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H I T T I N G T I M E D I S T R I B U T I O N S W H E N £ xJdk H A S 
A S M O O T H D E N S I T Y 

BY 

D U D L E Y P A U L J O H N S O N 

ABSTRACT. In this paper we construct the hitting time distribu
tions for stochastic processes Xk, taking on values amongst the 
integers 0, 1 , . . . , d -1 for which J£=i Xk/d

k has a smooth polyno
mial density with respect to the Lebesgue measure on [0,1], 

Suppose that Xk, k = 0, 1, 2 , . . . is a stochastic process on the integers 0, 
l , . . . , d —1. Clearly the distribution of the stochastic process is uniquely 
determined by the distribution of the single random variable Y = YZ=oXJdk 

so long as the probability that Xn+k = d — 1 for all k is zero for each n > 0. That 
is to say, one can generate the stochastic process by picking a point Y from the 
interval [0,1] according to a fixed distribution and then letting Xk be the kth 
decimal in the d-adic expansion of Y. In this paper we prove the following 
Theorem. 

THEOREM. Suppose that Xk, k = 0, 1, 2 , . . . , is a stochastic process taking on 
values amongst the integers 0, ...,d — 1. Suppose that U is a subset of 
0 , . . . , d — 1 with d0 elements, that a( • ) is a function mapping Uc into the reals 
and Tu is the time that Xk first leaves U. 

I- K Tk=o Xk/d
k has a density f(x) = Yn=o cnx

n, absolutely convergent in 
[0,1], then 

Ea(XTu)= X OnCn 

where 
1 ^ 

ao=j—r 2- a(1') 
a a0i£U 

and in general aj can be found from a 0 , . . . , ai_1 via 

fc=0 V K / ieU J 

II- K H=oXk/d
k has a density /(x) = E: = 0 «n cos 2ir d"x + ft, s in2irdnx 
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then 

EdOQ = X «rAt+ftAi 
n = 0 

where 

a0 = E cos 27rXr, b0 = E sin 27TX,. 

and in general a^ bn can be found from an_J9 5n_J via 

J
-(i + l)/d / \ 

cos(27rjcdJ) dx + ( d - 1 £ cos 27nd n - 1 )an_1 
- _ i/d ^ » e U ' 

-id'1^ sin27ridn-1)bn_1 
^ ieLT / 

J-(i + l)/d / \ 

sin(27rxdJ) dx + ( d"1 X sin27nd n _ 1 l a ^ 
l v t L , i/d ^ i e l / / 

+ ( d _ 1 X cos27ridn"1)6n_1 . 

Proof. The stochastic process Xk, fc = 0, 1 , 2 , . . . induces a measure <p in the 
Banach space M(Cl, 2F) of all bounded measures on the measurable space 
(ft, SF) of all functions co mapping the nonnegative integers into the set 
{ 0 , . . . , d — 1} with <p defined on the cylinder sets [X0 = i 0 , . . . , XN = iN], 
Xk(co) = a>(fc), generating the a-field &, via 

<p[X0 = i0,..., XN = iN] = P[X0 = i0,..., XN = iN], 

We define the linear operators T and E(i), i = 0 , . . . , d — 1 and the linear 
functional p* on ̂ ( f t , SF) via 

Ti//[X0 = i 0 , . . . , XN = iN] = iff[X1 = i0,..., XN + 1 = iN] 

E(0*[A] = ̂ [Xo = i,A] 

pV = *(«); 
and then we let <I> be the smallest linear subspace of M(il, 3*) which contains <p 
and is invariant under the operators T and E(i), i = 0 , . . . , d -1. The collection 
(4>, T, J5, p*) will be called the algebraic representation of the stochastic process 
Xk, fc = 0, 1 , . . . . We will use the algebraic representation to find Ea(XTu) by 
showing that the linear functional p* on <I>, defined by 

a*<p = J aCX.J dq>, 

is a solution of the linear equations 

( I * - T * ) a * = 0 on JE(î)*, î € 17 

a* = a(i)p* on £(/)<*>, i*É 17, 
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where the second equation is obvious and the first holds since for <p e E(i)<t>, 
i e U we have 

{I*-T*)a*<p = a*(I-T)<p 

= ^a(XTij)d<p-^a(XTu)dT<p 

= J a(XJ dtp-1 a(XTu(<)(<ot))<p(d<o) 

= J [a(XTuU<o))-a(XTu(oit)(cot)Mdœ) 

= 0 
since co(0)e 17 and so XTu(<o)(co) = XTu(<0+)(cot). 

Now in our case, each co G Cl can be identified with a real number x = x(o)) = 
Xk^o o>(k)/dk G [0,1] so that each I ( / G $ can be identified with a density / on 
[0,1]. This generates a linear space âf of densities on [0,1]. Since Tijj will be 
identified with the density d~x YÎ~1of((k + x)/d) and E(j)*/' with the density 
J[i/d,(i+i)/d](x)/(x)> where 1^ is the indicator function of U; it follows that the 
algebraic representation (<i>, T, JB, p*) is isomorphic to the collection 
(I, T,E,p*) where 

(i) â? is a linear space of densities on [0,1]. 
(ii) i y = d - l s - l

0 / ( ( k + x ) / d ) 

(iii) E ( î ) / = ^[i/d,(i+i)/d](^)/U) 
(iv) p* / = Jâ/(x)dx. 

Thus we can find the linear functional a* on <I> by looking for a linear 
functional a* on 9£ which satisfies 

( I * - T * ) a * = 0 on E(i)%, ieU 

a* = a(i)p* on E(i)X9 i£U. 

In case I of our theorem we take as a basis for âf the functions /iJ9 where 
i = 0 , . . . , d - 1 and / = 0 , 1 , 2 . . . , defined by 

fij\X) ~ hi/d,(i + l)/d](X)xl-

Then, letting 

d - i 

/k(x) = x k = X / ik(x), 

we have 
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= d l 2- hv<Ui+iydi\ A 
k=0 X a 

k+x\/fc + xY 

i-kxk 

and 

>%• = £ / « Ax) dx=-
1 

J + l 

j + i / ; \ i + i 

m -G) 
Thus the linear functional a* on âf satisfies 

«7« = a*7]fa = d"'-1 Î (j[)'
,",t«*/k, i 6 t/ 

Summing over i now gives us 

, j + i / ; \ j + i 

For 7 = 0 this last equation becomes 

«*/o=-rrr I «('')• 

For 7 > 0 we have 

«•^"-^i^[(T)"'-en«« ^ 
+ dr'-1'ï (I) I i'-k«*4 

k = 0 \K/ i & u J 

Thus if 

n = 0 n = 0 
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then by the dominated convergence theorem we have 

= f Î cJn(K) d<pf 
J n=0 

= Z cAu^dcpf 

= I c„a*fn 

= 1 CnQni 
n=0 

where an = a*/n and <pf is the measure on (ft, £F) induced by /. This concludes 
the proof of I. 

To prove II, we take as our basis for I the functions 

ftj(x) = I[i/d,(i+i)/d](x) cos 2TTX di 

&•(*) = I[«/d,(»+i)/d](x) sin 2TTX dJ 

where i = 0, d - 1 and ; = 0 , 1, 2 , . . . . Letting f}f= Xf=o /ij = cos27rxdJ and 
& = Sf=o &• = sin 2irxd\ we have 

, - l V r (k+X\ „ /k+JC\ Jf 

= <T Z o W i + 1 ) / a ] ^ ) c o s 2 . ( - T - j ^ 

= d-1cos27r(id i-1 + xdJ-1) 

= d - 1 cos lirid*'1 cos 27rxdJ-1 — d_ 1 sin 27nd ,_1 sin 27rxd,_1 

= d'1 cos 2TT id,'-1/)_1(x) - (cT1 sin 27rid,~1)gJ_1(x). 

Similarly, 

Tg^x) = {d'1 sin 27ridJ-1)^(x) + (d-1 cos 27ridJ'-1)gJ(x). 

Thus a* is a solution of 

(T*-T*)a%=0, ieU 

a%=a(i)p%, HU 

and 

( I* -T*)a*g i ] =0 , î e U 

a*&- = a(0p*&j, i ^ . 
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which becomes 

a% = (dr1 cos 27rid,'-1)/;_1 - ( d " 1 sin 2™f ,"-1)s_1, i G U 

a% = a(i) ki/d,(M)W(x)cos(27rxdj) àx, i£ U 
->0 

and 

**& = (d"1 sin Imd}'1)^ + (d_ 1 cos 2irid , '-1)g_1, î G 1/ 

a*a,- = a(i) J[i/d,(i+i)/d]Wsin(27rxdO dx, î$É 17. 
Jo 

Summing over i now yields 

r(i + l)/d / \ 

a*£ = X a(i) cos(27rxdJ) dx + d_ 1( X cos Imd}'1 k_x 

— d_1( J] sin27ndJ_1)g i_1 
M G U ' 

J
-O+D/a / \ 

sin(2wxd0 dx-rd'H £ sin 2irid,"_1 )/,_! 
+ d_1( X cos27ndJ~1)g i_1. 

M G U ' 

Thus if 

f(x) = X an cos 2irdnx + |3n sin 27rdnx, 

then, as in I, we have 

«*/= X o ^ + PA 
n = 0 

when a„ = a*/n and bn = a*gn thus concluding the proof of II and the theorem. 
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