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Abstract  Let l[y] be a formally self-adjoint differential expression of an even order on the interval
[0,b)(b < o) and let Lo be the corresponding minimal operator. By using the concept of a decomposing
boundary triplet, we consider the boundary problem formed by the equation I[y] — Ay = f, f € L2[0,b),
and the Nevanlinna A-dependent boundary conditions with constant values at the regular endpoint 0. For
such a problem we introduce the concept of the m-function, which in the case of self-adjoint separated
boundary conditions coincides with the classical characteristic (Titchmarsh—Weyl) function. Our method
allows one to describe all minimal spectral functions of the boundary problem, i.e. all spectral functions
of the minimally possible dimension. We also improve (in the case of intermediate deficiency indices
n+(Lg) and non-separated boundary conditions) the known estimate of the spectral multiplicity of the
(exit space) self-adjoint extension A O Lg. Results are obtained for expressions I[y] with operator-valued
coefficients and arbitrary (equal or unequal) deficiency indices n+(Lo).
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1. Introduction

The paper deals with differential operators generated by a formally self-adjoint differential
expression ([y] of an even order 2n on an interval A = [0,b), b < oo, with a regular
endpoint 0 and either regular or singular endpoint b. We consider the expression [[y]
with operator-valued coefficients and arbitrary (possibly unequal) deficiency indices, but
in order to simplify presentation of the main results let us assume that

) = (=1 (pn—ry™)® + ppy (1.1)
k=1

is a scalar expression with real-valued coefficients pg(t), t € A, such that px € L1(0,5)
for each B € (0,b) [30]. Denote by Ly and L (= L§) minimal and maximal operators,
respectively, generated by the expression (1.1) in the Hilbert space $) := Lo(A) and let
D be the domain of L. As is known, Lg is a symmetric operator with equal deficiency
indices m = ny(Lg) and n < m < 2n.
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We develop an approach based on the concept of a decomposing boundary triplet for
a differential operator (see [27—29]). First recall the following definitions.

Definition 1.1 (Gorbachuk and Gorbachuk [14]). Let $ be a Hilbert space, let
A be a densely defined symmetric operator in $ with equal deficiency indices and let
D(A*) be the domain of its adjoint A*. A collection IT = {H, Iy, 1}, where H is an
auxiliary Hilbert space and Iy, Ih: D(A*) — H are linear maps, is called a boundary
triplet for A* if the map I" := (I, I1)T is surjective and the following ‘abstract Green’s
identity’ holds:

(A%f,9) = (f,A%g) = (Inf, Tog) — (Iof. Ig), f,9 € D(AY).
Definition 1.2 (Derkach and Malamud [4]). Let I = {#, I, I1} be a boundary
triplet for A*. The operator-valued (Nevanlinna) function M () (€ [H]) defined by
INifx=MNIofy, fref:=Ker(A*—)N), Ae€C\R
is called the Weyl function corresponding to I1.

By choosing a suitable boundary triplet for a concrete problem, one can parametrize
various classes of extensions A O A in the most convenient form. In particular, for the
minimal operator Ly generated by the expression (1.1) we suggest the use of the special
boundary triplet called decomposing in [27]. According to [27] such a triplet is of the
form IT = {C" @ C™, Iy, 11}, where ny, =m —nand I[;: D - C" @ C™, j € {0,1}, are
the linear maps given by

Loy = {y?(0), [y} (e C"@C™),  Ny={-yV(0), Iy} (€C"aC™). (1.2)

Here y)(0) are vectors of quasi-derivatives (2.18) at the point 0 and I}y, I'jy(c C™)
are boundary values of a function y € D at the singular endpoint b, which satisfy the
identity (2.24) (for more details see Definition 2.5).

Next assume that P = {Co(X), C1(A)}(A € C\ R) is a pair of holomorphic operator
functions Cp(A) and Cq(\) defined by the block representations

Co(\) = (Co, C5(N): C"@C™ = C™,  C1(\) = (C1, CL(A): C"pC™ — C™ (1.3)

with the constant entries C’o, Ch. Moreover, assume that such a pair belongs to the
Nevanlinna class (in short, the Nevanlinna pair), which means that the corresponding
family of linear relations 7 = 7(\) := {{h,h'}: Co(A)h + C1(A\)h' = 0} is a Nevanlinna
family (see, for example, [7]).

Denote by K the range of the operator €' = (C’o, C’l) and let

A = dim K = rank(Cy, C1), n' =m—n.

Then n < 7 < m and the operator pair (1.3) admits the block representation

Ny Cf
Co(A) = ( oo

Ny Cf ()
Cl()‘):< boon

) C"eC™ 5 Ka KL, (1.4)

) C"epC™ -5 Ko KL, (1.5)
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where N; are (7 x n)-matrices with rank(No, N1) = 7, and C}; (), Cly(N), j € {0,1},
are, respectively, (i X np)- and (n’ X np)-matrix functions. By using the boundary oper-
ators (1.2), consider the boundary problem

]~ My = (16)
Co(MNIoy — Ci(MN) Iy = 0. (%)

It follows from (1.4), (1.5) that the boundary condition (%) can be written as two
equalities

Noy'?(0) + Ny (0) + Cg, (M gy — C1 (M Iy =0, (1.7)
Co2(N gy — Cra(M Iy =0,

which in fact define m linearly independent boundary conditions in the sense of [8].

The problem (1.6)—(1.8) is a particular case of a general Nevanlinna-type boundary
problem and hence it generates a generalized resolvent R(A) = R, () and the correspond-
ing spectral function F(t) = F,(t) of the operator Ly [29]. Moreover, each self-adjoint
boundary problem is given by the boundary condition (*) with a constant-valued Nevan-
linna pair P = {Cy, C1}, which implies that each canonical resolvent of the operator Lg
is generated by the boundary problem (1.6)—(1.8) with C};(\) = C%; and C},(A) = Cs,
j €{0,1}, A € C\ R. Observe also that the problem (1.6)—(1.8) contains as a particular
case a decomposing boundary problem. Namely, if (and only if) the equality n = n is
satisfied, then C{;(A) = C{;(A) = 0 and the boundary conditions (1.7), (1.8) become
decomposing.

Next assume that M (-) is the Weyl function of the decomposing boundary triplet (1.2)
in the sense of Definition 1.2 and let

M) = <mw M2(A)) :C"®C™ 5 C"@C™, AeC\R, (1.9)
Ms(A)  May(A)

be the block representation of M()). Moreover, let 2(\) = £2.()\) be the Straus char-

acteristic matrix of the generalized resolvent R(A) = R,(\) [35] (for more details see

(2.35)). Then, according to [29], £2;()) is defined immediately in terms of a Nevanlinna

boundary parameter 7 by the equalities

w:<Mm—mew+Muwmmv—y+Mwwm+Mmrv

=3I+ (T(A) + M(X) ' M(N) —(T(\) + M(N\)~?
(1.10)
2.(\) = Pengen2;(A) [C"®C", A€ C\R.
For a given operator pair (1.4), (1.5), consider also the operator function
Q-w(A) = (WHTLQ.(N(W)™ N e C\R, (1.11)
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—N§  *
W/ _ 0
(Nf *)

is an invertible (2n x 2n)-matrix (the form of the entries * does not matter). We shall
show that the operator function (1.11) is of the form

where

deﬂ<m?M %):K@KL%K@K% A€ C\R, (1.12)

where C'is a constant operator. The equality (1.12) generates the uniformly strict Nevan-
linna operator function mp(-), which we call an m-function of the boundary prob-
lem (1.6)—(1.8). This function can also be defined explicitly in terms of the boundary
conditions (1.7), (1.8) (see Theorem 3.11 (3)). Moreover, in the case of self-adjoint decom-
posing boundary conditions, the function mp(-) coincides with the classical characteristic
(Titchmarsh-Weyl) function [30].

It turns out that the characteristic matrix £2,(-) and the m-function mp(-) are con-

nected by

mp(\) = N*2,(\W)N +C, C=Cr,
where N is the right inverse operator for N’ = (—Np, N1). This implies that mp(-) is the
uniformly strict part of the Nevanlinna function {2, (-) and the function (2. (-) is uniformly
strict if and only if m = 72 = 2n and the (2n x 2n)-matrix (Ng, N7) is invertible.

In the final part of the paper we consider some questions of the eigenfunction expansion.
Namely, let o(t,A) = (p1(t, N), p2(t, A), ..., va(t,A)) be a system of d linearly indepen-
dent solutions of the equation I[y] — Ay = 0 with the constant initial data () (0, \) = 0,
J € {0,1}. Recall that a (d x d)-matrix distribution function X'(s) = X ,(s), s € R,
is called a spectral function of the boundary problem (1.6)—(1.8) corresponding to the
solution (-, A) if, for each function f € $ with compact support, the Fourier transform

g7(s) = / ST (t5) f(t) dt

satisfies the equality

«RW%JHMUJ%=%ﬂ&EWSMQMM$%[%@CR
(here F,(-) is the spectral function of Ly). As is known [8,30,35], in the case d = 2n
there exists a unique spectral function X, () of the problem (1.6)—(1.8). At the same
time, for simplification of calculations, it is important to make d as small as possible [8,
Chapter 13.5]. Therefore, the natural problem seems to be a description of all spectral
functions X, ,(-) with the minimally possible value of d (we denote this value by dmin
and we call the corresponding spectral function minimal). It turns out that the complete
solution of this problem is based on the concept of the m-function, mp(-). Namely, the
following theorem is immediate from the more general result obtained in the present
paper (see Theorem 4.15).
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Theorem 1.3. Let P = {Cy(\),C1(\)} be a Nevanlinna pair (1.4), (1.5) and let
on(t,A) = (o1(t, N), o2(t, A), ..., alt, A)) be the n-component linearly independent solu-
tion of the equation l[y] — Ay = 0 with the initial data @5\})(0, A) = —N¢§, @5\2[)(0, A) = Nf.
Then

1. there exists a unique (2 X n)-spectral function Xp n(s) of the problem (1.6)—(1.8)
corresponding to ¢ (-, \) and this function is calculated by means of the Stieltjes
formula (4.18) for the m-function mp(-),

2. dmin = 7 and the set of all minimal spectral functions Y, (+) is given by
Emin(s) = X*EP,N(S)X,
where X is an invertible (1 X f)-matrix.

Moreover, we show that for a fixed pair N = (N, N1) the set of all spectral functions
Xp.n(s) is parametrized by the Stieltjes formula (4.18) and the following equality:

mp(\) = Tno(N) + Tw(N)(Co(N) — CLVM(N) ' CLNTH(V), A€ C\R,  (L.13)

which is similar to the known Krein formula for resolvents (see, for example, [4]). In
(1.13) M(X) is the Weyl function (1.9) and Tno(A), Ty (A) are the matrix functions
defined by means of M(\) and the pair N. The role of a parameter in (1.13) is played
by a Nevanlinna pair P = {Cy(\),C1(A)} given by (1.4), (1.5) with fixed Ny, Ny and
all possible C{j()\). Note in this connection that, for a decomposing boundary problem,
formula (1.13) leads to a similar formula given in [26]. Moreover, (1.13) implies the known
description of all Titchmarsh—Weyl functions m(-) obtained for quasi-regular expressions
I[y] by Fulton [9] and Khol’kin [18,33] (we shall touch upon these problems elsewhere).

Next, by using Theorem 1.3, we prove the inequality sm(A) < #, where sm(A) is

the spectral multiplicity of the (exit space) self-adjoint extension A D Ly given by the
boundary conditions (1.7), (1.8). This result improves the known estimate sm(A) <
m implied by simplicity of the operator Lg. In this connection note that, in the case
A =[0,b], one can let Iy =y (b), My =y (b) in (1.7), (1.8), which implies that the

multiplicity of each eigenvalue of the canonical extension A = A* does not exceed 71 (=
rank(Ny, N1)). Hence, in the case A = [0,b], the estimate sm(A) < 7 (for the canonical
extension A) is immediate from (1.7), (1.8) and the discreteness of the spectrum of A.
Meanwhile, such an estimate does not seem to be so obvious in the case of intermediate
deficiency indices n < m < 2n and non-separated boundary conditions.

In conclusion, note that spectral multiplicity of differential operators and spectral
matrix-functions of minimal dimension have been studied by many authors. Thus,
Kac [16] and Gilbert [13] examined the spectral multiplicity of the self-adjoint oper-

ator A generated by the Sturm-Liouville expression
l==y"+V(H)y, V@)=V (1.14)

on R, which is supposed to be in the limit point case at 400 and —oo. In [13,16]
under the above assumptions the spectral multiplicity of A was described in terms of

https://doi.org/10.1017/50013091512000053 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000053

736 V. Mogilevskii

properties of the classical Titchmarsh-Weyl functions m. (-) and m_(-) associated with
the restrictions I[y] | Ry and [[y] | R_, respectively.

In the recent papers by Gesztesy and Zinchenko [12] and Fulton and Langer [10,11],
some special classes of the expression (1.14) on (0,00) were examined. These authors
modified the well-known Titchmarsh—-Weyl method by considering certain singular and
regular solutions of the equation {[y] = Ay and thus obtained a generalized Titchmarsh—
Weyl function m(-), which is a scalar function but no longer belongs to the Nevanlinna
class. Such an approach enables one to obtain a scalar spectral function and as a result
to show that the corresponding self-adjoint operator A has a simple spectrum. We also
refer the reader to [31], in which scalar differential expressions [y] of a higher order with
minimal equal deficiency indices are considered and the upper bound for the multiplicity
of the continuous spectrum of an arbitrary self-adjoint realization A of I[y] is found.
Moreover, the method for calculation of the absolutely continuous spectrum’s multiplicity
in terms of the abstract Weyl function is provided in [23].

Note, in connection with the above, that our approach is applicable to differential
operators of a (higher) order 2n with arbitrary (possibly unequal) deficiency indices.
Moreover, our main results are formulated immediately in terms of the operators Ny and
Nj or, equivalently, in terms of boundary conditions at the regular endpoint 0 (see (1.7)).
Therefore, our approach seems to be convenient for applications, especially in the case of
intermediate deficiency indices n < m < 2n (we emphasize that, strictly, this case does
not hold for the Sturm-Liouville operator (1.14)).

2. Preliminaries
2.1. Notation
The following notation will be used throughout the paper.
e §, H denote Hilbert spaces.
o [H1,Ho] is the set of all bounded linear operators defined on H; with values in Hs.
o [H]:=[H, H]
e P, is the orthogonal projector in $ onto the subspace £ C .

e C, (C_) is the upper (lower) half-plane of the complex plane.

Recall that a closed linear relation from Hg to Hi is a closed subspace in Hg & Hy.
The set of all closed linear relations from Hg to Hy (from H to H) will be denoted by
C(Ho,H1) (C(H)). A closed linear operator T from Hg to #, is identified with its graph
grT € C(Ho, Hi).

For a relation T € C(Hy, H1), we denote by D(T), R(T) and Ker T the domain, range
and the kernel, respectively. Moreover, T~ (€ C(Hy,Ho)) and T* (€ C(H1,Ho)) denote

the inverse and adjoint relations.
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In the case T € C(Ho, H1) we write
e 0€p(T) if Ker T = {0} and R(T) = H1, or equivalently if T~ € [H1, Ho],
e 0 € p(T) if KerT = {0} and R(T) is closed.

For a linear relation T € C(H) we denote by p(T) = {\ € C: 0 € p(T — \)} and
p(T) = {x € C:0 € p(T — A} the resolvent set and the set of regular-type points
of T', respectively.

2.2. Holomorphic operator pairs

Recall that a holomorphic operator function &(-): C\ R — [H] is called a Nevanlinna

function if Im A - Im@(A) > 0 and &*(\) = P(A), A € C\ R. Moreover, the Nevanlinna
function &(-) is said to be uniformly strict if 0 € p(ImP(A)) when A € C\ R.

Next assume that A is an open set in C, that K, Hy and H; are Hilbert spaces and that
Ci(-): A= [H;,K], j € {0,1}, is a pair of holomorphic operator functions (hereafter ‘a
holomorphic pair’). In what follows, we identify such a pair with a holomorphic operator
function

CO) = (Co(N),Cr(N): Ho ®Hi — K, A€ A (2.1)

A pair (2.1) will be called admissible if R(C(A)) = K for all A € A. In the following all
pairs (2.1) are admissible unless otherwise stated.

Definition 2.1. Two holomorphic pairs C(-): A — [Ho @& H1,K] and C'(): A —
[Ho ® Hi1, K'] are said to be equivalent if C"(\) = o(A\)C(N), X € A, with a holomorphic
isomorphism ¢(-): A — [KC,K].

Clearly, the set of all holomorphic pairs (2.1) falls into non-intersecting classes of
e~quivalent pairs. Moreover, such a class can be identified with a function 7(-): 4 —
C(Ho,H1), given for all A € A by

7(A) = {(Co(N), C1(N)); K} := {{ho, h1} € Ho & H1: Co(A\ho + C1(MN)h1 =0}, (2.2)

In what follows, we suppose that Hg is a Hilbert space, H; is a subspace in H,
Ho :=Ho © H1 and P; is the orthoprojector in Hg onto H;, j € {1,2}. With each linear
relation 6 € C(Ho, H1) we associate a x-adjoint linear relation 8% € C(Ho, M), defined
as the set of all {ko, k1} € Ho @ H1 such that

(kl,ho) — (k(hhl) —+ i(PQko,PQho) = 0, {ho,hl} €0.

Clearly, in the case Ho = H1 =: H, the equality 8% = 6* is valid.
Next assume that Ky is an auxiliary Hilbert space, K is a subspace in Ky and

C(A) = (Co(N), C1(N): Ho & H1 — Ko, A €Cy, (2.3)
D(/\) = (DO(A)aDl()‘)) HO OH1 — ,Cla A€ C—7

are holomorphic operator pairs with the block-matrix representations

Co()\) = (C()1(>\), 002()\)): Hi D Ho — Ko, (25)
Do(A) = (Do1(N), Do2(N)): Hi & Ho — Ky
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Definition 2.2. A Nevanlinna collection of holomorphic operator pairs (hereafter ‘a
Nevanlinna collection’) is a totality {C(-), D(-)} of holomorphic pairs (2.3), (2.4) satisfy-
ing
, 0e p(00<)\) — iCl<)\)P1), A€ (C+, (27)

2Im(C1(A)C1(N)) + Co2(A), Ca(A) = 0
<0, 0€p(Doi(N\)+iDi()), AeC_, (2.8)

21m(D1(N) Dy (N) 4 Dog, (\) Do ()

and

C1(MN)Dg1(A) = Cor(A) DT (A) +1Co2(A) Dga(A) =0, A e Cy. (2.9)

A Nevanlinna collection (2.3), (2.4) is said to be constant if Ky = Ky =: K and
Ci(A\)=Dj(2)=Cj, j€{0,1}, forall A\ e C4, z € C_.

Clearly, a constant Nevanlinna collection can be regarded as an operator pair
C=(Cy,Cy): HodH1 = K (2.10)
with the block-matrix representation Cy = (Co1, Co2): Hi @ Ha — K satisfying
2Im(C1Cyy) + Co2Chy =0, 0€ p(Cy —iC1Py), 0€ p(Co +iCh). (2.11)
Equation (2.11) and [24, Proposition 3.4] imply that the equality
0 ={(Co,C1); K} := {{ho,h1} € Ho ® H1: Coho + C1hy =0} (2.12)

define a linear relation 6 € C(Ho, H1) such that (—)* = —f. Moreover, a constant Nevan-
linna collection exists if and only if dim H; = dim Hg (= dim K).

We emphasize that in Definition 2.2 we just mean a collection that consists of the two
holomorphic operator pairs {Cy(-),C1(-)} and {Do(-), D1(-)}.

Definition 2.3. A collection 7 = {71,7_} of two functions 7, (-): C4 — C(Ho, H1)
and 7_(-): C_ — C(Ho,H1) is said to be of the class R(Hg,H1) if, for all A € C, and
z € C_, it admits the representation

7+(A) = {(Co(A), C1(N)); Ko}, 7-(2) = {(Do(2), D1(2)); K1 } (2.13)

with a Nevanlinna collection {C(-), D(-)} (see (2.2)).

A collection 7 = {7, 7_} € R(Ho,H1) belongs to the class R°(Ho, H1) if it admits the
representation 74 (A) = {(Cp, C1); K} = 6, A € C4, with a constant Nevanlinna collection
(operator pair) (2.10).

It follows from Definition 2.3 that a collection 7 = {r,,7_} € R(Ho,H;) can be
regarded as a collection of two equivalence classes of holomorphic pairs (2.3) and (2.4)
satisfying (2.7)—(2.9). Moreover, according to [24],

Im M- (2 Im(hl, ho) — ||P2h0||2) 2 0, {ho, hl} c T:t()\), (214)

and —7; (\) = (—7_()\))*, X € C, for any collection 7 = {r,,7_} € R(Ho, H1).
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Remark 2.4.

1. Clearly, a Nevanlinna collection (2.3), (2.4) satisfies the equalities
din’lHo = dimKo, dlmHl = d1mlC1 (2.15)

Therefore, the representation (2.13) with Ky = Ky =: K is possible if and only
if dim#H; = dim Ho, in which case the corresponding Nevanlinna collection (2.3),
(2.4) can be regarded as the unique holomorphic operator pair defined on C UC_.

2. The above concepts of a Nevanlinna collection and the class R(Hm?-ll) can be
regarded as a natural generalization of the well-known concepts of a Nevanlinna
pair and the class R(H) of C(H)-valued functions. To explain this assertion, recall
(see, for example, [7]) that a function 7(A), A € C\ R, whose values are linear
relations in the Hilbert space # belongs to the class R(#) if for every A € C the
relation 7()\) is maximal dissipative, 7(A\)* = 7(\), A € C\ R, and (7(\) + )7,
A € Cg, is a holomorphic operator function. A holomorphic operator pair

CA) = (Co(N),C1(N): HeH —- K, XeC\R,
is said to be a Nevanlinna pair if (cf. (2.7)-(2.9))
Im A - Im(C1(A)C3(A) 20, 0€ p(Co(A) — AC1(N))
and
CLNCE(N) = CoNCE(R) =0, AeC\R,
or, equivalently, if the equality
T(A) = {(Co(N),Ci(N)); K}, A e C\R, (2.16)

defines a function 7(-) € R(#) [7]. Moreover, a constant Nevanlinna pair can be
identified by means of (2.10) and (2.12) with a self-adjoint linear relation (operator
pair) 6 = 6* € C(H).

The class R(’H) plays an important role in the parametrization of all (exit space)
self-adjoint extensions of a symmetric operator A with equal deficiency indices and
related problems (see [4,7,20,21,36] and the references therein). At the same
time, in the case of unequal deficiency indices of the operator A, it is necessary to
consider unequal spaces Hi # Hop and two functions 74 (\), A € Cy, and 7_(2),
z € C_, which form a collection 7 = {7y, 7_} € R(Ho, H1) [24,25]. Of course, in
the case Ho = Hy =: H, one has R(H,H) = R(H) and the representations (2.13)
turn into (2.16).
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2.3. Differential operators

Let A =[0,b), b < 00, be an interval on the real axis (in the case b < oo, the point b
may or may not belong to A), let H be a separable Hilbert space and let

n

) =D (= D™((Pa-sy™)® = Zi[(g; ™) + (gury® ) BN + pry  (2.17)
k=1

be a differential expression of an even order 2n with sufficiently smooth operator-valued
coefficients pi(-),qx(-): A — [H] such that px(t) = pi(t) and 0 € p(po(t)). Denote by
y¥(), k = 0,1,...,2n, the quasi-derivatives of a vector-function y(-): A — H, corre-
sponding to the expression (2.17) [30,32,33] and let D(I) be the set of functions y(-)
for which this expression makes sense. With every function y € D(l), we associate the
functions yU)(:): A — H™, j € {1,2}, and §(-): A — H™ @ H™ by setting

y () = {yF @) po (e HY), }
(2.18)
y 2 (t) = {yP M)} po (e H),
gt) = {yP @),y @)} (e H" @ H"), te A. (2.19)

Let K be a Hilbert space and let Y(-): A — [K, H] be an operator solution of the
differential equation

lly] — Ay = 0. (2.20)
With each such solution we associate the operator functions YO(): A= [K,H"], j€
{1,2}, and Y("): A = [, H"® H"]:
YO @) = (v (1), YI(),..., YT,
Y& () = (vl (), YR A, Yy )T,
Y(t)= YY), yPuNT: K - H @ H", te A,

where YI*I(:), k= 0,1,...,2n — 1 are quasi-derivatives of Y (-).
In what follows, (= L2(A;H)) is the Hilbert space of all measurable functions
f(-): A — H such that

b
/O 1F(0)]2 dt < oc.

Moreover, L5[KC, H] denotes the set of all operator functions Y'(-): A — [KC, H] such that
Y (t)h € $ for all h € K.

It is known [30,32,33] that the expression (2.17) generates the maximal operator L
in $, defined on the domain D = D(L) :={y € D) N H: l[y] € H} by Ly =[y], y € D.
Moreover, for all y, z € D there exists the limit

[y, 2] (b) := %1(?;“)(75), 2D = (2 (1), 2V () 1 (2.21)
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Let
Do ={y€D: §(0) =0and [y, 2](b) =0, z € D}

and let Lo = L | Dy be the minimal operator generated by the expression (2.17). Then
Ly is a closed densely defined symmetric operator in $) and L§ = L [30,32,33].

Next denote by 9ty (Lo) := Ker(L — X\)(A € p(Lo)) the defect subspace of the operator
Lo and let ny(Lp) := dim 9\ (Lg), A € C4, be its deficiency indices. As is known, these
indices are not necessarily equal [19].

Let # = 0* € C(H™) and let Ly be a symmetric extension of Ly with the domain
D(Lg) = {y € D: §(0) € 0, [y,z](b) = 0, for all z € D}. According to [27] deficiency
indices ny (Lg) of an operator Ly do not depend on 8 (= 6*), which enables us to introduce
the deficiency indices at the right endpoint b as npt := ny(Lg).

2.4. Decomposing boundary triplets and Weyl functions

Assume that H] is a subspace in a Hilbert space Hf, H5 := H{ O HY, I}: D — Hj
and I'7: D — Hj are linear maps and P; is the orthoprojector in H{, onto 1}, j € {1,2}.
Moreover, let Ho = H" @ H(, H1 = H* @ H) and let I;: D — H;, j € {0,1}, be linear
maps given for all y € D by

Loy = {y@(0), [y} (€ H* @ H)), Ny ={—yP(0),I{y} (€ H*®H}). (2.22)

Definition 2.5 (Mogilevskii [27]). A collection IT = {Ho ® Hi,Io, 1}, where Ip
and I7 are linear maps (2.22), is said to be a decomposing D-boundary triplet (briefly a
decomposing D-triplet) for L if the map I = (I'}, I'))T: D — H{ @ H) is surjective and
the following identity holds:

ly, 2](b) = (Iy, I4z) — (Toy, Tiz) +1(Pyl gy, PaIgz), v,z €D. (2.23)

In the case Hy = H| =: H'(<= Ho = H1 =: H) a decomposing D-triplet IT =

{H, Iy, I'1} is called a decomposing boundary triplet for L. For such a triplet, the identity
(2.23) takes the form

[y, 2](b) = (Iy, I42) — (Tgy, [12),  y,2 €D. (2.24)

As was shown in [27, Lemma 3.4], a decomposing D-triplet (boundary triplet) for L
exists if and only if ny— < npy (respectively, n,— = npy ), in which case

dimH} = np— < npy = dim Hy,, dimH, =n_(Lo) < ny(Lo) =dimH,  (2.25)
(respectively, ny— = npy = dimH’ and n_(Ly) = ny(Lg) = dim H). Therefore, in the

following we suppose (without loss of generality) that n,— < npy and, consequently,
n—(Lo) < n(Lo).
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Remark 2.6.

1. Tt follows from (2.25) that, in the case dim H < oo, the last term in (2.23) appears
if and only if ny(Lg) > n_(Lg).

2. To illustrate the concept of a decomposing D-triplet consider the following example.
Assume that dim H = 1 (the scalar case) and ny(Lo) =n+ 1, n_(Lg) = n (such
a situation is possible in view of [19]). Then, according to [27, Proposition 3.10],
the following statements hold:

(i) the linear space M; = {y € Ly(A): I[y] = iy, ¥'(0) = 0} is one dimensional;
(i) if v € M; and lv]|£o(a) = 1, then the operators
Lo(y) = {y®(0), Z5ly,v](0)} (€ C" @ C), Iy = -y (0) (€C"), yeD,
form the decomposing D-boundary triplet IT = {(C"®C) & C", Iy, I} for L.

Proposition 2.7 (Mogilevskii [27]). Let {Ho & Hi1,I0,I1} be a decomposing
D-triplet (2.22) for L. Then the following hold.

1. For each A € Cy(z € C_) there exists a unique operator function Z,(-,\) €
LiHo, H|(Z_(-,2) € L4[H1,H]) satisfying (2.20) and the boundary condition
Io(Z(t, N)ho) = hg, ho € Ho (respectively, P1Iy(Z_(t,z)h1) = h1, h1 € H1).
If

Zy(t,N) = (vo(t, A), usp (6, X)) H* ®Hy — H, AeCy, (2.26)
Z_(t,z) = (vo(t,2),u_(t,2)): H" ®H, - H, 2eC_, (2.27)

are the block representations of Z,(-,\) and Z_(-,z), then the above boundary
condition can be represented as

o0, 1) = In(n € C\R), Tf(vo(t, h) =0, P{Iy(vo(t,2)h) =0, he H",
uf(0,0) =0, Ijlup(t,ho) =hy, AeCy, hyeH,
u?(0,2) =0, PT(u_(t,2)h})=h,, zeC_, K eH|.
2. The equalities (4 (AN)ho)(t) = Z4 (¢, \)ho, ho € Ho, and (y—(2)h1)(t) = Z_(t, 2)hq,
hi € H;, define the isomorphisms v (\) € [Ho, M (Lo)] and v_(2) € [H1, M. (Lo)].

Definition 2.8. The operator functions My (-): C4 — [Ho,Hi] and M_(-): C_ —
[H1,Ho] given for all A € C4 and z € C_ by

(2.28)

M+(/\)h0 = I (Z(t, /\)ho)7 ho € Ho,
M,(Z)hl = (Fl + LPQF())(Z,(t7 Z)hl), hi € Hq,

are called the Weyl functions for the decomposing D-triplet {Ho & H1, o, 11}
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As was proved in [27, Theorem 3.12] all the entries of the block representations

o m()‘) M2+()‘) . n / n /

Mo()) = <M3+(A) M4+(A)> CHY @ H, > H @M, AeC., (2.29)
(
(

M_(2) = m(z) M.
- Mg,(z) M4

z

[\~

B ;>:H”@'Hg—>m@%, zeC._, (2.30)
_(z

can be defined immediately in terms of boundary values of the functions vg(-, \) and
u+ (-, A). In particular, (2.29) and (2.30) generate the uniformly strict Nevanlinna function
m(\) = ffuc()l)(O, A), which in [27] we called the m-function.

Observe also that, in the case of a decomposing boundary triplet {H, I, 1} (i.e. if
Ho=Hi=H=H"®H), wecanlet Z(t,\) = ZL(t,\), A € Cx (cf. (2.26) and (2.27)),
in which case the relations (2.28) can be written as

M(MNh=I(Z(t,\h), heM, e C\R. (2.31)

Formula (2.31) defines the Weyl function M(A) (€ [H]) of the triplet {H, Iy, I1} with
the block representation

M) = (mm Ma(N)

CH"oH — H'®oH, MeC\R. 2.32
M3(N) M4(>\)> ' (232

Moreover, M (-) is a Nevanlinna function.

Remark 2.9. Recall that the concept of a D-boundary triplet and the corresponding
Weyl function for an abstract symmetric operator with arbitrary (possibly unequal)
deficiency indices was introduced in [25]. As proved in [27], a decomposing D-triplet
(2.22) for L is a D-boundary triplet, while v4 (-) and M4 (+) are the corresponding ~-fields
and Weyl functions in the sense of [25]. Moreover, if IT is a decomposing boundary triplet
(that is, Ho = H1 =: Hand n_(Lg) = n4+(Lo)), then the operator functions y(A) = v ()
and M()\) = My (\), A € CL, are respectively the y-field and the abstract Weyl function
in the sense of Derkach and Malamud [4].

2.5. Generalized resolvents and characteristic matrices

Let A D Lo be an exit-space self-adjoint extension of the operator Ly acting in the
Hilbert space $ D § and let E(t) be the orthogonal spectral function of the operator
A. Recall that the operator functions R(\) = Py(A —X)"' [ $, A € C\ R, and F(t) =
P, E (t) | $ are called the generalized resolvent and the spectral function, respectively,
of the operator Lg. In the following we suppose that the spectral function E(t) (or
equivalently the extension A) is minimal, which means that span{$), E(t)$: t € R} = .

Let Yp(-,A): A — [H™® H™, H] be the ‘canonical’ operator solution of (2.20) with the
initial data Yy(0,\) = Ignep» and let

0 —Iyn
Jgn = cH'"®H" - H"® H". (2.33)
Ign 0
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According to [3,35] the generalized resolvent R(A) admits the representation

b
E0NE) = [ Gt [ Gw e 5= 10, @3
0 1o Jo
with the Green function G(-,-,A): A x A — [H] given by
G(z,t,\) = Yo(z, A)(2(N) + 4 sgn(t — ) Ju=) Y5 (¢, A), A€ C\R. (2.35)

Here 2(\) (€ [H™ ® H"™]) is a Nevanlinna operator function, which is called a character-
istic matrix of the generalized resolvent R(X) [35].

Next assume that IT = {Ho ® Hi, o, 1} is a decomposing D-triplet (2.22) for L and
7 = {ry,7_} € R(Ho,H1) is a collection of holomorphic pairs (2.13) with the block

representations
Co(X) = (Co(N), Go(N): H" & Hy = Ko, } (236
Ci(\) = (C1(\),C1(N): H*® H) — Ko, X eCy,
DoA) = (Do(A), DhN)): H" & Hy = K, } 05
Di(A\) = (D1(\),Di(\): H*®H, - K1, MeC_.
For a given function f € $) consider the boundary-value problem
- = f. (2.38)
CoMy@(0) + Cr(Ny™(0) + oMy = CIA Ty =0, AeCy,  (2:39)
Do(N)y®(0) + Di(\y™(0) + Dy(M gy — Diy(MNI{y =0, AeC_.  (2.40)

In view of (2.36) and (2.37) the conditions (2.39) and (2.40) can be written as
Co()\)Foy — 01(/\)F1y =0, \€ (C+; DO()\)FOZJ — Dl(/\)F1y =0, AeC._. (241)

A function y(-,-): Ax (C\R) — H is called a solution of the boundary problem (2.38)-
(2.40) if, for each A € C\ R, the function y(-, \) belongs to D and satisfies (2.38) and the
boundary conditions (2.39), (2.40).

Theorem 2.10 (Mogilevskii [29]). Let 7 = {7}, 7_} € R(Ho,H1) be a collection
given by (2.13) and (2.36), (2.37) and let £2.()\) be the operator function defined for all
A € Cy by (1.10) (with 74 and My in place of 7 and M ). Then we have the following.

1. For each f € $ the boundary problem (2.38)-(2.40) has the unique solution

y(t, ) = ys(t, ) and the equality (R(\)f)(t) = yr(t, ), f € H, A € C\ R, defines
a generalized resolvent R(\) := R, () of the minimal operator L.

2. The characteristic matrix of the generalized resolvent R.(\) is

2(\) = 2:(A) :== Pargun2-+(\) | H" & H", XeC,. (2.42)

Conversely, for each generalized resolvent R()) there exists a unique 7 € R(Ho, H1)
such that R(X) = R;(\). Moreover, R.(A) is a canonical resolvent if and only if
T € RO(HQ,H1).
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Proposition 2.11. The characteristic matrix {2, (-) satisfies the equality
s— lim £2,(iy)/y =0. (2.43)
Yy—00

Proof. For simplicity, let I = {H, Iy, I1} be a decomposing boundary triplet for L.
Since the operator Lg is densely defined, it follows from [6,7] that

s — Tim (M(iy) — M(iy)(r(iy) + M(iy) =" M(iy)) /y = 0,
s = lim (7(iy) + M (iy) ™" /y = 0.

Therefore, by (1.10), s — lim, o, 2, (iy)/y = 0, which in view of (2.42) gives (2.43).
In the case of a decomposing D-triplet the proof is similar. (|

Remark 2.12. It follows from Theorem 2.10 that the boundary problem (2.38)—(2.40)
gives a parametrization of all generalized resolvents R(A) = R,(A) and characteristic
matrices 2(\) = £2,(A\) by means of the Nevanlinna boundary parameter 7. Moreover,
since a spectral function F'(t) is uniquely defined by the corresponding generalized resol-
vent R(\), one obtains the parametrization F(t) = F;(¢) of all spectral functions of the
operator Ly by means of the same boundary parameter 7.

3. m-~functions and characteristic matrices

3.1. Quasi-constant and N-triangular Nevanlinna collections

Let
II' = {Ho ® Hi, lo, I}
be a decomposing D-triplet (2.22) for L (with H; = H" @ H};, j € {0,1}). A Nevanlinna
collection {C(+), D(-)} defined by (2.3), (2.4) and the block representations (2.36), (2.37)
will be called quasi-constant if Cj(\) = D;(z) = C;(€ [H",K1]),j € {0,1}, forall A € C,
and z € C_ (such a definition is correct, since Ky C Kp). Clearly, each constant pair
0(= 0*) = {(Cy, C4); K} is quasi-constant.
Next assume that

N = (No,Ny): H"® H" - K (3.1)
is an admissible operator pair (i.e. R(N) = K) and let 0 € C(H™) be a linear relation
given by Oy = {(No, N1); K}. The operator pair (3.1) will be called symmetric (self-
adjoint) if the linear relation 6y is symmetric (self-adjoint).

Definition 3.1. A Nevanlinna collection {C(-), D(-)} defined by (2.3), (2.4) will be
called N-triangular if there exist a Hilbert space K{, and a subspace K} C Kf, such that
K;j =K &K}, j€{0,1}, and the following block representations hold:

):H”@’Héel@@lcg, AeCy, (3.2)

):H”@HQ—HCEBIC{), AeC,, (3.3)
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>;H"@Hg—>/€@/q, AeC_, (3.4)

N; D)
Di(N) = ( ' ,11
1

A constant N-triangular collection can be regarded as an operator pair

>:H”@7—[’1%I€@IC’1, AeC_. (3.5)

C=(Cy,Ch): (H"®Hy) & (H"dH,) - KoK’ (3.6)

defined by the block-matrix representations

/ !
o= (Mo Con) H oM, - Kak, C = NG H &, - Kak
0 Cl T 0 Ci, T
(3.7)
and satisfying the relations (2.11).
Assume now that {C(:),D(:)} is a quasi-constant Nevanlinna collection defined
by (2.3), (2.4) and (2.36), (2.37) and let £(C K1) be the range of the operator

C:=C\)[H"&H" = (Co,Ch): H" ® H" — K. (3.8)

It is clear that the collection {C(-), D(-)} is N-triangular with some N if and only if K
is closed, in which case N; = C(€ [H",K]), j € {0,1} (here C; is considered as acting
from H™ to K). In this connection the following proposition holds.

Proposition 3.2. Ifny, < oo (in particular, if dim H < o0), then each quasi-constant
Nevanlinna collection is N-triangular.

Proof. Since the operator pair (2.3) is admissible, it follows that R(C(\)) = Ky and,
therefore, the range of the operator C*(A) is a closed subspace in Hg @ H;. Moreover,
by (3.8), C* = Pgngun»C*(\) and, consequently,

R(C*) = Punau»R(C*(N)). (3.9)

Since in view of (2.25) codim(H™ @ H™) = dim(H, & H}) < oo, it follows from (3.9) that
R(C*) is a closed subspace in H" @ H™. This implies that £ (= R(C)) is also closed. O

Remark 3.3. In the case np; = 0o (<= dimH{, = o) one can easily construct a
quasi-constant (and even constant) Nevanlinna collection {C(-), D(-)} with non-closed
subspace IC, which implies that this collection is not N-triangular with any V. Hence,
the condition np4+ < oo in Proposition 3.2 is essential.

Two N-triangular Nevanlinna collections {C(-), D(-)} and {C(-), D(-)} (with the same
N) are said to be equivalent if the operator pairs C(-) and C(-) as well as D(-) and
D(-) are equivalent in the sense of Definition 2.1. It is clear that for a given operator
pair N (see (3.1)) the set of all N-triangular Nevanlinna collections falls into noninter-
secting equivalence classes. In what follows, the set of all such classes will be denoted
by TR(Ho, H1). Moreover, we shall denote by P = {C(:), D(:)} both an N-triangular

Nevanlinna collection and the corresponding equivalence class.
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Definition 3.4. A collection (the corresponding equivalence class) P = {C(:), D(-)} €
TR(Ho,H1) is said to belong to the class TR®(Ho, H1) if it admits the representa-
tion (3.6), (3.7) as a constant N-triangular collection.

In the following, we write P = {Cp,C1} € TR (Ho,H1) identifying the collection
P € TR (Ho, H,1) and the corresponding operator pair (3.6), (3.7).

If IT = {H, Iy, I1} is a decomposing boundary triplet (2.22) for L (i.e. if Hy = H)| =:
H'), then the above definition of the N-triangular Nevanlinna collection can be rather
simplified. Namely, in this case one can let K = K} =: K’ in (3.2)—(3.5), so that the
Nevanlinna collection {C(-), D(-)} given by (3.2)—(3.5) can be considered as a unique
Nevanlinna operator pair (Cy(A), C1(X)): H & H — K defined for A € C\ R by the block

representations
No Cj(N) .
Co(\) = CH"OH - KoK/, 3.10
0(A) (0 ) & & (3.10)
Ny Cj(\) ;
Ci(\) = H"oH - Ko K. 3.11
L) (0 oo (3.11)

As before, we identify equivalent N-triangular Nevanlinna pairs (3.10), (3.11) (with the
same N) and denote by P = {Cy(-), C1(:)} both a pair (3.10), (3.11) and the correspond-
ing equivalence class. Observe also that in this case the constant operator pair (3.6), (3.7)
is self-adjoint, i.e. it defines by means of (2.12) a self-adjoint relation § = 6* in H™ & H’
(cf. Remark 2.4 (2)).

In the following we denote by TR(#) the set of all equivalence classes of N-triangular
Nevanlinna pairs (3.10), (3.11) and by TR"(H) the set of all equivalence classes P €
TR(H) containing a constant (self-adjoint) pair (3.7).

Proposition 3.5. Assume that N = (Ny, Ny1) is an operator pair (3.1) and that
{C(-),D(-)} € TR(Ho, H1) is a collection (3.2)—(3.5). Then the pair N is symmetric and

ndim H < dim K < n_(Lo). (3.12)

Proof. Let 74(A) be linear relations (2.13). Then in view of (3.2)-(3.5) Oy =
Te(A)N(H™® H"), A € C, and (2.14) shows that 0y is a symmetric linear relation.
Therefore, dim H" < codimfy = dim K, which, together with (2.15) and the second
relation in (2.25), gives (3.12). O

3.2. Generalized resolvents and the Green function

Let IT = {Ho ® H1,l0,I1} be a decomposing D-triplet (2.22) for L and let P =
{C(-),D(:)} € TR(Ho, H1) be a collection (3.2)—(3.5). Then the corresponding boundary
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problem (2.38)—(2.40) can be written as

lyl = =1, (3.13)

Noy®(0) + Ny (0) + 001<A>F5y ~ CL(N) Iy =0, (3.14)
Coo(N Iy = Cla(VITy =0, AeCsy  (315)

Noy® (0) + N1y (0) + Doy (M gy — Dy (A Iy =0, (3.16)
Db\ Iy — Dio(MNIy =0, AeC_. (3.17)

Moreover, in the case P = {Cy, C1} € TR (Ho,H1) (see (3.6) and (3.7)) the boundary
conditions (3.14)—(3.17) take the form
Noy®(0) + N1y (0) + Cp, gy — C, Ty = 0, (3.18)
Clol by — CloIy = 0. (3.19)
Observe also that, in the particular case of a decomposing boundary triplet I =
{H, Iy, 1} and a pair P = {Cy(-), C1(-)} € TR(H) given by (3.10), (3.11), the boundary
conditions (3.14)—(3.17) can be written in the simpler form

Noy® (0) + Nay™(0) + Con (M gy = CLiMN Ty =0, (3-20)
Chy NIy — Cis(MI{y =0, AeC\R. (3.21)
The following corollary is immediate from Theorem 2.10.

Corollary 3.6. Let IT = {Ho ® H1,Iv, 1} be a decomposing D-triplet (2.22) for L
and let P = {C(-),D(-)} € TR(Ho,H1) be a collection given by (3.2)-(3.5). Then the
boundary problem (3.13)—(3.17) generates the generalized resolvent R(\) = Rp(\) of
the operator Ly (in the same way as in Theorem 2.10). Moreover, R(\) is a canonical
resolvent if and only if P € TR"(Hy,H1), in which case the corresponding boundary
conditions can be defined by (3.18) and (3.19).

If, in addition, Ho = H1 =: H (that is, II is a decomposing boundary triplet), then
the above statements hold for the boundary problem (3.13), (3.20) and (3.21).

Remark 3.7. Note that, in view of Corollary 3.6, the generalized resolvent R( ) =
Rp(\) can also be defined by Rp(A\) = (A(N) — A)~', A € C\ R, where A(\) =
L [ D(A(N)), and D(A()N)) is the set of all functions y 6 D satisfying the boundary
conditions (3.14)—(3.17) or, equivalently, (2.41).

_Assume that P = {C(-),D())} € TR(Ho,H1) is a collection (3.2)-(3.5) and let
Di()\) (€ [Hi1,K1]) and Do(N) (€ [Ho,K1]) be defined by

Di(\) :=Do(\) [ H1, Do(A) = D1(N\)P +iDg(A\) P2, A€ C_.
It follows from (3.4) and (3.5) that the following block representations hold:

. No Dj; (X ,

Dy =" D1 () CH"@oH, - KoK, NeC_,
0 Dpy(A)

. N D\ .

Do(\) = _ CH"®H, - K®K), MecC_.

" (o Dia(A) ' 1
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Proposition 3.8. Let the conditions of Corollary 3.6 be satisfied. Then, we have the
following.

1. For each A\ € C\ R there exists the unique operator function v(-,\) € L,[K, H]
satisfying the equation l[y] — Ay = 0 and the boundary conditions

(Nov@ (0, A) + NyoW (0, \) b+ (Ch (NI — C T (0(t, AR) = b, (3.22)
(Con(N Iy = Clo(NIN)(w(t, \)h) =0, heK, A€ Cy, (3.23)
(Nov® (0, 2) + N1o (0, A\)h + (Do (M T — Dy (NI (w(t, Ah) = b, (3.24)
(Do2(NTg = DT (v(t, \)h) =0, heK, xeC-. (3.25)
2. The functions v(-, A) and Z4(-,\) (see (2.26) and (2.27)) are connected by
W2 = {Z+<t, N(Co(A) = Cr (WM (1) 1K, AecCy, (3.26)
Z_(t, N(Dy(\) - DeIM_(A)"* 1K, AeC..

where M4 (-) are the Weyl functions (2.29) and (2.30) for II.

Proof. It follows from (2.22) and (3.2)—(3.5) that the conditions (3.22)—(3.25) are
equivalent to

As was shown in [29], 0 € p(Co(\) — C1(N M (X)), 0 € p(D1(N) — Do(A)M_(N)) and

(Co(N) Ty — CLNT)(Z4 (8, N)R) = (Co(N) — CL(N) My (AR, e Ho, A€ Cy,
(Do(N) Ty — Dy (AT (Z-(t, \)h) = (Di(A) = Do\ M_(A)h, h €My, AeC_,

Hence, the equality (3.26) correctly defines the function v(-,\) € L,[K, H] satisfying
(3.27), (3.28) and consequently (3.22)-(3.25). The uniqueness of such a function follows
from the inclusion A € p(A()\)), where A()) is defined in Remark 3.7. O

Remark 3.9. One can easily verify that for a given operator pair N = (N, Ny) the
operator function v(-, A) is uniquely defined by the equivalence class P € TR(Ho, H1),
i.e. v(-, A) does not depend on the choice of an N-triangular Nevanlinna collection (3.2)—
(3.5) inside the equivalence class. To emphasize this fact we shall write v(-, \) = vp (-, A).

Moreover, it is easy to prove that, for each A € C (respectively, A € C_), the equal-
ity y(t) = v(t, )\)ﬁ gives a bijective correspondence between all A € K and all solutions
y(-) of (2.20) that belong to $ and satisfy the boundary condition (3.15) (respectively,
(3.17)). Therefore, the operator function vp (-, A) is a fundamental solution of the bound-
ary problems (2.20), (3.15) for A € C and (2.20), (3.17) for A € C_ (see [28,33]).
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Theorem 3.10. Assume that IT = {Ho®H1, o, 1} is a decomposing D-triplet (2.22)
for L, P = {C(:),D(-)} € TR(Ho,H1) is a collection (3.2)—(3.5) and pn(-,\): A —
[, H], A € C, is the operator solution of (2.20) with the initial data

oY 0,0 = -Ng, S0, =N;, reC. (3.29)

Then the generalized resolvent R(A\) = Rp(\) generated by the boundary problem (3.13)-
(3.17) admits the representation (2.34) with the Green function G(xz,t,\) = Gp(x,t,\)
given by

AeC\R. (3.30)

Proof. Let 7 = {r,,7_} € R(Ho,H1) be a collection given by (2.13) and (2.36),
(2.37), and let Y, (-, A): A = [K1,H], A € Cy, and Y_(+,2): A — [Ko, H], z € C_, be
the operator solutions of (2.20) with the initial data

Yi(0,0) = (=D5(N), DI\, Y-(0,2) = (=C5(2), 1 (2))" (3.31)
Assume also that Z, (-, \) € L[Ko, H] and Z_(-, 2) € L[Ky1, H] are given by

Zi(t,A) = Zy (5, )(Co(N) = CL(NML (V) ™F, A e Cy, (3.32)

Z_(t,2) = Z_(t,2)(D1(2) — Do(2)M_(2))"*, zeC_, (3.33)
and let

Y+(t7)‘)7 A€C+7
Y_(t,A), AeC_,

Z—i—(taA)a A€ (C-f—a

Y(t,\) :{
Z_(t,\), AeC_.

Z(t,\) = {

Then according to [29, Theorem 16] the Green function in (2.34) is

), >t

Yo NZ ), <t A€ C\R. (3.34)

Gz, t,\) = {

Next, in the case of the block representations (3.2)—(3.5) one has

Ci(\) = (N;,00T e [HM, K@ K], D;(\) = (N;,00T e [H", K@ K]], je{0,1}.

Therefore, the initial data (3.31) can be written in the form

- —N* 0 .
Y, (0,)) = <N1*0 0) clKeKk, H"® H"],

- —N* 0 .
Y_(0,2) = (N*O 0) e[Kae Ky, H" & H",
1
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which, in view of (3.29), gives the block representations
Yi(t, ) = (on(t,)),0): K&K, — H, Y_(t,2) = (on(t,2),0): K&Ky — H. (3.35)
Moreover, by (3.26), the operator functions (3.32) have the block representations
Zo () = (0p(E ) ous (BN),  Z-(62) = (op(t,2)up(62)  (3.36)

with some operator functions u(¢t,\) and u_(¢,z). Now, combining (3.35) and (3.36)
with (3.34), we arrive at the equality (3.30). O

3.3. m-functions

Let IT = {Ho ® H1,10,I1} be a decomposing D-triplet (2.22) for L and let N =
(No, N1) be an admissible operator pair (3.1). Since R(N) = K, it follows that Ker N* =
{0} and R(N™) is a closed subspace in H™ @ H". Therefore, there exist a Hilbert space
Kt and operators Tj € [H™, K], j € {0,1}, such that the operator

~N§ T\ .
W = ( N*O Tf) KoK+ — H o H” (3.37)
1 1

is an isomorphism.
Next assume that W' is an isomorphism (3.37) and let Yy~ (-, A) (€ [K & K+, H]) be
the operator solution of (2.20) such that Y (0, A) = W’. Then

Y (6, \) = (on(t,A), or(t,N): KoKt — H  AeC, (3.38)

where pr(-,\): A — [KL, H] is the operator solution of (2.20) given by (3.29) with T
in place of N. We also introduce the operator Jyyr = (W')~ T (W) ~1* (€ [K @ K1),
where Jy» is the operator (2.33). Since J}; = —Jw-, the operator Jy - has the block
representation

T — (m ~-J;

KaKt = Kae Kkt 3.39
J2 574) (8:39)

with J1 = —J7 and Jy = —-J".
Theorem 3.11. Assume that the following assumptions are satisfied:
(i
(ii

) II = {Ho & Ha, Lo, [1} is a decomposing D-triplet (2.22) for L;
)

(iii) P ={C(:),D(:)} € TR(Ho, H1) is a collection of holomorphic pairs (3.2)—(3.5);
)
)

I
N = (Ny, Ny) is an operator pair (3.1);
(iv) 7= {r,7_} € R(Ho,H1) is the corresponding collection (2.13);

(v) £2.(-) is the characteristic matrix (2.42).
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Moreover, let W' be an isomorphism (3.37) and let 2, yw+(-): C\R — [K ® K] be the
(3.40)

operator function given by
2ewr(N) = (WHTL. )W), AeC\R.
Then the following hold.
1. The Green function (3.30) admits the representation
(3.41)

Gp(x,t,)) = Y (2, X) (2rwr () + 3 sgn(t — 2)Jw) Vg (t, ).

2. The operator function (3.40) has the block representation

_ 1% R R N N
mp(A) 272);/@@/&—%@/&, ANEC\R.  (3.42)

QT ’ )\ =
W ( ) (éjZ 0
3. The equality (3.42) generates the holomorphic operator function mp(-): C\ R —
[K], which can also be defined by the following statement.
There exists a unique operator function mp(-): C\ R — [K] such that,
for every A\ € C\ R, the operator function
U(t, /\) = (pN(t, )\)(mp()\) — %jl) — QOT(ﬁ, /\)jz (343)
belongs to L,[K, H] and satisfies the boundary conditions (3.22)—(3.25).

Proof. 1. The representation (3.41) is immediate from (2.35) and the obvious equality

}/O(ta A) = YW/(t7 )‘)(W/)ilv AeC.
2. Let vp (-, \) be the operator function defined in Proposition 3.8 and let

u(z,\) = (vp(x,1),0): K&Kt - H, AeC\R.

Comparing (3.30) with (3.41), one obtains
u(@, \) Yy (8, A) = Y (2, A) (Q2rw0 (N) — 3Tw) Yoy (6, X), >, (3.44)
for all A € C\ R. Since 0 € p(Yiy(t, \)), it follows from (3.44) that
u(@,\) =Y (@, N)(2-w(N) — 3Tw), z€A, XeC\R (3.45)
Next assume that the block representation of the operator function (2, w(X) is
) - (”;;Z’g; gg;D Kokt Kokl AeC\E (340

Then the equality (3.45) can be written as
mp(A) — 2
1

1 1
(vp(z,A),0) = (pn(z, N), pr(z, X)) (QQO\) ) :7721 25(0) + 2j2> ’

24N = 1T
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which implies the relations

vp(z,A) = on (@, A)(mp(N) = 5T1) + @r(z, ) (22(X) = 372), (3.47)
QN+ 375 =0, 2N -1 =0, AeC\R (3.48)

Since £2-(X) = £27(}), it follows from (3.40) that £2- - (X) = 2% 1, (A) and by (3.46) one
has 25()\) = 25(\), 24()\) = 2;()). Combining these relations with (3.48) and taking
the equality Jy = —J; into account, one obtains

230 = =375, 2\ =-1%, 2\ =0, AeC\R (3.49)

- 2
Therefore, the block-matrix representation (3.46) takes the form (3.42).

3. In view of (3.47) and the second equality in (3.49), the function v(-,A\) = vp (-, A)
admits the representation (3.43). This and Proposition 3.8 give statement 3. g

Definition 3.12. The operator function mp(-) introduced in Theorem 3.11 will be
called an m-function corresponding to the collection P € TR(Ho, H1) or, equivalently,
to the boundary-value problem (3.13)—(3.17).

The m-function mp(-) will be called canonical if P € TR"(Hg, H1) or, equivalently, if
it corresponds to the canonical boundary problem (3.13), (3.18), (3.19).

Remark 3.13. Under the conditions of Theorem 3.11, let W’ and W’ be different
isomorphisms (3.37) (with the same first column), let 2, w-(-) and (2 _y.(-) be the
corresponding functions (3.40) and let mp(A) and mp(A) be upper left entries in the
representations (3.42). One can easily verify that mp(A) = mp(A\) + C, C = C*, which
implies that the m-function mp(-) is defined by a collection P € TR(Ho, H1) up to the
self-adjoint constant.

For a given operator pair (3.1), introduce the operator N’ € [H™ & H", I@} and the
subspaces 6 and 0+ in H" @ H™ by

N'=(=No,N,): H"® H" - K, 6+ =KerN', 0= (H"@®H") o6t  (3.50)
Clearly, the operator N} := N’ | § isomorphically maps 6 onto K and the operator
N:=(N)™', NelK,H"®H"], (3.51)
is the right inverse for N, i.e. N'N = Ig.

Proposition 3.14. Let assumptions (i)—(v) of Theorem 3.11 be satisfied. Then the
following hold.

1. The m-function mp(-) is a uniformly strict Nevanlinna function such that

b
(I A\) =" Tm(mp (M) > /0 (B op(t ), A e Cy. (3.52)
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Moreover, the canonical m-function mp(-) satisfies the identity

b
me(n) = mpN) = (= %) [ opleNop(t 0 dt, pASCr (359
0
where
b n
/ o (6 \)op (£, 1) dt = s — lim / v (8, Nop(t, ) dt.
0 n1d Jo

Formula (3.53) implies that, for the canonical m-function mp(-), the inequal-
ity (3.52) turns into the equality.

2. The characteristic matrix {2,(-) admits the representation

2\ 02
QT()\):< ?z() (;):G@GL—W@@{ A e C\R, (3.54)
1 2

where (23 = (25 € [0+] and 2o(-): C\ R — [0] is a uniformly strict Nevanlinna
function associated with mp(-) by

20(\) = Ni'mp(A)Nj+C, C=C*€lf)]. (3.55)
Moreover, the following equality holds

mp(\) = N*"2,(\)N+C, C=C*€e[K], AeC\R. (3.56)

Proof. Let W’ be an isomorphism (3.37) and let 2./ (\) be the operator func-
tion (3.40). Then 2.(\) = W2,y (A)W’ and the immediate calculation with tak-
ing (3.42) into account shows that

2.(\) = N*mp(\)N' +C (3.57)
with some C' = C* € [H™ & H"™]. Multiplying the equality (3.57) by N* from the left and
by N from the right one obtains (3.56). Therefore, mp(-) is a Nevanlinna function.

Next assume that 4 (A) is the isomorphism from Proposition 2.7 (2) and let v, () €
[H™ & H™, 91\ (Lo)] be the operator given by

1 () = 1 NG — LM () (=Co(N): C1(N), ATy (358)
Then by (3.56) and [29, Proposition 23]
(I A)~ - Tm(mp (V) > N*5: ()3 ()N = 12070, AeCy, (3.59)

where 7. (A) = 7 (AN (€ [K,Mx(Lo)]). Moreover, the canonical m-function map(-) satis-
fies the identity

mp () = mp(N) = (= Nyi (Vi) mA € Cy. (3.60)
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It follows from (3.2) and (3.3) that the operator (—Co(A): C1 (X)) in (3.58) coincides with
N’. This and the equality N'N = I imply that

7e(A) = 7+ (W) (Co(A) = CLA) ML (V) T K, (3.61)

and, consequently, 0 € p(75(A\)7y.(\)). Therefore, by (3.59) the Nevanlinna function
mp(+) is uniformly strict. Moreover, in view of (3.61) and (3.26) one has (y.(\)h)(t) =
vp(t, \)h(h € K). Now, applying [28, Lemma 4.1 (3)] to the operator function vp (£, A),
one obtains

b n
A el) = [ bt Nop (e dt = st [ o (e Non(t, )t
0 0
Combining this relation with (3.59) and (3.60), we arrive at (3.52) and (3.53).
Finally, the equality (3.54) is immediate from (3.57) and the block representation
N’ = (N}, 0): 0@ 6+ — K. O

Corollary 3.15. Let assumptions (i)—(v) of Theorem 3.11 be satisfied. Then the
following statements are equivalent:

(i) the characteristic matrix £2,(-) is a uniformly strict Nevanlinna function;
(ii) the operator N = (N, Ny) in (3.1) isomorphically maps H" & H™ onto K.
If in addition dim H < oo, then statement (i) is equivalent to the following:

(iii) the operator Lo has maximal deficiency indices ny(Lg) = n_(Lg) = 2ndim H,

C=Hy="H (ie I ={H" ®H Iy,I1} is a decomposing boundary triplet for

L), dimH’ = ndim H and the collection P can be represented as the holomorphic
Nevanlinna pair (see Remark 2.4 (2)) C(\) = (Co(N),C1(N)), A € C\ R,

Co(\) = (No,Ch(N): H" @ H — K,  Ci(\) = (N, C{(\): H" @ H' — K,
(3.62)

where dimK = 2ndim H and the operator N = (No,N1): H* ® H™ — K is an
isomorphism.

Proof. It follows from (3.54) that the Nevanlinna function (2.(-) is uniformly strict
if and only if 6+ = {0}. Moreover, by (3.50), one has §+ = {0} <= Ker N (= Ker N') =
{0}. This yields the equivalence (i) <= (ii).

Next assume that dim H < oo and prove the equivalence (ii) < (iii). If 0 € p(N),
then dim K = dim(H" & H") = 2ndim H and by (3.12) n_(L¢) = ny(Lo) = 2ndim H.
This and the second relation in (2.25) imply that dimH; = dimHy = 2ndim H, and
hence Ho = H1 =: H. Therefore, Hj = H} and IT = {H" ® H', Iy, 1} is a decomposing
boundary triplet for L. Moreover, by (2.15), the Hilbert spaces I@@IC;- in (3.2)—(3.5)
satisfy the equalities dim(K @ K}) = dimH = 2ndim H = dim K. Hence, K = {0}, j €
{0,1}, and the equalities (3.2)—(3.5) take the form (3.62), which yields the implication
(i) == (iii). The inverse implication (ili) = (i) is obvious. Thus, in the case
dim H < oo, the equivalences (i) <= (ii) <= (iii) hold. O
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Remark 3.16.

1. It follows from Corollary 3.15 that in the case dim H < oo and n_(Lg) < 2ndim H
the characteristic matrix {2, (-) corresponding to the boundary operators (3.2)—(3.5)
is not a uniformly strict Nevanlinna function. In particular, by Proposition 3.2,
this statement holds for each canonical characteristic matrix corresponding to the
constant Nevanlinna collection (2.10).

2. Let Py € TR(Ho,H1) be the collection (3.2)-(3.5) with K = H™, K =M,
jE {O, 1}, and Co()\) = Iy, Cl(/\) = 09, 349, Do = P1 and D; = 0y, . Then the
corresponding m-function myp, () coincides with the operator function m(-) defined
by (2.29) and (2.30). Note in this connection that the statements of Theorem 3.11
and Proposition 3.14 for m(X) (= mp,(\)) were obtained in [27].

3. One can prove that, in the case of a decomposing boundary triplet IT = {H, Iy, I},
each canonical m-function mp(-) is the Weyl function of some symmetric exten-
sion A D Ly, while a uniformly strict canonical characteristic matrix £2,(-) is the
Weyl function of the minimal operator Ly. More precisely, this means that one
can construct the boundary triplet for A* (respectively, for L) such that mp(:)
(respectively, £2,()) is the Weyl function for this triplet in the sense of [4].

4. Spectral functions of differential operators

4.1. The space La(X;H)
Let ‘H be a separable Hilbert space.

Definition 4.1. A non-decreasing operator function X: R — [#] is called a distribu-
tion function if it is strongly left continuous and satisfies the equality X(0) = 0.

Let X': R — [H] be a distribution function and let f(-), g(-) be vector functions defined
on the segment [, B] with values in H. Consider the Riemann—Stieltjes integral [1]

6 n
/ @S0 (1), 9(t) = Tm S (S(t) - St fE)a(6r),  (41)

where 7 = {a =ty < t; < -+ < t, = [} is a partition of [, 3], & € [tg—1,tx] and dn
is the diameter of m. As is known (see, for example, [22]), in the case dim H = oo there
exist a distribution function X'(-) and continuous functions f(-) and g¢(-) for which the
integral (4.1) does not exist. At the same time, the holomorphy of f(-) and g(-) on [a, ]
is a sufficient condition for the existence of such an integral [34].

Definition 4.2. A function f: [a, ) — H will be called piecewise holomorphic if
there is a partition @ =ty < ¢; < --- < t, = ( such that each restriction f | [tx—_1,tx)
admits a holomorphic continuation fk() on some interval (fx_1,%) D [tp_1,x)-

A function f: R — H will be called piecewise holomorphic if it is piecewise holomorphic
on each finite half-interval [« 3).
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It follows from Definition 4.2 that a piecewise holomorphic function is strongly right
continuous.

Let X: R — [H] be a distribution function and let f,g: [0, 3) — H be a pair of
piecewise holomorphic functions. It is clear that there exists a partition of [«, 3] satisfying
the conditions of Definition 4.2 for both functions f(-) and g(+). By using such a partition,
we introduce the integral

n

[, @000 =3 [ @5f0.5:0) (4.2

k=1"tk—1

Note that for a pair of continuous functions f,g: [, 3] — H piecewise holomorphic on
[, B) there exists the integral (4.1) which coincides with that of (4.2).

For a given distribution function X: R — [#] denote by Hol(X,H) the set of all
piecewise holomorphic functions f: R — H such that

/(dE(t)f(t)vf(t)) = lim (dX(8)f(t), f(t)) < oo.
R [.8) =R J[a,p)

One can easily prove that for each pair f, g € Hol(X, H) there exists the integral

(f, Duol(z3) = /R(dﬂ(t)f(t)vg(t)) = [a}gr)gR [aﬂ)(dﬂ(t)f(t),g(t))- (4.3)

This implies that Hol(X, #) is a linear space with the semi-definite scalar product (4.3).

Next recall the definition of the space Ly(X; H) as given in [1].

A function f: R — H is called finite dimensional if there is a subspace Hy C H such
that dim#Hy < oo and f(t) € Hy, t € R. For a given distribution function X': R — [#]
denote by Cyo(H) the linear space of all strongly continuous finite-dimensional functions
f: R — H with compact support supp f. Clearly, the equality

B
(F.9) o (1) = / (@) (1), 9(1)) = / @EWF(0),9(0), frg € CoolH),  (44)

with [a, 5] D (supp f Usupp g) defines the semi-definite scalar product on Cyo(#H). The
completion of Coo(H) with respect to this product is a semi-Hilbert space Lo(X; ). The
quotient of Ly(X;H) over the kernel {f € Lyo(Z;H): (f, ) io(zm) = 0} is the Hilbert
space Lo(X; H).

Denote by Holg(X,#H) the set of all strongly continuous, piecewise holomorphic
and finite-dimensional functions f: R — H with a compact support. It is clear that
Holp(X,H) = Hol(X,H) N Coo(H) and, consequently, Holo(X,H) is a linear manifold
both in Hol(X', H) and Cyo(H). Moreover, the semi-scalar products (4.3) and (4.4) coin-
cide on Holy(X, H).

By using the Taylor expansions of the function f € Hol(X,H) one can prove the
following proposition.
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Proposition 4.3. The set Holo(X,H) is a dense linear manifold both in Hol(X', H)
and Coo(H), which implies that the closure of Hol(X,H) coincides with Ly(X;H). In
other words, the semi-Hilbert space Lo(X;H) can be considered as the completion of

Hol(X, ).

Remark 4.4. In connection with Proposition 4.3, note that the intrinsic functional
description of the spaces Ly(X;H) and Ly(X;H) in the case dimH < co was obtained
n [15]. Moreover, in the case dim H = oo, the description of these spaces in terms of the
direct integrals of Hilbert spaces can be found in [22].

4.2. Spectral functions

Let IT = {Ho ® H1,l0,I1} be a decomposing D-triplet (2.22) for L and let 7 =
{74,7_} € R(Ho,H1) be a Nevanlinna collection defined by (2.13) and (2.36), (2.37). For
this collection consider the boundary problem (2.38)—(2.40). According to Remark 2.12,
this problem defines the spectral function F.(t) of the operator L.

Next assume that K is a separable Hilbert space and o(A): A— [l@7 H] is an operator
solution of the equation (2.20) with the constant initial data $(0,\) = @o(€ [K, H2"]),
A € C, such that 0 € p(@g). Denote by £ the set of all functions f € $ (= L2(A; H)

with supp f C [0, 5] (8 < b depends on f) and consider the Fourier transform g;: R — K
of a function f € §( given by

b
a5(s) = / o (t5) (1) dt. (4.5)

Definition 4.5. A distribution function ¥(-) = X, ,(-): R — [K] is called a spectral
function of the boundary problem (2.38)—(2.40) corresponding to the solution ¢(-, A) if,
for each function f € §9, the Fourier transform (4.5) satisfies the equality

(F+(8) - Fr(@))f. [)o = /[ @), 008 CR (46)

where F,(-) is a spectral function of the operator Ly (see Remark 2.12).

Note that the integral on the right-hand side of (4.6) exists because the function gy(-)
is holomorphic on R. Moreover, by (4.6), g¢(-) € Hol(X ,,, K) and the following Parseval
equality holds:

b
(15 =) [ 1@t = [ @5 o ar().076) = ol ) T €50

This implies that the linear operator V: $) — Lo(X; ; I@) defined on the dense linear
manifold $ C $H by (V f)(s) = g;(s) is an isometry.

Definition 4.6. A spectral function X, ,(-) is called orthogonal if V$) = Ly (X, ,; K)
or, equivalently, if the set of all Fourier transforms {g¢(-): f € o} is dense in Ly (X7 ,; K).
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Theorem 4.7. Let H be a Hilbert space with dim H = 2n - dim H, let W € [ﬁ, H?"
be an isomorphism and let Yy (-, \): A — [H, H] be an operator solution of (2.20) with
the initial data Yy (0,\) = W, A € C. Then, for each collection 7 € R(Ho,H1), there

exists a unique spectral function X, w: R — [H] of the boundary problem (2.38)-(2.40)
corresponding to the solution Yy (-, ). This function is defined by the equality

1 s—0
X =s— li — lim — Im 2 i 4.
T,W(S) S 5_1320 w E~1>I<Ik10 p [5 m T,W(U + 18) dO’, ( 7)

where (2, w: C\ R — [H] is a Nevanlinna operator function given by
2w\ =W ()W, A€ C\R. (4.8)
Moreover, the spectral function X,y (-) is orthogonal if and only if T € RO(Ho, H1).

One can prove Theorem 4.7 by using the Stieltjes—LivSic formula [17,34] in the same
way as in [35] (the scalar case dim H = 1) and [3] (the case dim H < o0). Moreover, in
the scalar case, other methods of proof can be found in [8, 30].

Theorem 4.8. Assume that, under the conditions of Theorem 4.7, X w (-) is a spec-
tral function of the boundary problem (2.38)—(2.40) and V: $ — Ly(X,w; H) is the
corresponding isometry given by the Fourier transform (4.5) with ¢(t,s) = Yw(¢,s).
Moreover, let Hol’(H) be the linear manifold of all piecewise holomorphic functions

g: R — H with compact support. Then Holo(ﬁ) is dense in Lo(X; w; fI) and

(V*g)(t) = / Vi (t,5) A5, w (8)9(s), g = g(s) € Hol' (1), (4.9)

where V*: Lo( X, w; H) — $ is the adjoint operator and, similary to (4.2), the integral
is understood as the sum of integrals. In particular, (4.9) implies that the inverse Fourier
transform is

f(t):/]RYW(t, s)dX w(s)gy(s). (4.10)

In the case dim H < oo, the proof of Theorem 4.8 can be found in [8,30,35]. In the case
dim H = oo, a somewhat weaker result (only the inverse transform (4.10)) is contained
in [3] (without the detailed proof). In this connection, note that in the case dim H = co
the piecewise holomorphy of a function g(-) is essential, because otherwise the integral
in (4.9) may not exist. We omit the proof of Theorem 4.8 for the case dim H = oo because
it is very technical and tedious.

Our next goal is to obtain a description of all spectral functions X,y () imme-
diately in terms of a boundary parameter 7. Namely, using the block representa-
tions (2.29) and (2.30) of the Weyl functions M4 (-), we introduce the operator functions
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2, (N) (€ [H?]), S+(X) (€ [Ho, H?"]) and S_(2) (€ [H1, H*"]) by setting

A —iIgw
2, (\) = m() 2 Hh g HY 5 HM @ HY,  AeC\R, (4.11)
0 —LIgn 0

—m(\) =My (X

S+()\):< Z( ) ?( )> cH"®Hy— H"® H", X\ Cy, (4.12)
— —M,_

S_(z) = m(z) 2-(2) H"®H, - H"®H", ze€C_. (4.13)
Tin 0 !

In the case of a decomposing boundary triplet {#, [y, I1} (i.e. if H{=H)=:H'), in
place of (4.12) and (4.13) we let
—m(\) —Ms(A
sm;( ;”() 5( )>:H”EBH’—>H"@H", AeC\R, (4.14)
H'n/

where m(A) and Ma(A) are taken from the block representation (2.32) of M ().
Note that §2,,(\) is a characteristic matrix corresponding to the collection 75 =

{704, 70} € R(Ho, H1) with 1o, = {0} & Hi (€ C(Ho, H1)).
Theorem 4.9. Let the assumptions of Theorem 4.7 be satisfied. Let
II={Ho® Hi,To, 11}

be a decomposing D-triplet (2.22) for L and let £, w()) (€ [H)), Sw.+(\) (€ [Ho, H])
and Xy, _(z) (€ [H1,H]) be the operator functions given by

Qo w(N) =W 2, (MWW, AeC\R,

SW,+(/\) = Wﬁls-i-()‘)? A€ C+a
Sw._(2) = W1S_(2), zeC_.
Then, for each collection T = {r,,7_} € R(Ho,H1), the equality
2ew () = D () = S N4 () + My (V) 285 (V), AeCh,  (41)

together with (4.7), defines a (unique) spectral function Xy (-) of the boundary prob-
lem (2.38)—(2.40) corresponding to the solution Yy (-, A). Moreover, a spectral function
. w(-) is orthogonal if and only if T € R°(Ho,H1).

If in addition Ho = H1 =: H (i.e. n4-(Lg) = n—(Lo) and II is a decomposing boundary
triplet), then (4.15) can be written in the simpler form:

2w (N) = 2rgw(X) = SwN)(T(A) + M(N) 1S3 (V), A€ C\R,
where 7(\) € R(H) and Sy (\) = W~1S(\), A € C\ R.

Proof. According to [29], for each collection 7 = {ry,7_} € R(Ho,H1), the corre-
sponding characteristic matrix §2,(-) is given by

2N = 20 () = L)) + ML) IS (R), AeCy. (4.16)
This and Theorem 4.7 yield the desired statement. O
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4.3. Minimal spectral functions

We start the subsection with the following lemma, which is immediate from Theo-
rem 4.7.

Lemma 4.10. Let Y, ,: R — [I@] be a spectral function of the boundary prob-
lem (2.38)-(2.40), corresponding to the solution @(t,\) (€ [K, H]) of (2.20) (see Defi-
nition 4.5). Assume also that H D K, K+ = Ho K and Yy (-, \) (€ [H, H]) is a solution
of (2.20) satisfying the conditions of Theorem 4.7 and the equality Yy (t,\) | K = (¢, \)
(such a solution exists because 0 € p(¢(0,A))). Then the (unique) spectral function of
the boundary problem (2.38)—(2.40) corresponding to Yy (-, A) is

Zowl(s) = (2776’(5) 8) KoKkt - KaeKt, (4.17)

which implies that the spectral function X, , is unique.
Conversely, if a spectral function X, w is of the form (4.17), then X, ,(s) is a spectral
function corresponding to (-, \).

Now, combining Theorems 4.7 and 4.8 with Lemma 4.10 and taking the equality (3.42)
into account, one may derive the following theorem.

Theorem 4.11. Let II = {Ho ® H1,I0,I1} be a decomposing D-triplet (2.22) for L,
let N = (Ny, N1) be an admissible operator pair (3.1) and let on(t,\) (€ [K, H]) be the
operator solution of the equation (2.20) with the initial data (3.29). Then the following
hold.

1. For each collection P = {C(-),D(-)} € TR(Ho,H1) of holomorphic pairs (3.2)—-

(3.5) there exists a unique spectral function X'p n: R — [K] of the boundary prob-
lem (3.13)—(3.17) corresponding to ¢y (-, A). This function is given by

1 s—0
X =s— li — lim — I i 4.1
pN(s)=s Jm w— lim — [5 mmp(c + i) do, (4.18)

where mp(A) is the m-function corresponding to the boundary problem (3.13)-
(3.17). Moreover, the spectral function Xp y is orthogonal if and only if P €
TR®(Ho, H1).

2. Let X'p n(-) be a spectral function and let V: $§ — Lo(Xp n; K) be an isometry
given by the Fourier transform (4.5) with ¢(t,s) = ¢n(t,s). Then

(VZg)(t) = /szv(t, s)dZp,n(s)g(s), g =g(s) € Hol’(K).

In particular, the inverse Fourier transform is

f(t):/R<PN<t73)dZP,N(S)gf(S>-
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In the next theorem we give a parametrization of all spectral functions Yp n(-) in
terms of a boundary parameter P € TR(Ho, H1).

Theorem 4.12. Let the assumptions of Theorem 4.11 be satisfied, let N be the

operator (3.51) and let T o: C\R — [K], Tn,4+: C4 — [Ho, K] and Ty, : C_ — [H1,K]
be the operator functions defined by
Tno(A) = N*2,,(MN, \eC\R, (4.19)
Tn(A) = N*S (V) AeCy,
Tn_(z) = N*S_(2), zeC_.

Then, for each collection P € TR(Ho, H1) given by (3.2)-(3.5), the equality

mp(\) = Tno(N) + T W)(Co(N) — CLNML (V) " CiNTR (V) A€ Ty, (4.20)

together with (4.18), defines a (unique) spectral function Xp n(-) of the boundary prob-
lem (3.13)—(3.17) corresponding to ¢n. Moreover, a spectral function Xp n(-) is orthog-
onal if and only if P € TR®(Ho, H1)-

Proof. Let P € TR(Ho, 1) be defined by (3.2)-(3.5) and let 7 (\) (€ C(Ho,H1))
be the corresponding linear relation (2.13). Then, by (4.16), (3.56) and the equality

—(T+ () + M (X)) 7 = (Co(N) = CLAM4 (V)T C1(N), A€ Cy,

the m-function mp(A) can be represented via (4.20). This, together with Theorem 4.11,
yields the required statement. O

In the case of equal deficiency indices ny(Lg) = n_(Lg), (4.20) can be simplified.
Namely, the following corollary is immediate from Theorem 4.12.

Corollary 4.13. Assume that, under the conditions of Theorem 4.12, ny(Ly) =
n_(Lg) and Ho = Hy1 =: H, so that IT = {H, Iy, I} is a decomposing boundary triplet
(2.22) for L. Moreover, let M (\) be the Weyl function for II, let S(\) be given by (4.14),
let T o(\) be the operator function (4.19) and let Ty (\) = NS()\). Then, for each oper-
ator pair P = {Cy(:),C1(-)} € TR(H) defined by (3.10) and (3.11), the statement of
Theorem 4.12 holds with the equality

mp (V) = Two(N) + Ty () (ColN) — CLOVMO) LTS (), A€ C\R,  (4.21)
in place of (4.20).

Next for a given collection 7 = {7 ,7_} € R(Ho,H1) defined by (2.13) and (2.36),
(2.37) consider the corresponding boundary problem (2.38)-(2.40). Denote by dmin the
minimal value of dim K for the set of all spectral functions X', : R — [K] of this boundary

problem (recall that according to Definition 4.5 each X, corresponds to some operator
solution ¢(t,\) (€ [K, H]) of (2.20)).

https://doi.org/10.1017/50013091512000053 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000053

Minimal spectral functions 763

Definition 4.14. A spectral function £(-) = X, ,(-): R — [K] will be called minimal
if dim K = dpin.

In the following theorem we give a description of all minimal spectral functions of the
‘triangular’ boundary problem (3.13)—(3.17).

Theorem 4.15. Let IT = {Ho® H1,I0,I1} be a decomposing D-triplet (2.22) for L,
let P ={C(-),D(-)} € TR(Ho,H1) be a collection of holomorphic pairs (3.2)—(3.5) and
let (3.13)—(3.17) be the corresponding boundary problem. Then the following hold.

1. dpin = dim K and the set of all minimal spectral functions Xy, (+) is given by
Zmin(s) = X*ZP,N(S)X, (422)

where X'p n(s) is the (minimal) spectral function defined in Theorem 4.11 and X is
an automorphism of the space K. Moreover, the minimal spectral function Ynin(8)
given by (4.22) corresponds to the operator solution omin(t,\) = @n(t,\) X ~1*
of (2.20).

2. If dim H = oo, then dy,(= dimK) = co

Proof. 1. Let X, ,: R — [K] be a spectral function of the problem (3.13)(3.17)
corresponding to the solution o(t,\) (€ [K, H]) with (0, s A) = o€ € [K, H?"]). Since
0 € (o), there are a Hilbert space K and an operator Yo € [K+, H?"] such that the
operator W = (¢, wo) is an isomorphism of the space H := K & K+ onto H2".

Let 2, w(\) be the operator function (4.8) and let Xy (-) be the spectral func-
tion (4.7) corresponding to the solution Yy (-, A) (see Theorem 4.7). It follows from (2.43)
that s — lim,_, o £2; w(iy)/y = 0. This and the integral representation of the Nevanlinna
function 2, w(X) [2,17] yield

KerIm 2, w(\) ={h€ H: ¥, w(s)h =0, s€ R}, AecC\R. (4.23)

Moreover, by Lemma 4.10, the function X w (s) satisfies (4.17), which in view of (4.23)
gives the inclusion K+ C KerIm 2, w(X), A € C\ R. Now, letting

Hy := H & KerIm 2, w()\),

one obtains dim Ho < dim K.

Next assume that W’ € [K @ K+, H?"] is the isomorphism (3.37) and §2, y()) is the
operator function (3.40). It follows from (4.8) that there exists an isomorphism C € [K &
KL, H] such that 2, 1 (\) = C*£2; 1w (A\)C. Moreover, by the block representation (3. 42)
one has KerIm 2, ()) = KL, Hence KerIm 2, 1 (\) = CK*, and consequently K =
C*H. Therefore, dim K = dim H, < < dim K, which yields the equality dpin = dim K.

To prove the relation (4.22), note that for each automorphism X € [K] this relation
defines the minimal spectral function Xmin(s) = X7 ... (), corresponding to the solution
Omin(t,A): = on(t, )X 1*. Conversely, let Zipin(s) = X7 .. (s) be a minimal spec-
tral function corresponding to the solution @min(t,\) (€ [K, H]). Since 0 € H(3(0, X)) N
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p(@n (0, 1)), there exists an automorphism X € [I@] such that Qmin(t, A) = @ (£, \) X 1%,
and hence the distribution function X(s) := X*Xp n(s)X is a spectral function cor-
responding to @mi,. Since by Lemma 4.10 such a function is unique, it follows that
Ymin(s) = X2(s) = X*2p n(s)X.

2. This is implied by statement 1 and the inequality (3.12). O

Finally, by using the above results we can estimate the spectral multiplicity of an
exit-space extension A D Lg. Namely, the following corollary is valid.

Corollary 4.16. Let the assumptions of Theorem 4.15 be satistied and let Rp(N) =
Ps(A—X\)"1 | § be a generalized resolvent generated py the boundary problem (3.13)—
(3.17). Then the spectral multiplicity of the extension A does nod exceed dpin (= dim K).

Proof. Let ¥ = Xp n: R — [K] be a spectral function defined in Theorem 4.11 and
let x'(s) be a bounded linear map in Hol(X, K) given for all s € R by

(X'(8)1)(0) = X(—c0,)(0)f(0), f=f(o) € Hol(X,K)

(here X(—oo,s)(+) is the indicator of the interval (—oo,s)). It is easily seen that the map
X'(s) admits the continuous extension x(s) € [L2(X;K)], s € R, such that x(-) is an
orthogonal spectral function (resolution of identity) in Ly (X; K).

Next assume that V € [§), Lo (X; K)] is an isometry given by the Fourier transform (4.5)
with ¢ = o and let £ := V$, £ = span{L, x(s)L: s € R}. As is known, the subspace
L reduces the spectral function x(s), and the equality x(s) = x(s) | L defines the mini-
mal orthogonal spectral function ¥(s) in £ (actually one can prove that £ = Ly(X; K)).
Moreover, the relation (4.6) yields

Pp(t) = V*x(t)V = V*(Pex(t) [ L)V, teR, (4.24)

where Fp(t) = PoE(t) | $ and E(t) is the orthogonal spectral function of A. It follows
from (4.24) that the spectral functions Fp(t) and P x(t) | £ are unitary equivalent and,
consequently, so are the (minimal) orthogonal spectral functions E(t) and ¥(t). This and
the fact that Y(t) is a part of x(t) imply that the spectral multiplicity of E(t) does not
exceed the spectral multiplicity of x(¢), which in turn does not exceed dim K. This proves
the required statement. O

Remark 4.17. It follows from Proposition 3.2 that in the case nyy < oo (in partic-
ular, dim H < o0) the statements of Theorem 4.15 and Corollary 4.16 can naturally be
extended to the boundary problems (2.38)—(2.40) generated by a quasi-constant Nevan-
linna collection {C(-), D(-)}.

4.4. Example

To illustrate the results in this section consider the following example. Assume that

l[y] = _y” + Q(t)yv te [Ov OO)’ (4.25)
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is the Sturm—Liouville expression with the diagonal matrix potential

q(t) = diag(q1(t), a2(t), a3(1)) (€ [C7]),

where ¢;(-), j € {1,2, 3}, is a continuous real function on [0, c0), and let Ly and L be the
corresponding minimal and maximal operators in § = Ly((0,00); C3). Denote by Lo ;
(respectively, L;) the minimal (respectively, maximal) operator generated by the scalar
expression

Ll = —y" + 0y, te0,00), j € {1,2,3}, (4.26)

and suppose that the deficiency indices are ny(Lo1) = 1, nt(Lo2) = na(Lo,s) = 2. Then
Lo = Lo 1B Lo 29 Lo 3 and hence the operator Ly has equal intermediate deficiency indices

n+(Lo) = 5.
Let ylwggt,)\) and y22(¢, ) be solutions of the equation ls[y] = Ay with the initial
data yj(~’k;1 (0,A\) = dk, let y1,3(t,\) and yo2.3(t,\) be similar solutions of the equation

I3ly] = Ay and let v;2(t) = y;,2(¢,0), v;,3(t) = y;,3(t,0), j € {1,2}. By using the results
of [5,18], one can easily prove the following assertions.

1. Let I;: D — C* @ C?, j € {0,1}, be the operators defined for any function y =
{y1(1),92(t),y3(t)} € D by

Loy ={y'(0), Ijy} (e C*aC?),  Iy={-y(0),I]y} (¢ C*&C?

with Ijy = {[y2,v2,2](00), [ys, v2,3](00)} and Iy = {[y2,v1,2](c0), [ys, v1,3](00)}.
Then the collection IT = {C5, I, I} is the decomposing boundary triplet for L.

2. The corresponding Weyl function (2.32) for the triplet IT is

M) = (m(A) M2(>\)>
M3(A\)  May(N)
mi(\) 0 0 0 0
0 ma(\) 0 My(A) 0
= 0 0 ms(\) 0 My(M) | : CPaC? - CPaC?
k 0 Mo (M) 0 Myz(N) 0 )
0 0 My(N) 0 M)

(4.27)

where mj () is the Titchmarsh-Weyl function of the boundary problem

Lyl =My, ¥'(0) =0,

my(A) is the similar function of the problem

iyl =Xy, ¥ (0)=0, [y,v2:](c0) =0,

and the other entries are

R S _ g viel(oo)
MQk(A) B [y17k7 ’U2,k}(00)’ M4k(/\) N [yl,;g, v27k](oo)’ k= 27 3.
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Next assume that N = (Ng, Ny) with

1 0 0 0 0 O
0 1 0 0 0 O
Ny = . C3 4 Ny = . C? 4
0 00 1 (C*)C, 1 00 0 CcC>—=C
0 0 O 1 0 0

and let P = {Cp, C1} € TR(C®) be an N-triangular self-adjoint operator pair given by
jVO 061 lVl O{l
Co=1= C, =
0 ( 0 Cy)’ ! 0 C1,)7

C(/)l = 062 = (01)7 Ch = 012 = (00)-

_= o O O
o O O o
o O o =
o O o o

Then the corresponding boundary problem (3.18), (3.19) is

lyl — Ay = f, (4.28)
Noy'(0) + Niy(0) + Cpy Tyy — C1y Iy = 0,}

(4.29)
Cox Ity — CaIy = 0.

To find the m-function mp(-) for the problem (4.28), (4.29) we make use of the equal-
ity (4.21). The immediate calculations show that in our case

m 0 0 1 m 0 0 0 0
0 mao 0 0 0 mo 0 M22 0
T, = Tn(\) =
N,O(A) 0 0 ms 0 3 N(A) 0 0 ma 0 ]\4—23 )
i 0 0 0 1 0 0 0 0

where m; = m;(\), Maa = Maa(A) and Mas = M3 () are taken from (4.27). Therefore,
by (4.21), one has
mp(A) =Tno(A) + Pp(N), (4.30)

where

Bp(XN) = Tn(A)(Co — CLM(N) T CrT5 ()

m%(/\)M42()\) mq ()\)MQQ(/\) 0 ml()\)M42()\)
_ 1 mi(N) Moz (X)) mi(A)M3(A) 0 Mao(N)
T I—mi(W)Mp(\) 0 0 0 0
ml()\)M42()\) MQQ()\) 0 M42()\)

Let ¢o(t,\) (€ [C?]) be the operator solution of the equation I[y] = Ay with the initial
data ©o(0,\) = —I, ¢((0,A) = 0. It follows from (4.30) that the (minimal) orthogonal
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spectral function X'p n(s) is the sum

Xpn(s) = (200(8) 8) + X1(s), (4.31)

where Xy (s) is the 3 x 3 spectral function of the decomposing boundary problem

Myl =Xy =f, ¥'(0)=0, [y2,v22](c0) = [y3,v23](c0) =0 (4.32)

corresponding to ¢g(t, ), and X1 (s) is the 4 x 4 function obtained from @5 (\) by

N .
X1(s) —61irr+10 51—1}20;/—5 Im &p (0 + ic) do.

Note that Xy(s) corresponds to the decomposing boundary problem (4.32), and there-
fore its dimension 3 x 3 is less than the dimension 4 x 4 of Xp n(s). Formula (4.31) shows
that such a growth in the dimension of X'p n(s) is caused by the second term, X(s).
At the same time, according to Theorem 4.15, the dimension of X'p n(s) is minimal
among all spectral functions of the boundary problem (4.28), (4.29). Observe also that,
by Corollary 4.16, the boundary conditions (4.29) define the self-adjoint extension A of
Ly with a spectral multiplicity of not more than 4.
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