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Abstract

We introduce the concept of ‘shift operators’ in order to establish sufficient conditions for the existence
of the resolvent for the Volterra integral equation

t
x(t):f(t)-i—/ a(t, )x(s)As, tyeT",

1o

on time scales. The paper will serve as the foundation for future research on the qualitative analysis of
solutions of Volterra integral equations on time scales, using the notion of the resolvent.
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1. Introduction

In [10], the existence of a resolvent kernel (¢, s) corresponding to integral equations

of the form .

x() = f() +/ a(t, s)x(s)ds
0

is discussed by giving several theorems that provide sufficient conditions on a(z, s).
In this paper, we extend the theory established in [10] to the Volterra integral equation

t

x(t) = f(t) +/ a(t, s)x(s)As,

Io

on time scales, in which integral, summation, and g-integral equations are included as
special cases. There are few papers that deal with the qualitative theory of solutions of
integral equations on time scales. So far as the present authors are aware, the paper of
Kulik and Tisdell [9] is the only one on integral equations on time scales that deals with
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guaranteeing the existence, uniqueness, and boundedness of solutions. In particular,
Kulik and Tisdell [9, p. 105] claim that ‘the importance of integral equations on time
scales is clear: there are no dynamic equations on time scales, there are only integral
equations on time scales’ as ‘in the investigation of dynamic equations on time scales,
the analysis most often turns to that of a related integral equation on time scales’.

In the continuous case, there are volumes written on integral equations where
either the Lyapunov functional or the notion of the resolvent is used to obtain results
regarding the existence of solutions, periodic solutions and stability. The resolvent for
integral equations on time scales has not been developed and the authors intended to
do so in this paper. However, during the preparation of this paper the authors realized
that, in order to prove the continuity of the resolvent, they had to require t — s or ¢ + s
to be in the time scale. This unpleasant restriction led to the idea of ‘shift operators’,
which we state in Definition 3.9. The authors will make use of the shift operators in
future work where Lyapunov functionals are used to prove existence of solutions of
integral equations on time scales. Thus, the notion of shift operators goes beyond this
paper and will have wider positive implications for the general theory of time scales.

A time scale is a nonempty closed subset of real numbers. The delta derivative of a
function f, defined by

FA@) ;= lim JOEO) =TS e s — t,s € T\{o(1)}, (1.1)
s—t a(t)—=s
was first introduced by Hilger [7] to unify discrete and continuous analyses.
In(1.1), 0 : T — T is the forward jump operator defined by o (¢) :=inf{s € T : s > ¢t}.
Evidently,
() = {t ifT=R
t+1 ifT=2,

and hence the delta derivative turns into an ordinary derivative if T =R and it
becomes the forward difference operator for T = Z. It is evident from various papers
(see [, 5, 6, 12] and references therein) that dynamic equations on time scales
are useful tools to explain the differences and similarities between difference and
differential equations. Providing a wide perspective, the theory of time scales also
leads to some new results for both the discrete and continuous cases. Furthermore,
since there are many time scales which are different from R and Z, investigation
of dynamic equations on time scales constitutes a more general and comprehensive
theory.

We assume that the reader is familiar with the basic calculus of time scales.
A comprehensive review on A-derivative and A-Riemann integrals can be found in [5].

Henceforth we denote by [a, b]r the closed interval [a, b] N T of the time scale
T. The intervals [a, b)T, (a, b]T, and (a, b)T are defined similarly. A point t € T
is said to be right dense (left dense) if o (t) =1 (sup{s € T:s <t} =1). A function
f : T — Ris called rd-continuous if it is continuous at right dense points and its left-
sided limits exist (finite) at left dense points. Every rd-continuous function f : T — R
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has an anti-derivative

t
F(t) =/ f()At.
T

That is, F2(¢) = f(¢) for all t € T := T\{max T} (see [6, Theorem 1.27]).
In [2, pp. 157-163] a theory for a Lebesgue A-integration is established by means
of Lebesgue A-measure, denoted p A, with the following properties.

THEOREM 1.1 [2, Theorem 5.76]. For each so € T, the single point set {so} is A-
measurable, and its measure is given by

pa{so} = o (so) — so = p(so),
where . T —[0, 00) is the step size function defined by ju(t) :=o(t) —t.
THEOREM 1.2 [2, Theorem 5.77]. If a, b € T and a < b, then

pafla, byt =b—a, pa{(a, b)r}=>b—o(a).

Ifa, b e T and a < b, then
ua{la, blr} =0 () —o(a), pafla, blr}=o0() —a.

Furthermore, it is concluded in [2, p. 159] that all theorems of the general Lebesgue
integral theory, including the Lebesgue dominated convergence theorem, also hold
for the Lebesgue A-integral on time scales. The next theorem gives the relationship
between Riemann and Lebesgue integrals on time scales.

THEOREM 1.3 [2, Theorem 5.81]. Let f be a bounded real-valued function defined
onla, blr. If f is Riemann A-integrable from a to b, then f is Lebesgue A-integrable
onla, b) and

b
/ fFAr= oN
a [a.b)

DEFINITION 1.4. We say that a property holds almost everywhere (a.e.) in S C T if
the set of all right dense points of S for which the property does not hold is a null set,
that is, is a set with A-measure zero.

The following theorem gives a criterion for A-Riemann integrability of a function.

THEOREM 1.5. Let f be a bounded function defined on the finite closed interval
[a, b]lT of the time scale T. Then f is Riemann A-integrable from a to b if and only
if f is continuous a.e. in [a, b)T.

Let T| and T, be two time scales. In [4], the double A-integral of a multivariable
function f : Ty x T2 — R over a rectangular region [a, b)T, X [c, d)T, is introduced.
The following result provides sufficient conditions for interchanging the order of
integration over a rectangular region.
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LEMMA 1.6 [4, Remark 2.17]. Let f be A-integrable over R = [a, b)T, X [c, d)T,
and suppose that the single integrals

b
KO =/ £ VAL,

d
1) = / £ ¥)Azy

exists for each x € [a, b)tr, and y € [c, d)T,. Then

b d
/f f(x,)’)Ale2Y=/ Alx/ [, »)Azy

R
d b

=/ AzY/ fx, y)Ax,
C a

where A1 and A, denote the derivatives on T and T, respectively.

Multiple A-integration over more general sets is defined in [3, Definitions 4.13,
4.15].

THEOREM 1.7 [3, Theorem 4.30]. Let ¢ : [a, b]qrf — T5 and ¥ : [a, b]jl‘/f — T5 be
two continuous functions such that ¢(t) < ¥ (t) for all t € [a, b]qplc. Let E be a
bounded set in T x T, given by

E={(t,s)eTy xTr:a<t<b, () <s <y}

Then E is Jordan A-measurable, and if f : E — R is A-integrable over E if the single

integral
V(1)
/ [, s)Ass
@)

exists for each t € [a, b)T,, then the iterated integral

b V(1)
/ A]t/ f(t, S)Aps
a @(1)

b v ()

/ f(t,S)AltA2S=/ Alt/ f(t,S)Azs.
a @

E

exists and

0]

Linearity and additivity properties of multiple integrals on time scales can be found
in [3, 4].

To differentiate the iterated integrals given in later sections we will employ the
following theorem.
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THEOREM 1.8 [5, Theorem 1.117]. Leta € T%, b € T and assume thatk : T x T —
R is continuous at (t,t), where t € T with t >a. Also assume that k(t,.) is
rd-continuous on [a, o (t)]. Suppose that for each ¢ > 0 there exists a neighborhood
U of t, independent of T € [tg, o ()], such that

k(o (1), T) = k(s, r) — k2, D)(0 () — $)| < elo () —s|

for all s € U, where k® denotes the derivative of k with respect to the first variable.
Then

t t
g :=/ k(t, T)At implies gA(t) =/ kA(t, AT + k(o (1), 1),

a

b b
h(t) :=/ k(t, T)At implies gA(t) =/ kA(t, T)AT — k(o (1), t).
t

t

2. Construction of the resolvent equation

In this section we use some properties of multiple A-integrals to construct the
resolvent equations corresponding to linear and nonlinear systems of integral equations
on time scales.

Let #gp € T* be a fixed point and let T > ty be given. Denote by IT the closed interval
[to, T]t. For our future computations, it is essential to know when the formula

t u
// f(s, u)AsAu =/ Au/ f(s, u)As
) Io o

! t
:/ As f(s,u)Au, te€l, (2.1)
1

0 o(s)

holds. Here, E is the triangular region given by
E1:={(S,M)GITXIT2I()§S<M, to§u<t}. 2.2)

Evidently, E| is a bounded subset of [ty, T)T X [tg, T)T-
Let ¢ € IT be fixed. For the existence of iterated integrals in (2.1) it is natural to
require that all integrals

t

K(u):= /u fGs,u)As, J(s, t):= f(s, u)Au (2.3)
1) o(s)

exist for each u € [ty, 1)1 and s € [1g, 1)T.
Inspired by the method in [8, Lemma 1], we obtain the following result which
enables us to interchange the order of integration over a triangular region.

LEMMA 2.1. Suppose that f : It x IT — R is A-integrable over E| and that the
single integrals (2.3) exist for each u € [ty, t)T and s € [tg, t)T. If the function
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J (s, t) defined in (2.3) satisfies the conditions of Theorem 1.8, then (2.1) holds for all
t € I.

PROOF. First, from (2.2) and Theorem 1.7 we deduce that the set E; is Jordan A-
measurable and the double integral

// f(s, u)AsAu
E)

exists. The existence of single integrals in (2.3) and Theorem 1.7 imply existence of
iterated integrals and the equality

t u
// f(s, u)AsAu =/ Au/ f(s,u)As, telr.
o fo

E;

Theorem 1.8 guarantees that the function

t u t t
h(t) :=/ Au / f(s,u)As —/ As / f(s,u)Au, tel,
o 1o 0] o (s)

is A-differentiable and
t o(t) t t Ay
hA(t) = / f(s, ) As — / ft,u)Au —/ As[ f (s, u)Aui|
to o(t) to o(s)
t t
= / f(s, t)As — / f(s,t)As =0 Vt€t, T)r.
fo fo
Applying [6, Corollary 1.15] we conclude that /4 is constant. On the other hand, since

h(ty) =0, then h(¢) = 0 for all ¢ € IT. The proof is complete. O

First, we consider the linear system of integral equations of the form

t
x(t)=f@)+ / a(t, s)x(s)As. 2.4)
Io
The corresponding resolvent equation associated with a(, s) is given by
t
r(t,s)=—a(,s)+ f r(t, wya(u, s)Au. (2.5)
o(s)

If a is scalar-valued, then so is r. If a is an n x n matrix, then so is r.

If Equation (2.5) has a solution r(¢, s) and we can justify the use of Lemma 2.1
along with all necessary integrals, then the solution of the linear system (2.4) may be
written in terms of f as follows:

t

x(t)=f@) — / r(t, u) f(u)Au. (2.6)

fo
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To see this we multiply both sides of (2.4) by r(¢, s) to obtain

t t t u
/ r(t, u)x(u)Au — / r(t, u) f(u)Au = / r(t, u) / a(u, s)x(s)AsAu
to fo

) to

1 t
= / {/ r(t, u)a(u, s)Au}x(s)As
to o(s)

t
= / [r(t, s) + a(t, s)]x(s)As.
fo

Thus,

t

t
—/ r(t, u) f(u)Au =/ a(t, s)x(s)As, 2.7)
fo fo
which implies (2.6). One may also show by using (2.7) that (2.6) implies (2.4).
Next, we consider the nonlinear system of integral equations of the form

t

T = F0) + / a(t, $){F(s) + G(s, T} As, 2.8)

Io

where G (¢, X) indicates the higher-order terms of X. If the solution X of (2.8) is known,
then Equation (2.8) can be rewritten as

t

Xt)=F(@) + / a(t, s)X(s)As,

Iy

where
t

F@)=f@) + / a(t, s)G(s, X(s))As.

Io
If the existence of resolvent r(z, s) is known, we get by (2.6) that

t

X(t) = F(t) —/ r(t, s)F(s)As

Io

t
= f(t)+/ a(t, s)G(s, X(s))As
fo

t N
— / r(t, s){f(s) +/ a(s, u)G(u, f(u))Au}As
1) 1)

t

t
= f(@) —/ r(t, s)f(s)As—l—/ a(t, s)G(s, X(s))As
fo

i ’0

t
/ r(t, s)a(s, u)As}G(u,f(u))Au

o(u)
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t
= f(1) —/ r(t,s)f(s)As
fo

t t
+ / {a(r, u) — / r(t, s)a(s, u)As}G(u, X(u))Au (2.9)
1o o(u)

t

1
= f() — f r(t, s)f(s)As — / r(t, )G, X(u))Au.
Iy

fo
Thus, from (2.6) we obtain the variation of constants form of Equation (2.8) as follows:

t

X@t)=x(t) — / r(t, u)G(u, X(u))Au. (2.10)
1

0

By making use of (2.9), (2.4), and (2.6), one may easily verify that (2.10) implies (2.8).
In the next section, we study the existence of resolvent r(z, s) corresponding to the
linear system of integral equations (2.4). We also show by Theorems 3.6 and 3.8 that

t t
/ r(t,u)a(u, s)Au =/ a(t, w)r(u, s)Au.
o(s) o(s)

This will enable us to rewrite (2.5) as

t

r(t,s)=—al(t,s)+ / a(t, w)r(u, s)Au. 2.11)

o(s)
3. Existence of resolvents
3.1. L? case. Let the set Q be given by
Qi={(t,s)elrxIt:tp<s<t<T}.

Henceforth, we let 1 < p < oo and assume that 1/p+1/g=1. For any n xn
matrix A we denote by |A| the matrix norm

|Al = sup [[Ax]|

lx|<1
where ||u|| indicates the vector norm of u. Let us define the functions

t T
A(t) :=/ la(t, s)|TAs, B(t) := / la(s, t)|P As, t € IT (3.1)
f t

0

and .
c(t, s) :=/ AP Au, (1, 5) € Q. (3.2)

Next, we define a class of n x n matrix-valued functions « : 2 — R"*" satisfying
the following conditions.

(C.1) «a(t, s) is measurable in (¢, s) € Q with a(¢, s) =0 a.e. when o (s) > ¢.
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(C.2) For almost all ¢ in I, the integral ftOTIa(t, s)|4 As exists, and for almost all s
in I, the integral ftoTloz(t, $)|P At exists.
T, T T, T
(C.3) The numbers [, {f, le(t, $)|As}P/4 At and [i { [, ler(t, $)|P At}?/P As are
both finite.

DEFINITION 3.1. We say that an n x n matrix-valued function «/(t, s) is of type
(L?, T) if and only if the conditions (C.1)—(C.3) hold.

EXAMPLE 3.2. Any function «(¢, s) which is continuous in (¢, s) for (¢, s) € 2 is of
type (LP, T) forall p > 1 and T > to.

DEFINITION 3.3. An n x n matrix-valued function a(z, s) is said to be of type LL
if and only if it is of type (L?, T') for each T > t.

Let the kernel a(z, s) be of type (L?, T). Define the sequence {r, (¢, s)},en by

ri(t, s) :=al(t,s), 3.3)
t
rnt1(t, 8) ::/ a(t, w)ry,(u, s)Au (3.4)
o(s)

for (t,s) e Qand r,(t,s) =0fortg <t <o(s) <T.
The following lemma plays a substantial role in obtaining inequality (3.7).

LEMMA 3.4. Let 1 < p < 0o and the kernel a(t, s) be of type (L, T). Then

A n—1
e )N g yplacS" (3.5)

n! (n—1)!
holds for all positive integers n > 1 and (t, s) € Q.
PROOF. We use the formula
n
oyt = {I; f(t)"f(o(t))”‘k}fA(t) (3.6)

(see [5, Exercise 1.23]). Since a(z, s) is of type (L”, T), it is obvious that c(¢, s) is
A-differentiable in its both parameters and

A, s)= AP, A, s) = —As)P/1.

On the other hand, it follows from (3.2) that ¢ is increasing in ¢ and decreasing in s,
that is,

clo(t),s)>c(t,s) and c(t,o0(s)) <c(t,s)
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for all (¢, s) € Q. Thus, from (3.6) we obtain

AVAY: n—1
{c((rtl’j)l)}' G _1 ! {Z c(t, $)ke(o (1), )" }CA(I, s)
) “ k=0

n—1
S P {Z et s)'e(e, )" }A(,)p/q
" Yk=0
-1
— na@yple L
(n— 1!
This completes the proof. O

LEMMA 3.5. Let 1 < p < 0o and the kernel a(t, s) be of type (L?, T). Then for each
positive integer n > 1, the function ry(t, s) is of type (L?, T). Moreover, for each
nonnegative integer n > 0 and for (¢, s) € €,

[rnt2(t, )| < A(VIB(s)P{c(t, )" /n}1/P (3.7)
holds.

PROOF. If tg <t < o(s) < T for some (¢, s) € €2, then r,42(¢, s) = 0 and (3.7) holds.
Suppose that o (s) <t for all (¢, s) € 2. We proceed by induction. From Holder’s
inequality we find that

t
a2, )| 5/ latt, wlla(u, $)| Au
o(s)

t 1/q t 1/p
< {/ la(t, u)lun} {/ Ia(u,s)lpAu}

< A@t)1B(s)V/P.

This shows that the kernel r, satisfies (3.7) and is of type (L?, T'). Suppose that
ri, 72, ..., p+1 are all kernels of type (L?, T) and that (3.7) holds for n — 1. It
follows from (3.4) and (3.5) that

t
Fsa(t, )] = f (e, w)llrss @, )] Au
o(s)

t 1/q t 1/p
s{/ |a(r,u)|‘1Au} {/ |rn+1(u,s>|PAu}

< A(t)l/q{B(s) /t A(M)P/QMAu}l/p
h s (n — D!

! 1/p
< A(Z)l/qB(s)l/p{/ [c(u, S)n/n!]A”Au}

= AN B(s)P{c(t, )" /n}V/P.
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Thus (3.7) is satisfied. Using (3.1) and (3.7), we conclude that r,, 15 is of type (L?, T).
The proof is complete. o

THEOREM 3.6. If 1 < p < o0 and the kernel a(t, s) is of type (LP, T), then there
exists a kernel r(t, s) of type (LP, T) which solves the resolvent Equation (2.11) a.e.
in(t,s) e .

PROOF. Let r, be defined by (3.3) and (3.4). Let

o0

raJyz—E:m@J)fm@J)eQ (3.8)

n=1

and r (¢, s) = 0 whenever 1) <t < o (s) < T. From (3.7) we obtain

Ir(t, )| < la(, )| + ANOIB)P Y fa" /)7, (3.9)
n=2

where ,
a:/‘AWVmAw
fo

ot 1/p a 1/p
_ = < 1.
o (n+1)! n—+1

This implies that the series in (3.9) converges by the ratio test. Since A(¢), B(s), and
a(t, s) are finite, r(z, s) is a.e. well defined and measurable in (z, s) for (¢, 5) € Q.
By (3.9) we deduce that r is of type (L?, T). Finally, we resort to the Lebesgue
dominated convergence theorem to obtain

t t o0
/ a(t, wr(u, s)Au = / a(t, ”){_Z ra(u, s)}Au

(s) o(s) n=1

For any n > «a,

0 pt
= —Z/ a(t, wyry(u, s)Au
o(s)

n=1

[o.¢]
==Y rati(t,s)
n=1

=vr(,s)+al(,s).

This shows that r defined in (3.8) solves Equation (2.11). d

LEMMA 3.7. Ifa(t, s) is of type (LP, T), then for any positive integers v and w with
v+w=n+1,

t
rnt1(t, s) =/ rw(t, wry(u, s)Au. (3.10)
o(s)
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PROOF. For n =1, the proof is trivial. Let (3.10) be true for wy 4+ vg <n, n > 1.
Given v, w > 1 withv + w =n + 1, define

t
I(w,v) = / rw(t, wry(u, s)Au.
o(s)

Then

t u
I(w,v) = / rw(t, u){/ a(u, 2)ry—1(z, s)Az}Au
o(s) o(s)

t t
= / / ry(t, wa(u, 2)ry-1(z, s) AulAz
o(s) Jo(z)

t
:/ Fut1(t, 2)ry-1(z, s)Az
o(s)

=I(w+1,v—1).
Hence, we arrive at
IA,n)=12,n—-1)=13,n—=3)---=1(n,1),
which proves the result for n 4 1. o

From the previous results in this section we proceed to the next result.

THEOREM 3.8. If a(t, s) is a kernel of type LL,, then there exists a kernel r(t, s) of
type LL,, such that r satisfies both resolvent Equations (2.5) and (2.11) for almost all
(t, s) in the region Q.

PROOF. Let r(¢, s) be defined by (3.8). We know from Theorem 3.6 that r(t, s)
is of type (L?, T) for each T > o and solves the resolvent Equation (2.11) a.e. in
(t, s) € Q2. On the other hand, we get by (3.8) and (3.10) that

t t o0
/ r(t,wa(u, s)Au = / {—Z ra(t, u)}a(u, S)Au

() a(s) n=I

0 pr
= —Z/ ra(t, u)a(u, s)Au
n=170()

o
== _Z rl’l-‘rl(t’ S)
n=1

=r(t,s)+a(t,s),

where the Lebesgue dominated convergence theorem enables us to interchange
summation and integration. Hence, r(t, s) solves Equation (2.5). The proof is
complete. O

OPEN PROBLEM. Show the existence of a resolvent r (¢, s) of type LL; solving the
Equations (2.5) and (2.11).
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3.2. Shift operators.

DEFINITION 3.9. Let T be a time scale and ¢y € T a fixed number such that there exist
operators 64 : [fg, oo)T X T — T satisfying the following properties.

(P.1) The functions 4 are strictly increasing with respect to their second arguments,
that is, if (T, 1), (To, u) € D+ :={(s, t) € [ty, 00)T X T : 6+ (s, t) € T}, then

To <t < u implies 81 (Ty, t) < 5+ (Tp, u).
(P2) If (T1, u), (T>, u) € D_ with T < T», then
5_(Ty, u) > 6_(Tr, u),
and if (T1, u), (T2, u) € D4 with T} < T», then
S54(Th, u) < 64+(Tn, u).

(P.3) Ift € T, then (¢, t) € D+ and 8+ (tp, t) =t and if ¢ € [ty, cO)T, then (¢, fg) € Dy
and 5+([, t()) = 8+([(), f) =1.

(P4) If (s, t) € D4, then (s, 51(s, 1)) € D_and 6_(s, 64+(s, t)) =t.

(P5) If (s, ) € Dy and (u, §4(s, t)) € D_, then (s, 5_(u, t)) € D4 and

0—(u, 84(s, 1)) =684(s, 6—(u, 1)).

The operators §_ and &4 associated with the 79 € T (called an initial point) are
said to be backward and forward shift operators on T, respectively. The variable
s € [tg, oo)T in 8+ (s, t) is called the shift size. The values 6, (s, ) and §_(s, ) in T
denote translation of ¢ € T by s units to the right and left, respectively. The sets D4
are the domains of the shift operators 81, respectively.

Notice that (P.3)—(P.5) imply §_ (u, u) = 6_(u, 5+ (u, ty)) = ty, and hence, (u, u) €
D_ for all u € [ty, o0)T.

DEFINITION 3.10. A point t* € T is said to be a sticky point if
S4(s, t™) =1t* foralls e [ty, oo)T with (s, t*) € Dx.

Henecforth, we will denote by T* the largest subset of T without a sticky point.
COROLLARY 3.11. Ifty € T*, then t* ¢ [tg, cO)T.

PROOF. If fg € T* and t* € [1g, 0o)T is a sticky point, then
P =8_0" ") =1ty e T =T—{t*].

This leads to a contradiction. |
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EXAMPLE 3.12. Let T =R and tp = 1. The operators

t/s ift>0

st ifr <0, Tors€ll, o0

S_(s, 1) = {

and
st ifr>=0
84 (s, t):{t/s if1 <0, for s € [1, o0)

are left and right shift operators associated with the initial point #p = 1. Also, t* =0 s
a sticky point (that is, T* = R—{0}) since

84(s,00=0 Vsel[l,o0).

In the following table we give some time scales with their corresponding shift
operators (note that N'/2 = {\/n :n e N} and ¢ = {¢" :n € Z and g > 1}).

T p t* T* §_(s, 1) 84(s, 1)

R 0 NA R t—s t+s
Z 0 N/A 7 t—s t+s
g?ufoy 1 0 4~ t/s st
NVZ 0 NA NYZ V252 2 4s?

Definition 3.9 yields the following result.

LEMMA 3.13. Let 6_ and 5 be the shift operators associated with the initial point

to. Then:

1) b4(s,t)=wu ifandonlyifé_(s,u) =t;

(1) 64(s, t) € [tg, co)T forall (s, t) € Dy witht > ty;

(iii) 6_(s, t) € [tg, co) forall (s, t) € D_witht > s;

(iv) if 64 (s, t) is A-differentiable in its second variable t € T}, then Bi’ (s, t) > 0 for
all (s, t) € Dy witht € T}.

PROOF. (i) is obtained from (P.4). (ii) and (iii) follow from (P.1)—(P.2). Since 64 (s, t)
is strictly increasing in its second variable, we have (iv) by [6, Corollary 1.16]. O

Notice that the shift operators §4 are defined once the initial point 7o € T is known.
For instance, we choose the initial point 75 =0 to define shift operators 64 (s, t) =
t =5 on T=R. However, if we take the initial point A € (0, co) then we can define
new shift operators by 81 (s, ) =¢ F A £ s and in terms of 64 as

81(s, 1) =85 (h, 8+(s, 1)).

EXAMPLE 3.14. In the following table, we give several time scales to show the
change in the formula of shift operators as the initial point changes.
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T = NI/2 T =hZ T=2N

fo 0 A 0 ha 1 2
S_(s,1) ~12—52 2422 —s2 t—s t+hri—s t)s 2 s}
Sp(s,1) N24+52 1222452 t4s t—hri+s ts  27Ms

Here L € Z,, IN=1(2":neN)},and hZ ={hn :n € 7).

3.3. The continuous case. Without the notion of a shift operator, one would have to
require that # + s and # — s be in the time scale. We decided this was an unnecessary
requirement that we overcame with the creation of the shift operator. Also, we expect
researchers to make use of this new notion to overcome such difficulties.

In this section, we are concerned with the existence of the continuous function
r(t, s) on © which solves the resolvent Equations (2.5) and (2.11).

Let T be a time scale containing an initial point #y € T* so that there exist the shift
operators 8 associated with 7. Hereafter, we shall suppose that the right shift operator
34+ (s, t) on T is A-differentiable in its second variable with rd-continuous derivative.
Substituting 64 (o (s), t) for ¢ in Equation (2.11), we get

r(64(o(s), t),s)=—a(6+(o(s), 1), s)+ /::U(S)’t) a(6(o(s), 1), v)r(v, s)Av.
(3.11)
Using (3.11) and [5, Theorem 1.98], we obtain
r(é4(o(s), 1), s)
=—a(b+(0(s), 1), ) (3.12)

t
+ f a84(0(5), 1), 84(a (), )L (3 (), wr (84 (o (s), u), s)Au.
Io

The advantage of considering a resolvent equation of the form (3.12) is that the
variable s appears in the equation only as a parameter. If the role of s is suppressed
then (3.12) turns into

t

R(t) =—A(@) +/ as(t, ) R(w)Au, (3.13)

0]
where R(t) =r(8+(o(s), 1), s), A(t) =a(84+(o(s), t), s) and
as(t,u) =a(64(o(s), t), 5+(o(s), u))cﬁ” (o(s), u) for(z,s)e .

Let 8 > 0 be a constant and let ||.|| denote the Euclidean norm on R”. Define
Jr := [a, b]r. We will consider the space C (JT, R") of continuous functions endowed
with a suitable norm

llx (@)l
lxllg := sup lIxllo := sup |lx(®)].
tedp €ﬂ(l, Cl) telr
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It was proven in [11, Lemma 3.3] that |x||g is a norm and is equivalent to the
supremum norm ||x[lo. Also, it was concluded that (C(JT, R"), ||x||g) is a Banach
space. We will denote this Banach space by P.

To prove the next result we will employ the following theorem.

THEOREM 3.15 [9, Theorem 3.4]. Consider the linear integral equation

t

x(t) = f(@) —I—/ B(t, s)x(s)As, te Jt. 3.14)

Let B : Jr x Jp — R™ " be a matrix-valued function which is continuous in its first
variable and rd-continuous in its second variable and let f : JT — R”" be continuous.
Then (3.14) has a unique solution in P. In addition, if a sequence of functions {x;} is
defined inductively by choosing any xo € C (IT, R") and setting

t

xi41(1) = f(1) +/ B(t, s)xi(s)As, telJr,

o
then the sequence {x;} converges uniformly on It to the unique solution x of (3.14).

THEOREM 3.16. If a(t, s) is continuous in (t, s) for (t, s) € 2, then there exists a
continuous function r (t, s) on Q which solves the resolvent Equations (2.5) and (2.11).

PROOF. We can conclude from Theorem 3.15 that for each fixed s > O there exists
a unique solution R(¢; s) of (3.13) on t9) <t <é_(o(s), T). Moreover, R(t; s) is
continuous in the pair (¢, s). Let us define

r(t,s) =R(@6_(a(s), t);s) for(t,s)e Q.

Evidently, r solves (2.11). Since a is continuous in (¢, s) for (¢, s) € , from
Theorem 3.8 there is an L2 function k(¢, s) which solves (2.5) and (2.11). By the
uniqueness of the resolvent k(z, s) among L? functions, k = r. Thus, r also solves
Equation (2.5). O
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