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Remarks on theorems of
Thompson and Freede

A.R. Amir-Moéz and C.R.Perry

Let A be a hermitian transformation on an #n-dimensional

unitary space En , with proper values al E A an . Let M

be a proper subspace of En . Suppose bl = .0z bh are the

proper values of A|M and e A ck are the proper values

&
. i. < v, < 14 . < ... < g
of AIM Let 1y i, and Jl Jr be sequences

of positive integers, with ir < k and jr < h . Then
r

) ; 3 I
b. + e, < a + ar. , - .
Pl Yp pm1 Jp ph1 P opm1 ()

This is a special case of one of the Thompson-Freede theorems

which is proved by use of certain invariants.

Some very interesting generalizations of an inequality of Aronszajn
have been given by Thompson and Freede [4]. 1In this note we give a sample
of expressing these theorems in terms of linear transformations and give a

proof using some invariants.

1. Definitions and notations
An n-dimensional unitary space will be indicated by En . The inner

product of two vectors o and B will be denoted by (o, B) . An
orthonormal set {al, e ak} will be indicated by {ap} orthonormal .
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The subspace spanned by the set {al, cees ak} will be denoted by
[ot s e otk] . We write dimM = h if the dimension of the subspace M
is & .

If A is a linear transformation on En and if M 1is a subspace of
En , then we define a linear transformation A|M as follows: 1if & € M ,

let [A[M]E = PAE , where P is the orthogonal projection on M . We
observe that if o and B € M , then

([4[M]a, B) = (PAa, B) = (4a, B)
It follows that if A4 is hermitian, then A|M is hermitian.

Given any sequence il = ... = ik of positive integers such that
i zp ,for p=1, ..., k , we define (zJ'_, cees 1,7'<) recursively by

i =4 end i) =min(¢,, ¢),.-1) , for r=k-1, ..., 1, [1].
2. Some preliminary theorems
Let H be a hermitian transformation on En with proper wvalues
>
mlz _mn . Then
(1) mt e bm = sup [(Hgl, El) + ...+ (HEk, gk)] .

{Ei} orthonormal
This theorem is due to Fan [2]. Purther, if il ... = ik is a sequence

of positive integers such that ip =»n and ip zp, p=1, ..., k , then

(2) m., + ... + m,,

7,1 17(
= sup inf (B, &) + ... + (#g,, £)] »
RSNCA £ eM ey, & e &

dimM =2 {£_} orthonormal
p P p

where Mp is a subspace of En , [1].

3.

THEOREM. Let A be a hermitian transformation on En with proper
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values a, z ...z a, Let Rl, cens Rs be proper subspaces of E'n

such that E =R ® ... 8%, and Ri is orthogonal to Rj s for 1 # 3 .
Let diqu = hq 5 g=1, ..., 8 . Suppose the proper values of A]Rq are
bqlz...zbqhq, gq=1, ..., 8. Let 7’q15"’51’qr"

q=1, ..., 8, be sequences of positive integers such that iqp < hq and

iqup,for p=1, ..., v and g=1, ..., 8. Then
s r r(s-1) r
(1) I (1 by ]sz a v §a
g=1 p=1 97 =1 p=1 [ 7o ]
& e
q
Proof. By §2 (2), there exist subspaces Mql c...C Mqr c Rq s
g=1, ..., 8 , with dim¥ =1 , for p=1, ..., r and
qp qp
qg=1l, ..., 8 , such that
I 1 ((als) )
(2) b = inf AR In__,n
pm1 Dl 0o p= qap’ qp
qp qp
{n__} orthonormal
qp
I ( )
= inf An__, n s
N em pe1 @7 @

{nqp} orthonormal

for g=1, ..., 8.

Let Lp=M ®...0M s P=1, ..., r . We observe that

Iy c...<L,cE eand dinl 2
r n

1 s, P=1l, ..., r . Let

i
q=1 qp
{g;s -5 ¢} De an orthonormal set in E, such that 5 € Lp ,

p=1l, ..., r. Now, for each p =1, ..., r , it is clear that there
exists an orthonormal set {nlp’ ey nsp} such that Cp € [nlp’ cees nsp]

and n €M =1, ..., 8 . Here the set
qp " Tgp * 4T T e

{n . nsr} may not be linearly

11° ' nlI" n2l’ cevy n21” seey ﬂsls [

independent. But, it is clear, there exists an orthonormal set
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’ 4 !
{njys «oos My ooos Ngys -oos 2} such that

' ] ' 1]
[“11’ ceea Mygs sees Mgy oeey nsz:lc [”11’ ceea My e Mo eees nsr:-l

and nép&qu , for q =1, ..., 8 and p =1,

{;1, ey Cr} can be extended to an orthonormal set {Cl, vees Csr} in

., r . It is clear that

- H -
such a way that L = [”11’ ey nir’ cees n;l, ces n;rJ = [tl, cees Cer

Thus
s r sr
(3) qzl [pzl (ang,» ng,p)} = trace(4|L) = izl (az;, 2.) -
By §2 (1), it follows that
r(s-1) sr
(4) pzl a,z i=;+1 (az;,.c;)
Combining (3) and (4) we obtain
s r r r(s-1)
@ DL ] § e T e
Using (2) and (5) we obtain
s r
@ L UL )
r(s-1) r
= jzl G chs.'l.l?cxr airel; pzl [Asp ’ ép)
8 {8_} orthonormal
dimk = § < P
Pty @

Applying §2 (2) to the right side of (6) yields (1); thus the proof is

complete.

4, Remark

We observe that the other results of Thompson and Freede can be
proved in a manner similar to §3. These results may also be obtained as

corollaries to §3 as was done in the Thompson and Freede paper.
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