthonormal family in (z — a)Pn with 

respect to the inner product 

(f(z),g(z)),2 = Jcf(z)W)dv2 

we can consider 

¥n+\ fo fll) - ¥n+\0; M2) = (Z-a) 

Then 

A; = y [<£w+i(z; in) - <£n+i(<*; M2)](z - a ) ^ ( z ; /i)d/i2 

= | c v?w+i (z; /i2)(z - a ) ^ ( z ; /i) dfi2 - ^n+i (a ; /i2) y c (z - a ) <£/(r, /i) d/x2 

J]A7^(z;/i) 
7=0 

V r c > 0 . 

gn+l(M2) 

^ */I(M) 
<5jn + qj{a) ipn+\(a; /i2) for7 = 0 , 1 , 2 , . . . , n. 

Therefore, 

n-\ 

(4) 

¥n+\ (z; /i2) = vn+\ (<*; M2) 1 + (z - oc) ]T q&<x)Vj(& AO 

g/i+l(/ i2) 
+ qn(a)(pn+i(a;fi2) (z - a ) (pn(z; /i). 

For the leading coefficients 

1 1 

\/^n+l(M2) y/en(V>) 

gn+l ( / i2 ) 
+ ^ w (a )^ / I + i (a ; / i ) 

( 5 ) é?w(/i) - en+\(ll2) = Qn(<x)®n+\(<X',ll>2), Vtt > 0 . 

In particular, for the monic polynomials, the equation (4) becomes 

<*Wz; 112) = <&n+\(a\ M2)[l + (z - <*)#,,-i(z, a; /x)] + (z - a) 0„(z; //) 

Moreover, taking into account the norms, we get 

1 + ||M2|| | ^ + 1 ( a ; M2)|2 - E | A / = k n + i ( « ; M2>|2 • ( £ | * ( a ) | 2 ) + ~ ^ -

i.e. 

|^/i+i(a;/i2) | • (||/i2 | | - E |<#(a) 
v
 J=O 

2\ _ en(fjL) — en+\(fi2) _ Ow + i(a; / i2)Qw(a) 

en+\(v>i) en+\(l-ii) 
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so that 

(6) Ow + i (ar ; / i 2 ) = 
Qnict) 

kll-Ep, 1!*^ 
= /3n+l, V / I > 1 . 

This completes the proof. 

REMARKS. 1) Since 

^ - Z j=Q 

is valid uniformly for z on C and for a on compact sets exterior to C, it follows that 

oo 

I M = EI«/-(«)|2. 

2) From 

(z-or )#„_!(£ , a ; / x ) + l = 1+ / -Kn-\(z,t\ ^)dfi(t) = / -Kn-X(z,t\iL)dii(i) 
J c of f «̂c O' r 

equation (3) in Proposition 3 can be written as 

(7) On+1(z;M2) = (z - a ) Onte;//) + /?„+! / Kn-i(z,t'^)dfi(t), Vn > 1 

where /3n+\ is given by (6). 

PROPOSITION 4. a) If /3n ^ 0, f/îen £/ze sequence ofmonic orthogonal polynomials 

associated to \x2 satisfies the following recurrence relation 

(8) 

where 

(9) 

<^( r , / i 2 ) O w + i ( r , / i2 ) 

e«- i2n- i ( a ) £/iG/i(a) 
£ n - i ( z - a ) 

<Dn_i(r,/x) On(z;^) 

Gn-i(a) &,(«) 
Vrc> 1 

Hl-Epo1!^) 

b) If A = 0, then: 0>n(z; /x2) = (z - a)On-X(z'9 /i). 

PROOF, a) By Proposition 3 we have 

®n(z, in) - On(a; /i2) 

and 
z — a 

= On_i(z; /x) + (3nRn-2(z, a; /x) 

= 0„(z; /x) + f3n+\Rn-\(z, oc\ n). 
Z — oc 

If we multiply the first equation by f3n+\ and the second one by /3n, we obtain by subtrac

tion 

Pn[®n+\(Z; 111) - <*>,i+l(<*; /i2)] ~ fti+1 t ^ n f e /i2> ~ ^ « f c M2>] 

i3„ô„-i(a) 
= ( z - a ) /3nO„(z; /x) - /?„ 

^/i-i 
Ow_i(z;/i) 
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Pn&n+l(Z',ll2)-Pn+l®n(Z',ll2) = (Z~a) 

Since 

(3n®n(Z\lJL)-pn+\ 
PnQn-\(a) 

en~\ 
Ow_i(z;/ i) 

Pn 
PnQn-\(a) 

£n-~\Qn(OL) 

it follows that 

(3n+\®n(z\ /i2) - /3nOn+i(z; ii2) = (z - a)\en-xQn(a)®n-i(z; /i) - /3„On(z; /i) . 

and 

= (z - a) 
On_!(r,/i) Ow(z;/x) 

Pn £n-\Qn(Ot) 

b) If ô«- i ( a ) — 0, then /?„ = 0 and using (3), we can deduce 

On(z; /i2) = (z - a) Ow_i(r, /i). • 

For the reproducing kernels, we have 

PROPOSITION 5. The sequence of reproducing kernels \Kn(z, y\ /i2)) can be obtained 
from 

Kn(z,y\iii) = (y-a)(z-a)Kn-\(z,ym,ii) 

+ en[\ + (z - a)Rn-\(z, a; /z)][l + (y - a) tf^i(y, a; /i)] 

where en is given by (9) and 

j=0 7=0 ^ W 

SKETCH OF PROOF. The proof is a straightforward calculation analogous to that used 
to prove Proposition 1. Here, the Sylvester identity is applied to the determinant expres
sion of the reproducing kernels Kn(z, y', /i2) in the same way as it is applied to the minors 
A„(/i2) in Proposition 1. For more details the reader is referred to [6]. • 

REMARK. From Proposition 5, if z = y = a we get 

£n = Kn(a, a;/x2), Vn > 1. 
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3. Applications. This section is devoted to the study of rational modifications of 
Borel measures on the unit circle T and the lemniscate of Bernoulli BL, as an application 
of the general theory mentioned above. 

3.1 Orthogonal polynomials on the unit circle. Let \i be a finite positive Borel measure 
o n T = { z e C | |z| = l}and 

dtti — i m àa where a éT 
\z-a\z 

If {0„(z; /i)} and {On(z; ̂ 2)} are the monic orthogonal polynomial sequences on T 
associated to \i and \LI respectively and we denote 

*;(z;/i) = z"*„(- ) 

we get 

PROPOSITION 6. The monic orthogonal polynomials with respect to m on the unit 
circle T satisfy 

(10) On+1(z; /x2) = (z - An{a)) 0„(z; //) + Bn(a) 0*(z; /i), V/i > 1 

and 

<ï>ofo M2) = 1, <*>!(z; /i2) = z - <* + 
6o(«) 
IIM2II 

where 

and 

A„(a) = a —— = a 
en(p) 

Bn(a) 

l/i2||-E;=ol®(«)l2 

Ml-Ep,1!®^) 

qn(oc)qn{^) 

ith 

quit) 
0*(zf/z)" 

yjek{[i) 
fT -fz:— ^ ^ ) f l m / HHI = /r ^2. 

PROOF. According to formula (7) 

r z — t 
#«+1 fc tn) = (z-a) On(z; /x) + /?w+1 / - tfw_ 1 (z, f ; //) <///(*) 

and from the Christoffel-Darboux formula for the unit circle (see [15], p. 293) 

K„-\(z,t;ii): Q*(z; /i) Q*(n /x) - On(z; /i) <b„(t; /i) 
^ ( /x ) [ i - zn 
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Un (-0 

we have 

<*Vn(z;/i2) 

= (z - a) 0„fc M) + ^p- [ ^^- [o*(z; M)ô*ÔTÂÔ - <^fc A 0 ^ Ô T M ) | ^ ( 0 
en(fi) JT a - t l 

= (z- An(a))On(z; /i) + Bn(a) 0*(z; //), Vn > 1 

where 

A„(a) = a 

In the same way 

e„(n)JTa-t ^ P e„(^) i r tt-r
 p w 

Pn+\ 
Qn(a) 

Bn(a) = hlL f tH^^J)Mt) = .ÉH1L f J ^ W f L Mt) 

- ^"+1 f ®n(t;n) _ /?„+1 / 1 \ 
~~ a^e^Jr a-t m ) ~ a»*en(n)Un\ar 

REMARK. A relation between the parameters An(a) and Bn(a) is given by 

(11) an+2Qn(a)Bn(a)=(a-An(a))Q„(^y V« > 1. 

If we consider the functions 

Oitfe; A0 
^/x(z) 

where {On(z; //)} is the monic orthogonal polynomial sequence on T associated to /i, we 
can derive the recurrence formulas satisfied by these functions by noting that 

1 

and 

(12) z*- ' (f-z) 

Vjfc> 1 

d/i(z) 

The dual relation 

(13) Qk{\) = *Qk-i(\) -«*+1O*(0)Ot_,(r), Vfc > 1. 

follows easily and the above equations can be written in the compact form 

(14) Q{t,k) = T(t,k)Ç(t,k - 1), V* > 1 
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with 

and 

Ç(t,k 

T(t,k) = 

- D = 
'Qk-i<f)~ 

r l *^ë)i 

-?*+l<tv(0) t 

with the initial conditions 

am~-jTi dfJ^(z) 
tooo(/X2)-Coi(/X2) 

and 

Go(y) =^oo(/ i)-^2eo(0. 

EXAMPLES. Let dO be the Lebesgue measure. In P an inner product is defined as 

The sequence of monic orthogonal polynomials associated to dO on T is 

VA2>0 <&n(z\6) = zn = tpn(z;6). 

EXAMPLE 3.1.1. If we consider on T 

dQ 
dfi2 = with Id > 1 

and using (10), the monic orthogonal polynomial sequence on T with respect to \i2 is 
given by 

On+i(z;/i2) = z n (z~ ^ ) , VAZ > OandOofcM2) = 1. 

EXAMPLE 3.1.2. If we consider on T 
1 — I I 2 

djU2 

z - a -
;d0v/ith\a\ > 1 

it follows (see [8]) that if we define 

then 

0»(z;/xi)= E 

d/n = \z- l\2d6 

" k+l J 

k=0 n + 1 
V/2>0 

The measure d\i\ gives a special case of ultraspherical polynomials on the unit circle. 
Ultraspherical polynomials on the unit circle have been considered earlier by Delsarte 
and Genin [1,5], but also by Golinskii [9]. We use again Proposition 5. By means of (10) 
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and O0(z; iii) — 1 holds. 

3.2 Example on the Bernoulli lemniscate. Another important case study is Bernoulli 
lemniscate BL given by 

B L = { z G C | | z 2 - l | - l} = { z £ B L | R e z > 0 } U { z e B L | R e z < 0 } 

where we can consider the measure 

li(z) = arg(z) 

so that 

and (see [12]) 

" 7T 7T1 

L 4 ' 4 . 
u '37T 57T" 

i 4 ' 4 J »(z)e - 7 

O 0 (z ; / i )= 1 Oi(z;/x) = z 

doo 

0 2 „ ( z ; / i ) = : ( z 2 - i r 02n+1(z;//) 
A„_i 

**0 

do,n-\ 
1 

dn,n-\ 

(z2-\y 

with 

* j = 

( - 1 ) ^ - 4 
1 -4( /c-7) 2* 

Since P = P(z2 — 1)0 zP(z2 — 1 ) where P(z2 — 1 ) is the linear subspace of the complex 
polynomials in z2 — 1, from the above monic orthogonal polynomials on BL, we can 
define two sequences of monic orthogonal polynomials on T given by 

where w 

3>2nfo M) = W" a n d ®2n+\(Z', /i) = Z^' n(w\ Cl), M H > 0 

1 and {^(w; a)} is a MOPS with respect to the measure cr(6) on T with 

da(6) = cos - dfl. 

This absolutely continuous measure a on T is induced by 

on the interval —1 < x < +1 and again gives ultraspherical polynomials on the unit 
circle. Then, ^ ( w ; ^ ) is related with monic Jacobi polynomials/^ / ' (x) as follows: 

H/2n(w;a) = 2^ 1 w n | ( l + 
4rc + 1 

^ A 0 ) W + " 1 
4n+ 1 

r"I;-%)} 

and 
xF2.-i(w;a) = (2w) n-1 

-1 
r>(-1/2,0), v > + H ^ - W F ( l / 2 , 1 ) ( 

n^n^-^-cr'w 
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where 
w + w_1 

X=—2~ 
with 

( - l ) n 

2ft + 1 

(see [15], pp. 294-295, (11.5.4.)). 

EXAMPLE 3.2.1. If we define on BL 

d[ii — -, pr, with a e R and a G Ext BL 
\z — oc\ 

then 

H H _ f dfi - ft dfi ft d^ -\ r 4 cos f + 2 a 2 

ll/i211 ~ JBL\z-a\2 ~ Li | z - a | 2 + 4 \z-a\2 ~ 4 J-. 1 + (32-20cos6 

where (3 = a2 — 1, so that 
7T 2 2Va2 - 1 

Moreover, 

^lky JBL a-z J-i a-z • J3f oc-z 2irif3 J-* w - ± 

By application of the residue formula, we get 

Also, 

< W > = yBL a _ f d/i = J_t / 3 _ g _ t f dO=-JTj-r cos - * = / ,+ / 2 

where 
1 r ^ ( z ) - ^ ( | ) 0 1 r | / 2 

with 

g(z) = (z+ 1) j — ^ - = E « ^ 
z - S y=o 

a polynomial of degree k. Thus, 
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Similarly, one obtains for the second integral, 

The result is 

where 

U +1) r*—*— = J2a^ 

and the polynomials 0„(z; /12) can be computed by using (3). 
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