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Abstract. We study the automorphism group of the algebra O,(M,) of n x n
generic quantum matrices. We provide evidence for our conjecture that this group is
generated by the transposition and the subgroup of those automorphisms acting on
the canonical generators of O,(M,) by multiplication by scalars. Moreover, we prove
this conjecture in the case when n = 3.
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1. Introduction. Let K be a field and g be an element in K* := K\ {0}. We
assume that ¢ is not a root of unity. The quantisation of the ring of regular functions
on m x n matrices with entries in K is denoted by O,(M,, ,); this is the [K-algebra
generated by the m x n indeterminates Y;,, 1 <i<m and 1 <« < n, subject to the
following relations:

Yi.ﬁ Yi,a - 971 Yi,a Yi,ﬂs (O{ < ,B)a
Yj,a Yi,a = q71 Yi,a Yj,ou (l <]);
YipYia = Yia Y p, (i <jo>PB);

YigYie=YiaYip—(@—q )YipYja, (i<joa<D§B).

It is well known that O,(M,, ,) is a Noetherian domain that can be presented as an
iterated Ore extension over the base field KK with the indeterminates Y;, adjoined in
lexicographic order. Moreover, as all the defining relations of the algebra are quadratic,
Oy(M,, ) is a graded algebra with all the indeterminates Y;, in degree 1.

This paper is concerned with the symmetries of quantum matrices. More precisely,
we are studying the automorphism group of this family of algebras. As usual in the
quantum setting, it is to be expected that the automorphism group of O,(M,, ,) is quite
small (see for instance [3] and references therein).
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In the case of O (M, ), there are two classes of automorphisms that are well
known:

1. The set H of automorphisms acting on the indeterminates Y;, by multiplication
by nonzero scalars; this subgroup of Aut(O,(M,, ,)) is isomorphic to the torus
(I*ym+m=1[3, Corollary 4.11 and its proof];

2. In the square case, where m = n, the transposition t sending Y;, to Y, ; is an
automorphism that generates a subgroup of order 2 of Aut(0,(M,)).

In the case where m # n, we proved in [3] that Aut(O,(M,,,.,)) = H. Unfortunately,
the methods used in that paper are not sufficient to resolve the square case. However,
it was proved by Alev and Chamarie [1] that Aut(O,(M>)) = H x (t). In view of these
results, it is natural to conjecture the following result.

CONJECTURE 1.1. Aut(O,(M,)) = H x (7).

The main aim of this paper is to provide evidence for this conjecture, and also to
prove it in the case when n = 3.

Set R := Oy(M,), G :="H x (1), and let ¢ € Aut(R). In Section 2, we prove that
there exists g € G such that:

goo(Yiy) — Yie 1s a sum of homogeneous terms of degree > 2. (1)

Of course, we conjecture that g o o = id. The above result (1) already has interesting
consequences. Indeed, it follows from a result of Alev and Chamarie [1, Lemme 1.4.2]
that such a g o o belongs to the subalgebra of Endi(R) generated by the derivations of
R. As the derivations of R were computed in [4], we can for instance prove that every
normal element of R is fixed by g o o (an element u is normal in R if uR = Ru).

Before going any further, let us mention that the normal elements of R have
been described in [3]. They are closely related to distinguished elements of R called

quantum minors. Recall that if I :={ij <--- <i},A={o1 <--- <o} C{l,...,n}
with |[I| = |A| = t # 0, then the quantum minor [/|A] = [iy, ..., i|a, .. ., a;]isdefined
by

LAl =[ir, .o, el =Y (=)™ Y ay Yiraye * Yivauo»

wesS,

where / is the usual length function on permutations.

It is well known that the quantum minors b; with i € {1, ..., 2n — 1} defined by
by [1,...,in—i+1,...,74] ifl<i<n
"N li—-n+1,...,0|1,...,2n—1i] otherwise,

are normal in R, so that the main result of Section 2 shows that
goo(b;)=b;, forallie{l,...,2n—1}.

Note that A := b, is the so-called quantum determinant of R. As we assume that ¢ is
not a root of unity, the centre of R is precisely the polynomial algebra in the quantum
determinant A, and so the previous result shows in particular that every element in the
centre of R is left invariant by go o.
In Section 2, we use (1) as well as graded arguments in order to prove that when
n = 3 we indeed have g o o = id, so that Conjecture 1.1 is true in this case.
Throughout this paper, we set [[a, b] := {i € N | a < i < b} and we assume n > 3.
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2. The automorphism group of O,(M,): reduction step. In this section, we
investigate the group of automorphisms of R = O,(M,). We will be using graded
arguments, as well as the induced actions of Aut(R) on the set of height-one prime
ideals, on the centre and on the set of normal elements of R.

In the following, we will use several times the following well-known result
concerning normal elements of R = O,(M,,).

LEMMA 2.1. Let u and v be two nonzero normal elements of R such that {(u) = (v).
Then there exist &, u € K* such that u = Av and v = uu.

2.1. Torus automorphisms of O,(M,). Recall from Section 1 that H denotes
the subgroup of those automorphisms of R acting on the indeterminates Y;,
by multiplication by nonzero scalars. The proof of [3, Corollary 4.11] shows
that H is isomorphic to the torus (IK*)*~!. More precisely, for any #h:=
(ai,...,ap by, ..., b,_1) € (I€*)*!, define an automorphism o}, in H as follows:

_faibyYig ifa <n
on(Yie) = { a;Yiq ifa =n.

The proof of [3, Corollary 4.11] shows that the map 4 — oy, from (IK*)*"~! to H is an
isomorphism. The elements of 7, that is the automorphisms o, with € (IK*)**~!, are
called the torus automorphisms to R.

2.2. Height-one prime ideals of O,(M,). In[3, Propositions 3.5 and 3.6], we have
described the height-one primes of R. We now recall the results that we have obtained.

PROPOSITION 2.2. For any height-one prime ideal P of O,(M,), there exists an
irreducible polynomial V = le_o D0 iy an” vy Xin e K[X, ..., X)) (where
ri=degy V forallie(l,...,n}) such that P = (u), where

U= Z Za,l ,,,,, l_[bl’b:j;}

( By convention, we set by, :=1.)
Moreover, u is normal in R.

2.3. g-commutation, gradings and automorphisms. Recall that the relations that
define R = O,(M,,) are all quadratic, so that R = @;enR; is a N-graded algebra, the
canonical generators Y;, of R having degree 1. Note, for later use, that a # x f quantum
minor of R is a homogeneous element of degree ¢ with respect to this grading of R. In
the following, R will always be endowed with this grading.

In [3, Corollary 4.3], we have shown the following result.

PROPOSITION 2.3. Let o be an automorphism of R= O,M,) and x be an
homogeneous element of degree d of R. Then, o(x) = y4+ y>a, where y; € Ry \ {0}
and y.q4 € R. 4.

Note that the torus automorphisms of R preserve degrees. We finish this section
by recording the following result for later use.
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LEMMA 2.4. Let 0 € Aut(R) such that there exist nonzero scalars A;o with
J(K,a) - )Vi,oz Yi,oz € RZZfor all (l, Ol).
Then there exists a torus automorphism oy, € H such that

opo00(Yig)— Yia € Roa forall (i, o).

Proof. Assume i < j and o < B. Applying o to the relation Y;pYio = Yia Y —
g—qghHY: 8 Y, «, and then identifying the degree 2 components, yields

Aiahjp = Aighja

for all i <j and @ < B. Hence, the matrix (A;,) has rank one, so that there exist

ai,...,ay, by, ..., b,_1,b, =1 € K* such that

)‘-i,tx = aiba
for all (i, ). Set h=(a;',...,a; ", 67", ....b ") e (IK")*"~'. Then one easily
checks that the automorphism o) € H has the property that o, 00(Y;o) — Yig €
R, for all (i, ). O

2.4. Automorphism group of O,(M,,): action on the centre. Recall that the centre
of R = Oy4(M,)is the polynomial ring IK[A], where A denotes the quantum determinant
of R. We now apply the results of the previous section to R = O,(M,) to prove that
the quantum determinant A of R is an eigenvector of every automorphism of R.

PROPOSITION 2.5. Let o be an automorphism of R. Then there exists u € IK* such
that o (A) = nA.

Proof. Since o is an automorphism of R, it induces an automorphism of the centre
K[A] of R. Hence, there exist 4 € IK* and A € K such that 6(A) = wA + A. Moreover,
A is an homogeneous element of degree n of R = O,(M,). Hence, Proposition 2.3
shows that we must have o(A) € R-,. Naturally, this forces A to be zero. O

2.5. Automorphism group of O,(M,): action on the normal element 5| = Y/ .

LEMMA 2.6. Let o € Aut(R). Then there exist € € {0, 1}, P, Q, P', Q' € K[X] such
that

00 (Y1,) = P(A)b1 + QN1 and o~ 0 7(Yy,) = P(A)by + Q/(A)byyr.

Proof. As (b)) = (Y} ,) is a height-one prime ideal of R, the ideal cr(bl) must also

be a height-one prime of R. It follows from Proposition 2.2 that (o (Y} ,)) = (u), where
r i
U= Z Z ai.. 1_[ bl’b',{;jlf
i1=0 l,,—O
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is normal in R. Hence, we deduce from Lemma 2.1 that

r 'n n
_ _ / I3 1j=j
o(Mip)=hu= Y a,  []o/bl.
J=1

=0 =0

u; € Ry \ {0} and u>, € R>;. Since b; is homogeneous of degree i if i <n, and 2n — i
if i > n, comparing the two expressions of o( Y} ,) that we have obtained leads to

either o(Y1,n) = P(A)b1 + Q(A)bypt1 o1 0(Y1,n) = P(A)by—1 + O(A)boy-1.

Now, the existence of € such that 7€ o o(Y},) = P(A)b; + Q(A)b,4 easily follows
from the fact that 7(A) = A, and 7(b;) = by,_; for all i.

Note that the previous reasoning also applies to o' o€, so that o7 !o
TE(Yl,n) = P/(A)bl + Q/(A)anrl oro'o TE(Yl,n) = P,(A)bnfl + Q/(A)b2n71~ Recall,
from Proposition 2.5, that there exists u € I* such that o' o 7¢(A) = A, so that
applying 0 ~! o 7€ to € 0 0(Y1,,) = P(A)b; + Q(A)b,; leads to

1

Yin=Pud)o ™ oY1)+ QuA)o ™" o t¢(bup).

Comparing the degree 1 part of each side using Proposition 2.3, this easily implies
that the case o ~! o (Y} ,) = P(A)b,_1 + Q' (A)by,_; is impossible, so that o' o
¢(Y1..) = P (A)by + Q(A)by41, as desired. ]

2.6. Automorphism group of O,(M,,): reduction step. In view of Lemma 2.6, it is
natural to introduce

G :={o € Aut(R) | o(Y1,0) = P(A)b1 + Q(A)by1}-

Note that the proof of the previous lemma shows that G’ is invariant under taking
inverses.

LemmA 2.7. Set J, =Y 1R+ Yi2R+ -+ Yi,-1R and J.:=Yr,R+
YsuR+ -+ Y 2R If o € G, theno(J,) = J, and o (J.) = J..

Proof. The proof is given for the case J := J,; the proof for J, is similar.
Let B € [1, n — 1] and write o(Y] g) in the PBW basis of R:

Y1y V12 o
o(Yip) = ZCZYLI YUY
Zel‘
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where T is a finite subset of N and each ¢, # 0. Recall that Yy , Y1 5 = q ! YigYin
Hence, applying o to this equality leads to

(P(A) Y1+ QA2 ...on | L..on=1D | D e, YN YTY Y

yer

=q D o YN Y Y | (PA)Y1a+ QA2....n | 1. n— 1))

yer

Now, since A is centralin R, and [2,...,n|1,...,n— I]Yf; = b,,+1b1_1 is central in
the field of fractions of R, see [3, Theorem 3.4], we obtain

Y11 yY12 n _ -1 Y11 yY12 ; .
Yin E o Yii Yy ... Yl =q E oYii Yy ... Yl Yin
yel yer

that is,

— ———— 1+ 4 ) V1,1 Y12
§ q Y11 YIn—17TV2n V’MCZYI,] )/1’2 . Yyn,n Yl,n

n,n
yer

—1 Vi1 yY2 nn
=q¢ " (D YV Y ]| Yo
yer

As R is a domain, this implies that

—Vit— = =Vin-1+vant+Vun Vi1 yh2 Yan — =1 yiyn2 Yin
E q oYy Yy Y =q o Yii Yy Y0

nn
yer yerl

Identifying these two expressions in the PBW basis, and then using the fact that ¢ is
not a root of unity leads to

V1= = Vil T Vont+ -+ Vo =—1

for all y € . In particular, for all y € I', there exists 8y € {1,...,n — 1} such that
1.5, > 1. Hence, o(Y] p) belongs to J, and so o(J) C J.

One can also apply this argument to o !, so that we also have 0 ~!(J) € J. From
these two inclusions, we conclude that o (J) = J. O

COROLLARY 2.8. Set K, := <Y1’1, Yl,g, vy Y1) = Y]JR—}— Y]’zR—I- cee 4 Yl,nR
and K. .= (Y1, Yo, oo Yuu) = YiuR+ Y2, R+ -+ YyuR Ifo € G, theno(K,) =
K, and o(K,.) = K..

Proof. Again, we only consider the case of K = K.

AsJ =J, C K, Lemma 2.7 shows that J C o(K).

On the other hand, K is a height n prime ideal of R, so that o(K) is also a height
n prime ideal. Moreover, since J C o(K), Y11, Y12, ..., Y1.,—1 belong to o(K). Now,
(g—qg HY1,Yi1=Y11Y, — Y, Y11 € o(K)foralli € [2, n]. Aso(K)is (completely)
prime, this leads to: either Y, € o(K) or Y;; € o(K), for all i € [2, n].

https://doi.org/10.1017/50017089513000529 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089513000529

AUTOMORPHISMS OF QUANTUM MATRICES 95

We claim that the second possibility cannot happen. If it did, then o(K) would
strictly contain the ideal generated by Y;, for i € [1, n]. However, this ideal is prime
and has height n, the same height as o (K). This is impossible.

Hence, Y, € 0(K). As we already know that Y7 1, Y12, ..., Y1.,—1 belong to o(K),
we obtain that K C o(K). Now these two ideals are prime and each has height n, so
that they are equal; that is, o (K) = K. ]

PROPOSITION 2.9. Let G be the subgroup of Aut(R) generated by t and the torus
automorphisms. Let o € Aut(R). Then there exists g € G such that, for all (i, «) € [1, n]?,
we have

g00(Yia) = Yia € Roo.
Proof. In view of Lemma 2.4, it is enough to prove that there exist g € G and
nonzero scalars X;, with
g00(Yig) — hiqYia € Ry forall (i, a).
First, it follows from Lemma 2.6 that there exist g’ € G, and P, Q € IK[X] such that
g oY1) =P(A)b1+ OQ(A)bur1 = P(A) Y1, + OQ(A)2,....n | 1,....,n—1].

Hence, it is enough to prove Proposition 2.9 when o is an automorphism of R such
that

o(Y1,)=PA)Y1,+0)2,....,n|1,...,n—1];

that is, when o € G'.

So, let o € G'. It follows from Corollary 2.8 that o(K,) = K,. Hence, o induces an
automorphism of R/K, an algebra that is isomorphic to O,(M,_1 ,) via an isomorphism
that sends Y;, + K, to y;_1 «, Wwhere y;, denote the canonical generators of O (M1 ).
Hence, it follows from [3] that there exist A;, € KK* such that

G(Yi,a) - )\i,a Yi,a S Kr’

forall (i, @) € [[2, n] x [1, x].
Let (i, @) € [2, n] x [1, n]. Then there exist uy, ..., u, € K and u-» € R>» such

that
0(Yia) =riaYia + 1 Y11+ -+ wn Y10 + 2. )
Similarly, using the fact that o(K,.) = K., we obtain that for all (i, «) € [1, n] x
[1,n — 1], there exist A}, € K*, uf, ..., u;, € Kand u’zz € R-, such that
0(Yia) = Ao Yia + ) Yig 4+ py, Yo + 1. (3

Comparing equations (2) and (3), we obtain that for all (i, «) € [2, n] x [1,n — 1],
there exist A;4 € IK*, ;o € KK and v>, € R>; such that

G(Yi,(x) = A Yi,a + Wi Yin+ U>3. “4)
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Now, assume that (7, ) € [2, n] x [1,7n — 2]. Applying o to Y;yYiat+1 = ¢Yie+1 Yias
and identifying the degree 2 terms, leads to

()‘i,a Yi,ot + Mia Yl,n)()‘i,a-H Yi,oH—l + Mia+1 Yl,n)
= (]()"i,thl Yi,a+l + Mia+1 Yl,n)()”i,a Yi,a + Mo Yl,n)

thanks to (4). Using the commutation relations in R, we get
(I = Prigttior1 Yia Yin + A = Qrigritbia Yia+1 Yip + (1 — Qpiaia+1 Yﬁn =0.
Asg—1z#0and Aot # 0, this forces u;o = 0 and p;4+1 = 0. Hence, we have
just proved that for all (7, ) € [2, n] x [1, n — 1], there exist A;, € K*, and v>2 € R
such that
G(Ifi,a) = )\i,ot Yi,ot + U>2,

as required.
Now leti e [2,n]. As Y;, Y1, = ¢ ' Y1, Y;,, we must have

U(Yi,n)O'(Yl,n) = qilo—(Yl,n)O—(Yi.n);
that is,

RinYip+m Y+ -+ wn Y, +us2) (P(A)b + Q(A)byt1) =
q_l (P(A)bl + Q(A)bn-H) (}‘-i,n Y[,n + i Yl,l T+t Uy Yl,n + u22)~

As A and b,,Hbl_1 are central in the field of fractions of R, we obtain

AinYin+mi i1+ + un Y1, + us2)b
= q_lbl()‘i,n Yi,n + 11 Yl,l T+t Uy Yl,n + uz2)-

One can easily check that this forces u; = --- = u,, = 0.
Hence, for all i € [2, n], there exist 1;, € K* such that

0(Yin) = XinYin € R>2.
Similarly, for all « € [1, n — 1], there exist A; , € IK* such that
0(Y14) = A1 Y1a € Roa.
To conclude, it just remains to prove that there exists A, , € K* such thato(Y; ) —

M. Y10 € Roy. This follows easily from Lemma 2.3 and the fact that o € G'. O

2.7. Summary. Recall that we conjecture that Aut(R) is the semidirect product
of H and the subgroup of the order of two generated by the transposition . We set
G = 'H x (1). The previous result shows that for all 6 € Aut(R), there exists g € G such
that

go G(K,a) - Yi,a € RzZ

for all (i, a) € [1, n]°.
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So to prove Conjecture 1.1 it is enough to prove that the only automorphism o of
R such that

J(}Ii,a) - Yi,ot € RzZa (5)

for all (i, «) € [1, n]?, is the identity automorphism.

Automorphisms satisfying the above property (5) are closely related to derivations
of R. Indeed, let D(R) denote the subalgebra of Endk(R) generated by the K-linear
derivations of R. Alev and Chamarie proved [1, Lemme 1.4.1] that there exists a family
(d));>¢ of elements of D(R) such that for any element x € R; we have

o(x) =x+ Y dx) (6)
>0

with d;(x) homogeneous of degree / + i. In [4], we computed the derivations of the
algebra R. Interestingly, it easily follows from [4, Theorem 2.9] that d(b;) € (b;), for
each derivation d of R. Hence, the same is true for any element of D(R), and so we
deduce the following result from the above discussion.

PROPOSITION 2.10. Let o € Aut(R) such that 6(Yiy) — Yia € Ro2, for all (i,a) €
[1,n]?. Theno(b)) =b; foralli e {1, ...,2n — 1}.

Proof. The above discussion shows that d;(b;) € (b;) for alll > 0. Hence, we deduce
from (6) that o (b;) € (b;). Consequently, o(b;) = A;b; with A; € IK*, by Lemma 2.1. On
the other hand,

o(b) =bi+ Y _ diby),
>0

with dj(b;) homogeneous of degree / + deg(b;). Comparing the components with degree
equal to the degree of b;, we obtain A; = 1, so that o(b;) = b;, as desired. ]

3. Automorphisms of 3 x 3 quantum matrices. In this section, R denotes the
algebra of 3 x 3 quantum matrices. We prove our conjecture in the case when n = 3.
As explained in the previous section, all we need to do is to prove that the only
automorphism o € Aut(R) such that

0(Yie) — Yia € R,

for all (i, «) € [1,3]% is the identity automorphism. Observe that for such an
automorphism, o(Y;,) = Yio if and only if deg(c(Yiy)) = 1.

LEMMA 3.1. Let [I|A] be a t xt quantum minor and suppose that o is an
automorphism such that 6(Yis) — Yia € Ry, for all (i,a) € [1, 31> Then o([I|A]) —
[ZIA] € Rsi11. As a consequence, o ([I|A]) = [I|A] if and only if deg(o ([I|A])) = t.

Proof. Easy, by induction, with ¢ = 1 being given by the observation immediately
preceding the statement of this lemma. ]

Let o € Aut(R) be such that
0(Yie) = Yie € Ro2,

for all (i, «) € [1, 3]
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Set d;, := deg(o(Y;q)), for all (i, @) € [1, 3]>. Our aim is to prove that d;, = 1 for
all (i, @); so that o is then the identity automorphism. We note first that d; s = d3 1 = 1
by Proposition 2.10.

In the following lemma, we will use several times the anti-endomorphism T :
0,(M,) - O,(M,) defined on generators by I'(Y; ) = (—¢q)"“[&|7], see [5, Corollary
5.2.2]. Here,if I C {1, ...,n},thenT :={1,...,n) \ I,and7 := {7}foranyi ef{l,...,n}.
The effect of I on 2 x 2 quantum minors is given by I'([/|A]) = (—q)"A[X IT1A, see
[2, Lemma 4.1], where the superscript / — A denotes the difference between the sum
of the entries of 7 and the sum of the entries of A.

LEMMA 3.2. Let 0 € Aut(R) be such that
0(Yio) — Yia € R,
forall i, ) € [1,3]%. Thendy | = ds3 = 1.

Proof. Assume to the contrary that d | + d53 > 2.
Recall from Proposition 2.10 that by = o(by) = 0(Y12)0(Y23) — qo(Y1.3)0(Y22),
so that

by = o(Y12)0(Y23) — qY130(Y22).
Hence, comparing the degrees on both sides, we obtain
diat+dry=1+do.
Similarly, by using b4, we obtain
by +dsp=1+dp.

Suppose thatd, | + drr < dj 2+ dr andthatdyr + ds 3 < dr3 + d3 5. Thend, | +
2drr +d33 <dip+dr1 + drs+ dsy =2+ 2d, 5, by using the above two equations. It
follows that d;,; = d3 3 = 1, a contradiction to the initial assumption.

Soeitherd| | + dry > din+ dr1 Or doy + ds 3 > dh 3 + ds . By symmetry, we can
assume that d | + db» > di 2 + db1. In this case, we easily get that deg(o ([1, 2|1, 2])) =
di+ dao.

Applying ' to[1, 3|1, 3]= Y1, Y33 — ¢ Y1.3 Y3, gives therelation Y>,[1, 2, 3|1, 2, 3]
=[1, 2|1, 2][2, 3|2, 3] — ¢[2, 3|1, 2][1, 2|2, 3]. Thus

o(Y22)A =o([1, 21, 2))a([2, 312, 3]) — ¢[2, 3|1, 2][1, 2|2, 3].
Comparing degrees, we obtain
drp+3=d 1 +dra+e,
where e := deg(o([2, 312, 3])) > 2. Thisforcesd; | = lande = 2,sothato (Y1) = Y11
and o([2, 312, 3])) = [2, 312, 3].
Applying o to the quantum Laplace expansion A = Y;;[2,3|2,3]—
qY12[2,311, 3] 4 ¢* Y1 3[2, 3]1, 2], we obtain

A = Y11[2,312,3] = go(Y12)0(12, 311, 3]) + ¢* Y152, 311, 2].
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Hence, o(Y12)0([2, 3|1, 3]) = Y12[2, 3|1, 3]. Thus, 0(Y;2) = Y12 and o([2, 3|1, 3]) =
[2, 31, 3]. Similarly, we obtain (Y>,1) = Y21 and o([1, 3|2, 3])) =[1, 3|2, 3].
So o acts as identity on the following elements of R: Y31, Y21, Y11, Y12, Y13,
[1,2]2, 3], [1, 312, 3], [2, 312, 3], [2, 3|1, 3] and [2, 3|1, 2].
Applylng I'to[l,3]1,2] = Y11Y320—qY12Y31 produces
Yi.A =1, 31, 2][2, 312, 3] — ¢[2, 311, 2](1, 3|2, 3]
= {Yl,l Y3,2 - qYl,Z Y3,1}[21 3|27 3] - q[zs 3|1s 2][1a 3|2a 3]

which can be re-arranged to give
{A = Y11[2.312,3]} Y30 = —q{ Y12 Y302, 312, 3] + [2, 3|1, 2][1, 312, 3]} .

In this equation, all terms except Y3, are already known to be fixed by o; so
O‘(Y3,2) = Y3,2 also.

Finally, all termsin [2, 3|1, 2] = Y»; Y32 — ¢ Y22 Y31 except Y>» are now known to
be fixed by 0; s0 0(Y22) = Y2, and d>» = 1. As we have already shown that d; ; = 1,
we obtain dy | + dro =2 = d 2 + da,1, a contradiction! O

PROPOSITION 3.3. Let 0 € Aut(R) be such that 6(Yio) — Yia € Rs2, for all (i, «) €
1,317 Theno(Y;y) = Yiq foralli,a € {1, 2, 3}.

Proof. 1t is enough to prove that d;, = 1 for all i, & € {1, 2, 3}.
We already know from Proposition 2.10 and Lemma 3.2 that o leaves invariant
the following quantum minors:

Y31, Yii, Yis, Yas, [1,212,3] [1,3]1, 3], (2,311, 2], [1,2,3]1,2,3].
One can easily check that
(1,21, 3][L, 312, 3] = Y1 3[1, 2, 3|1, 2, 3] + ¢[1, 3|1, 3][1, 2|2, 3],

by applying I to the formula for [1, 2|2, 3] and re-arranging. As all the minors on the
right-hand side are left invariant by o, this implies

o([1, 211, 3][1, 312, 3]) = [1, 2/1, 3][1, 3|2, 3].

As usual, it follows that o ([1, 2|1, 3]) = [1, 2|1, 3] and o ([1, 3|2, 3]) =[1, 3|2, 3].
Similarly, one obtains o ([1, 3|1, 2]) = [1, 3|1, 2] and o ([2, 3|1, 3]) = [2, 3|1, 3].
By a quantum Laplace expansion, we have:

[1,311,3]Y2,1 = ¢[2, 311, 3] Y11 + ¢~ '[1, 211, 3] Vs,
As all of the minors on the right-hand side are left invariant by o, this implies
U(Yz’l[l, 3|1, 3]) = Yz,l[l, 3|1, 3]

As usual, this implies that (Y1) = Y21 (and o([1, 3|1, 3]) = [1, 3|1, 3)).
Similarly, one can prove that 6(Y12) = Y12,0(Y32) = Y32 and o(Y23) = Ya3.
It just remains to prove that o(Y>2) = Y»,. This easily follows from the facts that
[1,212,3] = Y12 Y23 — qY2, Y] 3 and that o leaves invariant all these quantum minors
except maybe Y. O
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From this proposition and Proposition 2.9, we deduce our main theorem:

THEOREM 3.4. The automorphism group of the algebra of 3 x 3 quantum matrices is
the semidirect product of the torus automorphisms and the cyclic group of order 2 given
by the transpose automorphism.

After this paper was completed, Conjecture 1.1 was proved in [6].
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