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BOUNDARY VALUE PROBLEMS FOR HARMONIC
FUNCTIONS ON THE HEISENBERG GROUP

CHARLES F. DUNKL

Analysis on the Heisenberg group has become an important area with
strong connections to Fourier analysis, group representations, and partial
differential operators. We propose to show in this work that special
functions methods can also play a significant part in this theory. There is a
one-parameter family of second-order hypoelliptic operators L., (y € C),
associated to the Laplacian L, (also called the subelliptic or Kohn
Laplacian). These operators are closely related to the unit ball for reasons
of homogeneity and unitary group invariance. The associated Dirichlet
problem is to find functions with specified boundary values and
annihilated by L, inside the ball (that is, L,-harmonic). This is the topic of
this paper.

Gaveau [9] proved the first positive result, showing that continuous
functions on the boundary can be extended to Lj-harmonic functions in
the ball, by use of diffusion-theoretic methods. Jerison [15] later gave
another proof of the L,-result. Hueber [14] has recently obtained some
results dealing with special values of the Poisson kernel for L,. Greiner
[10] suggested that the L -problem be treated by means of decomposition
according to the unitary group action. This is the approach used here. The
Poisson kernel associated to each irreducible unitary group module will be
found, and an L2-type convergence theorem will be proved, for all values
of y satisfying —N <<y << N (on the Heisenberg group Hy, N = 1,2,...).
It remains, as yet, to establish the convergence of the summation over all
the modules, but the Poisson kernel is at least formally known.

The operator L, is a prototype of homogeneous differential operators on
nilpotent Lie groups, and there is a general theorem of Helffer and
Nourrigat [12] that such an operator is hypoelliptic if and only if all of its
images under continuous irreducible representations (of the group) are
injective. This occurs for L, for all y € C with the non-hypoelliptic
exceptions y = =N, =(N + 2), =(N + 4),.... This was first shown by
Folland and Stein [6] who also constructed the fundamental solution. It is
striking that the Dirichlet problem can not be solved in general on the
ball, for L, when y = —N or y = N, a much larger set than
the exceptional values for hypoellipticity, as will be shown in this paper.
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The unitary group decomposition of the Dirichlet problem leads to a
boundary value problem on the upper half of the unit disk in the complex
plane. Our method is to conformally map the disk to a strip and to
transform the associated differential operator into one which commutes
with translation along the strip. This allows the use of Fourier transforms
and it becomes possible to determine the Fourier transform of the Poisson
kernel; indeed it is a ratio of entire functions both of which are
representable as Laplace transforms of compactly supported functions.
We will also discuss the relationships between the Poisson kernel and the
harmonic polynomials introduced by Greiner, and finally we will mention
areas for further investigation, especially complex values of y, and the
problem of continuous boundary values. Certain hypergeometric func-
tions and a family of Meixner-Pollaczek orthogonal polynomials form a
fundamental part of the analysis.

1. The differential operator and its Fourier transform. The Heisenberg
group H,, is the space CY X R furnished with the group operation
z,t) - ws):=@+wt+s+2Im{z,w)),
where N = 1,2, ... and
N
{(z, w) := 2 zjwj, (z,w € CN).
j=1

The left-invariant tangent fields are spanned by

z= 2y Ei,
/ 3z /ot
Z_-:=—a——i22, 1=/ =N,
J az/ ./at
and
T:= 3,
ot

and the subelliptic Laplacian is

M=

L:=— (2,2, + 2,Z)

N =

I

j=1
(see [6] ). For y € C define the operator
L,:= L+ ivT,

(this arises fory = —N + 2, =N + 4,..., N — 2 when applying [ ], to
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forms [6] ). We say a twice-differentiable function f on an open subset of
Hy is L,-harmonic if L f = 0.

The unitary group U(N) acts on Hy by u(z, t) := (uz, t), u € U(N),
(z,t) € Hy, and the action induced on functions commutes with L,. The
U(N)-orbits of Hy can be indexed by

c(z,t):=1 + ilz|%.
Important U(N)-invariant sets are the ball
B:={(z,t) € Hylle(z, 1) | < 1}
and its boundary
0B 1= {(z, 1):2 + |zI* = 1}.

The Dirichlet problem for L, on B consists of extending functions on dB
to L,-harmonic functions on B. This problem can be decomposed into
U(N)-modules and the trivial U(N) component is actually typical. We will
first present the solution to the Dirichlet problem for U(N)-invariant
functions (that is, depending only on c¢(z, ¢)), and then show how any
other U(N)-module can be treated.

In terms of c¢(z, t) we are considering the upper half of the complex
plane, which we will conformally map onto a strip, with the half-disk
being mapped onto a narrower strip. We will find a transformed version of
the original differential equation which is invariant under the action
of translation parallel to the axis of the strip. We begin with the
half-disk.

1.1 ProPoSITION. Let g be a twice differentiable function on an open
subset of {{ € C:Im { = 0},

ol 58 (N =) g©)
Lﬁmm)—dx O oot ( 2)a§

)
2 a¢
where { = t + ilz|*, (z, t) € (an open subset of) H,,.

1.2 Definition. Let a, B € C and define a differential operator on
functions on C by

_ 9 3 d
Da/}g({) = (G’ - {)_@ - (Xéz + 'Ba_f

Thus our Dirichlet problem reduces to finding functions on
{{ e Clfl =1, Im¢{ = 0}

)ew. ¢ <c

annihilated by D,s in {[{| < 1} with specified boundary values on
{ 1§l = 1}, where
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=(N—9v)/2,B:= (N + y)/2.

The homogeneous polynomials annihilated by D, are already known:
namely the Heisenberg polynomials

Py = §‘m»w”’§%”f n=012....
<0 Nn — )

(introduced by Greiner [10] with a different notation; Gasper [8] found a
complex orthogonality on the entire circle). Greiner and Koornwinder [11]
pointed out that the hypoellipticity of L, implies that any function

L, -harmonic in a neighborhood of (0, 0) € Hy must be real-analytic, and
if it is also U(N)-invariant, then it has an expansion

o0
2 a,CP + iz
n=0

at least locally at (0, 0).

From our work [4] on the limiting case a« = (1 — v, B = (1 + wr, p
fixed, » — 0, we are led to study the effect on D,z of the Mobius group
fixing the upper half disk. This group consists of the transformations

o . § A thy )
‘/'(D'_1+§(tht)’ reR:

note that
Fp 0Ty = Ty
Define the conformal map
= - 10
(9] Chp—

which maps the open unit disk to the strip
S = {U+iTIGER,—z<T<7—T}
4 4

Then

pF()) =p@) +1, €#* £l 1t €R).

In the sequel we only require « > 0 and 8 > 0 and let v : = (a + B)/2
(that is, it is not necessary for N = 2» to be an integer).
Applying the map p to D,z we get:
9 d _9d
D,pg(p({)) = isin 27 ch p ch T)—g_ — a ch? p—g + B ch? p—f,
dpdp ap ap
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where 7 = Im p. We try an integrating factor of the form
(ch BY* (ch p)”

to get a differential operator commuting with translation, that is, with
coefficients independent of 0 = Re p; indeed 4 = a, B = B works.

1.3 PROPOSITION.
_ i
D,g( (ch §)*(ch p)Pg(p)) = S 5)*"(ch p)P "' Dl g (p),

where

¥ ¥
Dyp 1= (sin 27)(5? + P - 4a,8)

+ 2 cos 27'(21!i —i(B — a)i>,
or do
p = o + ir; and D,gg = 0 if and only if
Diyy((ch §) " %ch p) Bg) = 0

Sfor functions on the strip.

Since D,z commutes with translation (in o) we will solve the associated
Dirichlet problem by a convolution integral, on the upper edge of the
strip S.

We reduce the equation to an ordinary differential equation by taking
Fourier transforms in o.

For smooth functions g on the strip let

20, = [ 860 me o
(y € R, for each 7 for which [ |g(o, 7)|do < oo). Then Dygg = 0

implies
(sin2)azA +4(cos2)aA
T) —> 14 T) —
81’2g a'rg
— ((sin 21)(daB + y*) — 2(B — a)y cos 21)g = 0.
Under the change of variable 1 = 1 — ¢~ %" the equation becomes
- —-1/2 2 L d .
8i(l1 — 1) 1=y —=g—-— 10— —v2—1))—g
at at
2
(XB Y :B —a) . A
A EET g JVE
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This turns into the hypergeometric equation by use of the integrating
factor (1 — ¢)"*) where

a iy B iy
h =—- —=or— + —.
) 2 4 2 4

The unique solution of D,gk = 0, up to multiplication by functions in y,
which is regular at r = 0 ( = 0) is

. —2ita—yT V—iy/z,a, =4t
(14) Jpl(y, 1) 1= 2™ yzFl( Pher—e )

normalized by k,g(y, 0) = 1; and the hypergeometric function is given by
the series in
1 —e ¥ < 1.

Since this function is fundamental in all that follows, especially at
T = /4, we need a better representation; indeed for real 7 the series only
converges for || < «/12.

1.5 THEOREM. For a, B >0,y € C,0 < 7 = 7/4,

_ b o e
kaﬁ(y, T) = Bla B) (sin 271)

X /_T e’ (sin(r + ¢))* \(sin(r — 1))F " ds;
also
ka,B(y» _T) = aﬁ(_y’ T) = kBa(y7 T)'
(Here B denotes the beta-function.)

Proof. By the Euler integral formula
kyp(y, 7) = € 2V B(a, B)”
X ﬂ) PN = 0PI = (1 = ey T 24y,
(note this integral becomes singular at ¢t = 1/2 as 7 — (7/4)—). Make the
substitution ¢ = %( 1 — th x) to obtain
1-2»

" B@ B
X (ch(x + 2ir)) " T 24x.

Kap(y> 7) LeXP( (B — a)(x + ir))(ch x)™" "2

This is an integral of an analytic function whose singularities nearest to R
are
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. R .
X = taz and x = izz — 2ir,

and so the path of integration can be deformed to R — ir (by the usual
large rectangular contour method). This gives

1—2»

" B, B
X (ch(x + ir)) " 24x.

kaB(.Vy ) '/l;e(ﬁ_a)x(ch(x — ir) )—Vﬁiy/2

This formula shows that
ka,B(y’ - T) = a,B(_y’ T) = kﬁa(y’ T)'

Now make the substitution
& = sin(t — t)/sin(r + 1), — 1<t <~
to get the required form k.

Note that in the proof, as in the sequel, we always use the principal
branch of complex power functions.

1.6. COROLLARY. Fora, § >0, —7n/4 =17 = 7/4,y € R, kaB(y, T) > 0,
indeed,

0< e_l'v’rlkaB(O, ) = kyp(y, 1) = elyleaB(O’ 7)-

Further for each T # 0, k,p is a convex function of y, that is

— , 7) > 0.
ay aﬁ(y 7)

The relevance of kg to the Dirichlet problem is as follows: suppose g is
a function on the strip

{0+iTIGER,—§<’T§Z}

which is reasonably well-behaved and such that D zg = 0, then
gy, ™) = h(y)kyp(y, ) for some h;

further
8y, m/4) = h(y)kyp(y, m/4)

implying that
8y, ) = 8y, /) kop( ¥, TV kop(y, T/4)),

and so g(o, 7) is the convolution of g(a, m/4) with the kernel K g(o, 7)
where
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Ko, 1) = kag(p, ) kagl(y, 7/4)),

To establish the existence and necessary properties of K,z we will develop
some bounds and asymptotic expressions for k. However, first we
consider some immediate consequences of the theorem.

The special case « = B = v allows a more explicit formula.

1.7 THEOREM.

k(o) = o, (7 T DA O G )

—a/d =17=7/d4,y € C, and

ani

(v + 1)/2 + i/HT(@ + 1)/2 — ip/4)

k,(y, m/4) =

an entire function with zeros at
y= 2 +2m+ 1), n=012....

Proof. The expression for k,,(y, ) comes from applying a quadratic
transformation ([5], vol. 1, p. 112, #26) to

v — iy/2, v, —4i
2Fl( 2 , 1 —e ”).

The Gauss sum can be used for k,,,,(y, g)

Later we will state the explicit form of K, (o, 7).

1.8 ProrosITION. Fora, 8 > 0, — 7/4 = 17 = 7/4,

_ a’2, B/2. . 5 )
kop(0, 7) = 2F1(v 1 sin 27).

Proof. Use the same quadratic transformation as in 1.7.

We can find an upper bound for 1/k,4(y, m/4) which appeared to be
fairly sharp when tested in several numerical experiments.

1.9 THEOREM For a, B > 0, — /4 = 7 = 7/4,

kyp(y, ) Z (D@ /(T (@T(B) ) Ik, (0, 7);

in particular
1 2 12 2
kop(y, m/4) = (F(V + E)I‘(V) T )/(F(a)F(B)F( v + 1)/2)9),

(y € R).
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Proof. Fix v, T and let

F(y,s):= /ZT e¥(sin(r + 1) )"_S_l(sin('r —1) )"J”_ldt

- /T_T e T8Oy (1)dt
where
w(t) = (sin(r + t)sin(r — ¢))’~' and
g(t) = log(sin(r + ¢)/sin(t — t)).

We will show F(y, s) = F(0,0), fory € Rand —» < s < ». Indeed g is an
odd function, and w is even implying that y = 0, s = 0 is a critical point of
F. Then by the Cauchy-Schwarz inequality

OF (azF)W(azF)W
< |\—= — .
¥’ ds?

ayas
Thus F has a global minimum at (0, 0). Finally we note that

Kop(y, 1) = B(a, B 'F(y, (B — @)/2).
We get F(0, 0) from Theorem 1.7.

By use of distributions we can extract a family of solutions of D;Bf =0
from k,g.

1.10 Definition. Forj = 0, 1, 2,... let
kop A7) := B(a, B)” (sin 27)' 7%

X fﬁf H(sin(r + )% (sin(r — 1))P " 'dr
for0 < 7= Z,and

kap (=) = (=1 kyp (1), kopo(0) = 1, kyp (0) = O
for j > 0. That is,

LAY
kap () = (5) ka2 T) o

1.11 THEOREM. Forn = 0,1, 2, ...

j=0

Proof. We must show
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L0\
:X,B((o - 15) kaﬁ(ys T) Iy:()) =0

(as a function of g, 7). Because k4 is annihilated by the Fourier transform
of D, this is a consequence of the identity

(B R L

when y = 0, where F'is a function of y. But

(o= 2 ) wrre

m ! ) 9 \n—mtj
- 3 ﬁ( " Yoo - i )T E
j=max(0,m—n) Jjm —j ay
and at y = 0 the sum reduces to
n! 9 \" ™
— |0 —i— F©0), (0ifn < m),
(n — m)! ay

which is the same as

(a%)m(o - i%)nF(O).

Thus we have found a family of Djg-harmonic functions which are
polynomial in 6. They are unbounded at 0 = oo but are of relatively
slow growth.

2. Bounds for the Poisson kernel. The next task is to show that

kaﬁ(y’ T)/kaﬂ(y9 77/4)
is a Fourier transform for each 1, 0 = 7 < #/4, and to establish uniform
upper bounds for this functioniny € R, 0 = 7 = n/4.

2.1 PROPOSITION. There is a constant C,p depending only on a, B such

that
1 T
kaB(ys T) = CO‘B min(—, _i)ﬁ)e‘ry
B (21y)
fory = 0, and
(1 I(a) )_,
k.1 = Cyg i, .
(Vs T) ap min| = RR e

fory =0,0 =1 = n/4.
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Proof. 1t suffices to consider y = 0. Assume firsta = l and 8 = 1. In
the formula of 1.5 use the bounds

(sin(r + 1))* ! = (sin21)*" " and
sin(r — )P = (r — 0f7!

to obtain

.
kog(y, 7) = B(a, B)” \(sin 27) 7P f_T Ve — 0)f ldr.
The integral = ¢”"(2r)%/B and also equals

ol
e-”ypﬁfz e P lds = ey TPI(B).
Thus we require

Cp = sup B(a, B)~'(2r/(sin 21))F = B(e, B~ (/)P
0=r=1

a

If0 < B <1 then

(sin(r — 1))P71 = ((r = 1)(sin 27)/(27) P!
and we proceed similarly with a slightly different bound for C,g. If
0 < a < 1 then split up the integral into two parts to get

kyp(y, 7 = B(a, B)” (sin 27)' ¥

X [/0_ (sin(r + £))* sin(r — 1) )P ar

+ (sin 27)* ! fo e¥(sin(r — t))B_'dt].
The first integral is less than some constant (depending on « and B) times
7! and the second integral is treated similarly to the above.

2.2 PROPOSITION.

_ _ a Bov —iy/2, v+ iy/2 . )
Kap(ys Dkap( =y, 1) = 4F3( v, v,y + 1/2 ; sin“2r ),
fora,B >0, —m/4 =7 =q9/4,y € C.

Proof. For  near 0 (|| < w/12) we use the ,F| form of kqp given in
(1.4). By the identity (see [18], p. 80, #2.5.32)

a, b a,c— b
(0o (6 )

2
_ _ \-a abc—ac—>b 2z )
=d =2 4F3( ¢, ¢/2,(c+ 1)/2° 41 — z)
—4iT

(witha =a,b=v —iy/2,¢c =2r,z =1 — e "'"), the stated formula

holds. Both sides are analytic in 7 and entire in y.
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2.3 CoROLLARY. For —m/4 = 17 = u/4,y € R,

ko3, Dkop(=p, 1) Z (T /T(@T(B) ) Yk, 3, 77

Proof. Fory € R each term of the 4F;-series is positive (for 7 # 0), and
it suffices to show

(@,(B), Z T/ (T(@T(B))»), (),

(using the formula with « = 8 = »). But if

. @,8),
" »), (@),
then

oy _ o _ (B =)

1, (v + n)?
@if «, B > 0), so {¢,} is a decreasing sequence; further
T T(a+ (B + n)
" T(I(B) T(» + n)L(» + n)

which is asymptotic to I’ (v)z/ (T(@)T(B)).

We need a lemma to establish the key bound on k(y, 7).
2.4 LEMMA. For v > 0, there is a constant C, depending on v such that
IT(( + 1)/2 + ip/4) > = C, (4r + 1)> + y2)'2e im4
forally € R.
Proof. We use the asymptotic expression for log T, to get
log(T((@ + 1)/2 + iy/®T((v + 1)/2 — iy/4))
= log 27 + (v/2)log((» + 1)’/4 + y*/16)

— @+ 1) —g arctan(y/Q(v + 1)))

+ (@ + 1)/2 + ip/d) + J((v + 1)/2 — ip/4)

where J is the Binet function (for example, see [13], p. 457). The Binet
function has an asymptotic development and using one term we obtain

_ b1 B
J(Z)_12z+3f0 T+

(valid for z € C\[—oo, —1]), where B is the Bernoulli function of order
3, a function of period 1 equal to
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3 1
£ — P + -t on)=r=1,
2 2

thus |BX¢) | = /3/36. From this bound,
J((w + 172 + ip/8) + J( + 1)/2 — iy/d)

ex el = ()))
B2y

36 \r + 1

lIA

+

by use of
It + 27 = (@ + Rez)>.

Next we use the elementary inequality

x arctan x = zlxl — 1 forx € R
and obtain
Y Y K
—=arctan —— = (v + 1) — —|y|.
2 W ST h gl

These bounds suffice to establish the lemma.

2.5 THEOREM. For a, B > 0 there is a constant C(’xﬁ such that
(kaﬁ(y, r)/kaﬁ(y, Z)) < 70 g A
Jor0 <1 =7/4, and |yl = 2(v + 1), and
(1/kaﬁ(y,g)) = Cp(l + yDe 4,
where 8§ = B fory > 0and § = a for y < 0. Further
sup{kaﬁ(y, T)/ka,;(y, g):y ERO=7= 77/4} < .

Proof. 1t suffices to consider y > 0. By Proposition 2.1 and Corollary
2.3,
kap( 1) kap(ys Dkap(—y, /4K, p, 7/ 4)
kop( ¥, T14)  kyg(y, T/ Dkyp(—y, T/ Ak, (v, w/4)

= T(@I(B) kap(y, Dkap(—y, 7/4)
L(») k,(y, m/4)*
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_T@B) o . (1 T® ) . (1 T
= Toyp O mm(ﬁ’ <2»ry)ﬁ) mm(a’ <2y)“)

X ey(7+ﬂ/4)kyy(y’ 77_/4)—2

By Lemma 2.4 and Theorem 1.7

k,(y, m/4) 72 = CHAw + 17 + yDe ™2
for some constant C;. Thus if y = 2(» + 1) then

(kg )/ kv, 7/4))

= Cr B0+ QO+ D) e (0 < 1 = a/4);
when r = 0

(kopy, m/4)) = CopyP (@ + DIy + e 4

The stated inequalities follow from these bounds.

To show kyg(y, 7)/kyp(y, m/4) is uniformly bounded we argue separately
forr < #/8 and 7 = #/8.

For 0 = 7 = #/8, the function is bounded by

s (1 T(@ —
Cap Min (a a ”; )(4< + 17+ e ™

which is bounded on y = 0. For #/8 = 7 = «/4, the function is bounded
by

Copld(v + l) + y)
on0 =y =2 + 1) and by

(0 ) =l () )

ony = 2(v + 1). (C;g denotes constants depending only on a and B which
may be different in different contexts.)

fiA

It is relatively easy to obtain asymptotic results for y — =co.

2.6 PROPOSITION. Ffor 0 < 17 = 7/4,

kop(ys T) ~ (sin 27) B ((21})) ~Bewy asy — +oo,

o TQY) a2yl
Iyl %
I'(B)

as y —> —co.

kog(y, ) ~ (sin 2 "¢

Further
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(kg3 T bop(y, m/4)) ~ (sin 27) %7470 gy — oo
withd = Bfory > 0,8 = afory <O.

Proof. Consider the case y > 0 so that the integrand in the expression
1.5 for £, B in a neighborhood of t = 7 determines the asymptotic
behavior. Indeed kqyp(y, ) 1s asymptotic to

B(a, B)” \(sin 27)' ~*(sin 27)* " - f _ e’(r — 0 ldr
(as y — +o00), and the integral is asymptotic to

y~Perr(p),
by Watson’s lemma. A similar argument applies to y — —oco.

2.7 CorROLLARY. For a, B > 0, and —7w/4 = 7 < 0,

I'(B)

——( |yl sin 2r)f~ a) RG2S
I'(a)

(kag(ys )/ oy, 7T/4))~(

Proof. Use the relation

kaﬁ‘(yv _T) = aﬁ'(_y’ 7.)'
Note that k,g(y, —m/4)/k,p(y, m/4) is unbounded for a # B.

2.8 CorROLLARY. For —7/4 <1 < 7/4, kop( ¥, T)/ kop(y, m/4) is a rapidly
decreasing function of y, that is,

Sup, c g '(1 + " (ay) (k—%”—;?ﬁ) ’ =

Joreachm,n = 0,1,2,....
a n
Proof. For 0 < 1 = 7/4, (8_> kyg(y, 7) is a multiple of
Y

/_ "eVi(sin(r + 1)) (sin(r — 1) )P 'ar

so the same asymptotic relations as in 2.6 hold for each derivative, with a
factor of (—1)" for y — —oo. This shows that

(kop(s )/ gy, 7/4))
(£)w

has exponential decay as y — oo, for each n.
2.9 THEOREM. There exists a smooth function K,p(0, T) on the strip

={o+irc €R, —7w/4 <1 < 7/4}
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such that

1) Kot,B(ya T) = aB(y, T)/kaﬁ(y’ 77/4);
2) K,p(0, 7) is a rapidly decreasing function of ¢ € R and is analytic in
o € Cwith

Im o] < 7/4 — |1,

for each 7, —m/4 < 7 < @/4;
3) K,p(0, 1) is positive definite in 0 € R.

Proof. The existence of a rapidly decreasing function K, (0, 7) satisfying
condition (1) comes from Corollary 2.8. From the exponential decay
established in Proposition 2.6 we see that

Kaﬂ(69 T) = (1/277)‘/1; eiya(kaﬁ(y’ T)/kaﬂ(ya '”/4) )dy
is analytic in
Im o] < #/4 — |1].

Property (3) of course is a consequence of k,g(y, 7) > 0.
Next we have to show

a n
(a) (kaﬁ(ya T)/kaﬁ(y9 77/4) )
is a Fourier transform for each n. This follows from the expression

g3, ™) = f L e+ 0 = f
where g(z, 7) is infinitely differentiable in 7 for —1 = ¢ = 1; indeed
g(t, 7) = B(a, B)”'(1/sin 27)
% (sin(r(l + t)))““(sin(f(l - t)))B*l
(1 + ¢)sin 27 (1 — #)sin 27

h
Thus (3) K, (0, ) exists for all n.
aT

3. The Poisson integral. We have enough information about K,z
to define the Poisson integral for the differential operator D,z We use
I’(R + in/4) to denote the space of measurable functions on R + in/4
(the upper edge of S) such that

]l;lf(o + in/8) Pdo < o0, 1 =p < co.
3.1 Definition. For f € I’ (R + in/4), 1 = p < oo, let

Pl flo + ir) := Af(w + in/4)K g0 — w, T)dw,
(o + it € 8S).
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3.2 THEOREM. For f € I(R + in/4), 1 = p < oo, Pyglf]is a smooth
Sfunction on S such that
DygPrglf1 = 0.
Further if || fl, < oo then

/lf(o + in/4) — Puglfl(o + ity |*doe — 0 as T — (m/4)_.

Proof. The fact that Pg[f] is smooth follows from Ks(o, ) bemg
rapidly decreasing in ¢, and smooth in (g, 7). Similarly we can apply Dz
to P, f] and interchange the integration with Dz The function

o+ lT’_)KB(O —w, T)
is annihilated by D,z for each w € R, because we can map D, to its
Fourier transform acting on
aﬂ(y9 T)/ ,B(ya 77/4)
If f € L*(R + in/4), let f be its Plancherel transform; then

f | f(o in/4) — Pl flo + ir)[*do
- 2 — ke (y’ ) — sT—(w
flf( )I( aﬁ(y,w/4))d 0a (m/4)_,

by the dominated convergence theorem. Here we use the uniform
boundedness of k,p(y, 7)/k,p(y, m/4) from Theorem 2.5.

We note the uniqueness and reproducing properties for Pg. 1f f is
smooth on the open strip and continuous on the half-closed strip (union
with upper edge), annihilated by D;, and if f has a Fourier transform on
every line ¢ + ir, —w/4 < 7 = 7w/4, then

S = Pty

where f, = f| (R + in/4), the boundary value. To see this, note that
f(y, 7) must be a multiple (depending on y) of kop(y, 7).

We apply these results to the original differential operator D,g, still
considered on the strip.

3.3 Definition. For a measurable function fon R + im/4 with

‘/R |f(o + im/4) P (ch 20) P’do < oo
for some p, 1 = p < oo, let
Pl flo + it) := (ch(o — ir) )*(ch(c + ir) )P
X Pl f(w + im/4)(ch(w — im/4))™*
X (ch(w + in/4))"P)o + i),
o+ it € S.
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3.4 THEOREM. For a function f as in 3.3, Pyl f1 is smooth on S and is
annihilated by D,g. Further if

L |f(o + im/4) [X(ch 20) %do < oo

then

L (f(c + in/4) — P flo + ir) [*(ch 20)"¥do — 0
asT— (n/4)_.
Proof. This follows from Theorem 3.2 and the relationship between D,z
and D, established in Proposition 1.3. Further
lch(w — im/4)~® ch(w + im/4) B — (% ch 2w)_”.
The L*-convergence is a consequence of Theorem 3.2 and the uniform
convergence of
ch(c — i) " ch(o + ir)
to
(ch(c — im/4)) %(ch(c + in/4)) F

as T —> /4, (o, B > 0).
We can find K,z explicitly when a = 8 = ».

3.5 THEOREM. For v > 0,
K, (0,7 =2"" 1B + 1/2,1/2)7!
cos 27

X
(ch 26 + sin 27)"(ch 26 — sin 27)

XF();,;/—]_ 2 sin 27 )
¥ 2v ' ch 26 + sin 27/

Also K, (0, T) > 0 and the ,F\-function assumes only values between 1
and

TQw)/ (T + 1)), 6 € R0 =1 < 7/4.

Proof. When a = B the operator D,z becomes the operator associated to
the ultraspherical polynomials, and the Poisson integral for the half-disk is
known, namely

| L +
reé'® — B(y + 1/2,1/2)! fo % 2 (n V)rn
n=0 v

X C'(cos B)C'(cos $)C(1)~ \(sin 8)*d@
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(where f'is an appropriate function on the upper half circle and C, is the
ultraspherical polynomial of index », degree n), 0 = r < 1,0 = ¢ = 7.
But the sum over # in the integrand equals

(1 — )1 — 2rcos(@ + ¢) + rz)*”“zF](”’ "2: L. X(r, 0, ¢)),

where
X(r, 0, ) = 4r sin 0 sin ¢/(1 — 2r cos(8 + ¢) + ),
from the sum found in [3], Corollary 3.7. Now we set
ré® = th(o + ir), €% = th(w + in/4), d§ = —2 sech(2w)dw,
and get
X(r, 8, ) = 2 sin 27/(ch 2(6 — w) + sin 27).
A transformation of the ,F, series gives the stated formula. By Gauss’s

sum

zF'(V’ Vzv— ! 1) = TQ@n/(TWIE + 1))

and the ,F}-function is increasing, resp. decreasing, on 0 = X = 1, when
v > 1, resp. 0 < » < 1, because

d v,v — 1, )_(V—l) (V‘f‘l,l/_ )
Z;;ZF‘( w X)) =By, T X)

We observe that for each 7 with 0 = 7 << 7/4,
K, (0, 7) ~ A 2l0TD 456 — +oo

(some constant 4_ depending on » and 7). Even in the general case
KaB(o, 7) has exponential decay in o. The reason for this is the
meromorphic nature of

kop(ys TV kop(y, m/4).
By a theorem of Titchmarsh [19], k,4(y, 7) is an entire function of order
1, type |7l. In particular, k,4(y, 7/4) has infinitely many zeros
{z;y =1,2,...} with0 < [z)| = |z5] = |z3] = ... such that
1) card{zj:lz/-l <r} ~r/2asr— oo

2) kop(y, w/4) = k,p(0, 77/4)/_10:11 ((l - —)e”’f);

oo
3) 2 Re(1/z;) is absolutely convergent.
j=1
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In this situation we know more since
Re(kyp(y, m/4)) > 0 in |Im y| = 2;

indeed

/4
Re(k,p(y, m/4)) = / s eRY cos(r Im y)W(t)dt
where W(t) Z 0 on —7w/4 = ¢t = w/4. Thus the zero set
{z} ¢ {y € ClImy| > 2}.

If & = B = v the zeros of k,,(y, 7/4) are exactly the points =2i(1 + » +
2n).
By a theorem of Cartwright [1] there is a region of the form

{y € Clyl = ry, and |arg y| = 6, or |arg(—y) | = 6}

for some ry, > 0, 0 < 6, < 7/2, that is zero-free. Thus any horizontal line
(Im y = constant) has at most finitely many zeros of k,g(y, 7/4).
Let

8 = min{Im y:k,p(y, 7/4) = 0, Im y > 0}.

From the above we know § > 2, (we conjecture § = 2(1 + /af) ). The
experimental evidence is strong that there is a unique zero a + id, but
regardless, a useful statement can be made.

3.6 THEOREM. Let y; = a; + i8, j = 1,..., m be all the zeros y of
kop(y, m/4) with Im y = §, then

m
Kop(0, 1) ~ 2 (4,(1)e™)e™® as 0 — +oo,
j=1

where the A j('r) are continuous complex functions of 1, (note
Ka'B("O, ’T) = KaB(O’ T),

by Theorem 2.9(3); to be used for 6 — —o0). If for some T, all Ai(r) =0
then

K, plo, 7) = o(e %) a5 6 — *oo.
Proof. For notational convenience let

f(y’ T) = aﬁ(y’ T)/kaﬂ(y’ 77/4)

We use residue calculus to find
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1 .
K, g0, 7) = by /I;f()’, 7)e? dy.

Assume ¢ > 0, and integrate f(y, 7)e”® over the contour consisting of the
rectangle with vertices at =R, =R + bi which contains all the points
a; + i8 but no other zeros of k,z(y, /4), (thus b > §). We know

f(=R +it,1) =0

exponentially as R — +oo on 0 = 1 = b by Theorem 2.5 (extend to
complex arguments). Let R — +co to obtain

0 . o .
/ S dy = e f o S+ by Ty

+ 2mi X, ol tid) Res(f(y, 1);
J
y=at i0) (the residues).

The function y = f(y + ib, 7) is analytic in a neighborhood of R and has
exponential decay as y — oo, thus its Fourier transform is uniformly
bounded (in o). This part contributes O(e *°) = o(e %°) as ¢ — +o0 to
Kaﬂ(a, T).

4. Relation to Heisenberg polynomials. We will consider the problem of
expanding the kernel K, 4(o, 7) as a series of Heisenberg polynomials, and
also the question of density of these polynomials in a weighted
Lz-space.

The generating function is

(1= 1 =) P =3 rcP), Il <1
n=0

Recall from Section 1 that
D,CP ) = 0.
Since D,gl = 0 and Dy, is translation-invariation we have that

D,g((ch(c — s — ir)) *ch(c — s + i) F) =0
for each fixed s € R (see Proposition 1.3). Each such function (of o +
it € §) has a Fourier transform for fixed 7, and hence is reproduced by

wp- That is,

L(ch(w — 5 — in/4))" ¢

X (ch(iw — s + iﬂ/4))_'BKaB(o —w, T)dw

= (ch(c — s — ir)) @

X (ch(c — s + ir)) B, (—w/4 <1< 7/4).
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We can use this to find the Fourier transform of
hap(0, 7) = (ch(c — ir) ) *(ch(c + ir)) .

4.1 PROPOSITION.
w-1
T'(2»)
for —n/4 = 1 =7/4, y€ R(or|Imy | < 2»).

hop(y, T = T + /DT — iy/Dkyp(y, 7,

Proof. Since the Poisson integral P,z reproduces the values of /,; we
have

hap(7, 1) = hag(y, 7/ ko, 1)/ Kogl(y, /4)
for —w/4 < v < w/4; in particular
haﬂ(y’ O) = haﬁ(ys 77/4)/ka/3(y7 77/4)-

But we can directly find
2v—1

lAzaB(y, 0) = ‘[R(ch 0) Ye Vdo = (v + iy/Q)T(» — iy/2)

I'2y)
(a standard integral). Thus

i\laﬂ(y7 T) = i\'aﬂ(y’ O)kaﬁ(y’ 77/4)ka[)'(y’ T)/kaﬁ(ys 77/4)

(Indeed ftaﬁ can be found directly by using Barnes’ type integrals, which
led the author to the method of solution of the differential equation for .

kaﬁ')

The function k4 can be viewed as the generating function for C f,"“ﬁ), and
allows us to find their Fourier transforms. First we outline some facts
about a family of Meixner-Pollaczek polynomials (due to Pollaczek [17],
see also [4] for more details).

4.2 Definition. For each A > 0 the Meixner-Pollaczek polynomials
p,(x; A) are given by the generating function

o0
(1 _ it)(iX"A)/Z(l + it)—(iX+A)/2 — 20 trlpn(x; A),

for |t < 1; equivalently

[e¢]

(ch s)e** = X (i th s)'p,(x; 4), |ths| <1,
n=0

(this family is denoted by p,(x; 4, 0) in [4] and by P/P(x/2; #/2) in
(17]).
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4.3 Properties of p,(x; A).
(1) p,(x; A) is a real polynomial in x of degree n with leading coefficient
1/n!, and

P(—x; A) = (—1)'p,(x; 4);

@) @ aT)) [, pa Apalxs AT + ix)/2) P
~8,,(4),/n,

the orthogonality relation, m, n = 0, 1, 2,...;
(3) for each fixed r with 0 < r < 1, and x € R,

Ip,(x; A)l = r (1 — rz)_A/2exp( |x| arctan r);

(this is proved by applying Cauchy’s bounds to the generating function as
an analytic function in ¢, integrating around the circle r = re® 0=60=
27, and using

[ (1 — it)i"/z(l + it ix/zl = exp( |x| arctan |7] ), x € R).
p
4.4 PROPOSITION.

[ee]

hoplo — w, 7) = h,g(0, T)(ch w)_z" > (th w)"C;“’B)(th(o + it)),

with absolute convergence in |th w| < 1, ¢ + it € S. Further
L hop(o, T)Cﬁf’B)(th(a + it) )e ¥do
2v—1
T2 P + /)T — iy/2)kp(y, 7),
for —w/4 = 7 = 7/4.
Proof. We note
hoploc — w, 7) = (ch(o — i) *(ch(o + ir))”#
X (ch w)™?(1 — th w th(c — ir)) ®
X (1 — thwth(e + ir)) #

= (—)"p,(y; )

[ee)

= haglo. Dichw) "> 3 (thw)'C Pth(o + in)).

n=0

iyo

(generating function). Now fix w, multiply both sides by e "° and

integrate over 6 € R. The result is

(oo}
e_i.VW}A,aB(y, 7) = (chw) % 20 (th w)"
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X Lhaﬁ(o, 7C(th(e + ir) e "do;

the summation and integration may be interchanged by the absolute
convergence and the bound

2 lth w|c@P| = (1 — |th w th(o + ir)|) 7.

Thus the required integral is the coefficient of (th w)" in the expansion

of

hap(y, T "(ch w)?,
namely

(—)'p,(y; 20)hp(y, 7);
see 4.1.

4.5 THEOREM. {h,g(0, m/4)C*P(th(s + in/4)):n Z 0} spans a dense
set in LAR + iw/4).

Proof. Let g € LX(R) with

L g(— 050, m/4)CPth(o + im/4))do = 0

for each n. Then by the Parseval theorem

Aé(y)pn(y; WL + /20 — iy/ Dkop(y, m/4)dy = 0

for each n.
Thus

ﬁzf;(y)p(y)W(y)dy =0
for each polynomial p, where

W(y) = I + iv/2) Phop(y, m/4) > 0
and

W(y) = 01yl ™V

for some ¢ > 0, by the bounds from 2.4 and 2.5. By a theorem of
Hamburger (see [7], p. 84), polynomials are dense in

L*(R, W(y)dy) D L*(R),
thus g = 0.

The theorem answers a question posed by Greiner [10].
We will use the orthogonality structure of the Meixner-Pollaczek
polynomials to produce the biorthogonal set for {4,5C E,“’B ):n = 0}.
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4.6 Definition. Forn = 0, 1,2,...,a, B > 0, let

by apw) = (i"/(27)) _/];(Pn(y; 20)/ kop(y, m/4) e dy,
an analytic function of w in [Im w| < 7/4. Note

Snap(¥) = "D (—y; 20)/ kyg(—y, /4),
by the inversion theorem.

4.7 PROPOSITION. The function Pn.ap(W) is rapidly decreasing on w € R,
and

nap®) = O™ M),
(where 8 = min{Im y:k,g(y, 7/4) = 0, Im y > 0} ).

Proof. This follows from the asymptotic behavior of k,4(y, 7/4), and the
fact that ¢, .4 is the Fourier transform of a meromorphic function, and an
argument similar to that of Theorem 3.6.

4.8 THEOREM. For w € R, 6 € C with |Im o < 7/4,
K6 — w,0) = (ch o) > 2 (th 6)"d, 5(w),
n=0

with absolute convergence, uniform for allw € Rand o € R, |o| = o; each
0y < 00.

Proof. Indeed
(ch 0)”K,4(0 — w, 0)

1 (G — _
- o €T (ch 0 kyp(y, m/4) " dy
(e )
1 —iyw . n —1
= Joe " 2 (i tho)p(y; Wkegly, m/4) 'y,
27 n=0

(using the generating function for p,(y; 2»), see 4.2). To justify the
interchange of summation and integration, fix ¢ and let |th o] < r < L.
Then

[ee]
Jo 3 a1, 05 20 W 4)

(o]
<1 -~ ‘/l; 20 (Ith ol/r)"exp( | ylarctan r)k,q( v, 7/4)" 'dy
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=1 -7 — [thel/r)™! /l;(el’"/k (v, 7/4) )dy,
where ¢ = arctan r << #/4. The integral is finite because

log kup(y, m/4) ~ 7| yl/4
(Theorem 2.5).

4.9 THEOREM.

L C@B(th(w + im/4) Ych(w — im/4)) ¢

X (ch(w + im/4)) " Po,, op(w)dw
=34,,02v),/n!, mn=20,1,2,....

Proof. By the Parseval theorem the integral equals
v—1

I'(2v)

1
f maﬁ( y)('_l)Pn(,V, 2”)

X |T(v + iy/2) |k, (Vs m/4)dy

from 4.4. By definition of ¢,, .5 the integral is a multiple of

_me(y; 2)p,(», ) IT( + iy/2) Pdy
for which see 4.3(2).

The functions {¢, ,g} are thus the blorthogonal set for {h,zC, (B )
and themselves span a dense set in L? (R).

4.10 PROPOSITION. The span of {¢, ap:h = 0} is dense in L2(R).
Proof By the Plancherel theorem we need to show {, op} 18 dense in
L? (R). Suppose g € L? (R) and
./l; g(y)(/l\)n,aﬂ(.)))dy =0

for all n, then

f 8P (M kop(—y, m/4) " dy = 0

for each polynomial p. But the weight k,z(—y, 7r/4)7' satisfies the
hypotheses of Hamburger’s theorem and thus g = 0.

In the special case « = B = v we can show that
by w) = 2'7"B(v + 1/2,1/2) 7"
X ((n + v)/»)C¥(th 2w)(ch 2w) "', n = 0,

(this is implied by the classical theory of ultraspherical polynomials, but it
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can be proved directly by using generating functions and the Fourier
transform of [T(» + iy/2) |*). One should note the asymptotic behavior of
&, (W) as w — 0o, namely

(__ l)nA e_2|w|(ll+ ]),

the influence of the zeros of k,(y, 7/4) at £2i(v + 1) (constams A,).
The Poisson kernel can be expanded in terms of {C!*™ Py and {Dpm al?}

4.11 THEOREM.
Kogc — w, 1) = (ch(e — i) *ch(o + ir)) P

X
nEO ( V)

foro,w € R, —w/4 < 1 < m/4; the convergence is absolute, and uniform in
every region

{ (0, 7):lth(c + i) | = r}

forr < 1,allw € R.

CP(th(o + i) ), ap5(w)

Proof. We showed in Theorem 4.8 that

SUP 2 |, ap(W) | < 00

weR =0
for each r satisfying 0 << r << 1. Further

|IC*B)(th(o + it))| = (2v)

"|th(o + in|".

This gives the stated convergence, and thus the sum is continuous in o, 7
and w. We must show the function defined by the right hand side of the
formula equals K, p(0c — w, 7). We do this by proving that both sides are
in L* as functions of w and give the same inner product with each

hogCom (e.6) (suffices by 4.5). All that is needed is to show that the summation
converges in the L? (R)-sense.

Thus fix » with 0 < r < 1 and consider

S f [byapw) Pdw = = 2 flqb,,a,g(y)l dy

n=0

II

s
fz P p(y; 20) Phop(y, m/4) " *dy

= L0 - AT = i)
2ar
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X _L exp(2| ylarctan ro)k,g(, 7/4) 2dy < oo
for r < ry <1 by the bound 4.3(3).
5. The Poisson integral for other U(N)- types. First assume N = 2. For

each k,/ = 0, 1, 2, ... there is an irreducible U(N)-module V, consisting
of polynomials p in z;, Z, (1 = j = N) satisfying

plez) = ckE[p(z), (ceCzeC") and

N %
2 = 0 (harmonic).
j=1

azjazj
Further

N—DWN-1),(N+k+1—-1

dim V), = ( i ( ) ( ).

K1 (N — 1)
5.1 Definition. For k,l = 0, 1,2,..., w € C, parameter A\ > —1 let
A+ 1 —k, — 1

R (w) = ( V1 wk52F1( k, —1 ;__).

A+ DA+ 1), —k =1 - X o5

These are called disk polynomials.

The function R} ~? is the (U(N)/U(N— 1) )-spherical function for ¥,
(see [2] for details). Also if p € V, then

L(p(2)g(t + ilzf)) = 0
(for (z, t) € Hy) if and only if
Dyyip+ifg) =0

(as in Section 1, a := (N — v)/2, 8 := (N + v)/2). This result is due to
Greiner [10] for N = 1 and was extended to N = 2 in [2], and in another
way by Koranyi [16].

Since the Poisson integral for D,z acts on the strip we will adopt a
polar-strip coordinate system for H,\{ (0, ¢):t = 1 ort = —1}. Let

N
Sy = {z = C’V:E1 2 = 1}

and let

E:={ct+titre CoeRO=1<a/2},
then map Sy X E into Hy by

(z, 0, 7) = (z(Im th(c + ir))"% Re th(s + ir)).
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The points with 0 = 7 << #/4 correspond to B (the unit ball), and those
with 7 = 7/4 to 0B\{ (0, =1) }.
Proposition 1.3 in this context asserts that for p € V), the function

(z, 0, 7) > p(z sgn(ch(e + iT)))
X (sin 27) KD 2(ch(o — ir) )*(ch(o + iT) )’g(a, T)
is L,-harmonic if and only if
Divip+i8 = 0.
The calculation, as well as others in the sequel, use the identity
(Im th(e + ir))& D %(ch(o — ir) ) (ch(o + i) )
= (1/2 sin 2r)KTD/2glgk,
where
£ = sgn(ch(o + it)) and
sgn(w) := w/|w| for w € C\{0}.

We will find the Poisson integral for functions of this type defined on
B, (1 = w/4).

To use harmonic analysis on U(N) let m denote the normalized
U(N)-invariant measure on Sy, and let {y:1 = j = dim V},} be an
orthogonal basis for V), with

[sN (), @)dm(z) = 8,,/(dim V).

We consider functions on 9B of the form

(5.2) [z w) = 2 (dim ¥y, (z)(Im th(w + iz/4))*TD2f (w);
J

note
f;(w) = (Im th(w + i/ 4) )~ kD2 fSNf(z, W), (2)dm(z).
5.3 Definition.

Ppulflz 0, 1) := (ch(c — i) )
X (ch(o + ir) )P [gN L @, w)
X (ch(w — im/4))”®
X (ch(w + in/4) P - K,y piilc — w. 1)
X R " D(sgn(ch(o + ir)/ch(w + in/4))
X {z, 2’y Ydwdm(z').
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5.4 THEOREM.
LPyplfl1 =0 and
Populflz, 0,7) = f(z,0) asT— (n/4)_
is an L*-sense (namely, for (ch 26) Ndodm), for f of the form (5.2).

Proof. Convergence follows from properties of B, ;g (Theorem 3.4)
applied to V},-valued functions on the strip (and V), is finite-dimensional).
So it suffices to show that the definition actually implements the Poisson
integral from 3.3. Indeed applying P, to the given f (as in 5.2) we
obtain

(ch(o — ir) )"‘(Ch(a + ir) )'B(sin 27)(k+l)/2
X 2 (dim Vi (sgn(ch(o + ir))z)
J

X [g L £, w)ch(w — in/4)) " %(ch(w + in/4)) " #

X Y (sgn(ch(w + in/4))2)Ky 1 g44(0 — w, Tydwdm(2").

(Note we are using the homogeneity properties of y; € V},.) Combine this
with the spherical function identity

2 (dim V), (2)(z) = RY ({2, 2))
J

to establish the formula of 5.3.

For N = 1 these formulas still hold, but only V,y, ¥, occur, and
R%l)(w) = o, Rgl_])(w) =@

To define the Poisson integral for all measurable functions on 0B
satisfying

/; ./1; Lf(z, w) [(ch 2w) Ndwdm(z) < oo,
N
we would need to bound

SupyeR(Sin 27)(k+1)/2(ka+l,,3+k(ya ) Kyt 1p+4(¥, 7/4))

over all k, /; each 7 < «/4. This remains to be done.

6. Further problems.

6.1. Complex values of a, 8. We mean the situation a« + 8 = 2r > 0 but
a, B allowed to be complex. The original definition (1.4) for kop(y, T) 18
meaningful for all « € C, but with restricted 7, while the formula of
Theorem 1.5 requires Re « > 0 and Re B8 > 0. We can, however, use
Proposition 4.1 as a definition for all « € C:
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(6.2) kypg(y, 1) =2 "PTQn)(T( + y/DT( — ip/2)) "

X ,/;e_iy"(ch(o — in))"%(ch(o + ir)) Pdo,
(—m/4 = 7 = 7/d).

We will show that k,4(y, m/4) has real zeros when « < 0 or 8 < 0 s0
that the Dirichlet problem cannot be solved in general. However

{hopC&P:n = 0}
is still dense in L? (in other words, density of boundary values of
L. -harmonics does not imply extendibility).
Here is a sketch of the density argument: fora € Cand g € L2(R) such
that
A g(— g0, 1/ HCEP(th(o + im/4))do = 0

for each n we deduce that

Ag(_o)haﬁ(o —w, 7/4)de = 0

for all w € R by using Proposition 4.4 and the bound
1Py | = [51"Clad + 1B]),/n';

but then
8(0hap(y, m/d) = 0

and /Azaﬁ is analytic in a neighborhood of R, thus g = 0.

First we consider the exceptional (non-hypoelliptic) values of y, namely
(N + 2m), m = 0,1, 2,.... Then a or 8 = —m. Because of the
symmetry

kol ¥s 7) = Kyp(—y, 7)

we will discuss only &« = —m. From (1.4) we see that
kop(y, 7) = e p(y, 7)

where p is a polynomial of degree m in y so that
kyp(y, 7) =0 asy — +oo.

In fact we can show

ka/z(y, 7/4) = (_1)me—vry/4( m

! ) 5
), P (Y 2v);

and this has m real zeros because p,, is one of a family of orthogonal
polynomials.
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We now proceed to non-integral values of & < 0. For this we establish a
three-term recurrence for k.

6.3 PROPOSITION. For any a, Bwitha + B =2y >0,y € C, —7/4 =
T = 7/4,
Bky 1841y, T) — akyyy g1 (¥, T)
= ((B — @)cos 21 — y sin 21)k,p(y, 7).

Proof. 1t suffices to establish this identity for f:aﬁ by Proposition 4.1.
The identity follows from

N . —iyo 0
yha,B(y9 ’I') = 1 '/1; e V' 5‘; (haﬁ(oa T) )dO

6.4 THEOREM. Fora, B € R,a + B =2 = 1,

I'(2v) —Bmy/4

kug(y, m/4) ~ —— asy — +oo;
ap( Y, m/4) r(a)y y

T'2r)
I'(B)

Proof. This has been established in 2.6 for « > 0, and 8 > 0, and for «
or B =0, —1, —2,... at the beginning of this section. We introduce
auxiliary functions for e = 1 or —1 by

i = e [ ofinl )

(snlz )

The integral is valid when 8 > 0 ande = 1,ora > 0 and e = —1; but we
use the identity

ka,B(y’ 77/4) = fa,B,l(y) + faB,—l(y)
to define faB,z for all values of a, B satisfying a + B > 0, (at least one of
the integrals must work). We claim fore = =l anda + 8 = 1, « € R,
that

(65) Bfa—l,ﬁ+l,((y) - afa+|,ﬁ-‘l,((y) + yfa,B‘e(y) = —GZI—V/B((X’ B)

Indeed one of « = 1 or B = 1 must hold, say 8 = 1, then the identity
can be verified for e = 1 by integration by parts. Then (6.5) must hold for
e = —1 by using 6.3 with 1 = 7/4.

Now by Watson’s lemma

I'(2v) y—/?ewy/4
I'(a)

kop(y, m/4) ~ Iy "% ™" asy — —oo.

faﬁ,l()’) ~ =
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as y — +oo, when 8 > 0. Also
Jap.—1(¥) = O(1) asy — oo when a > 0.

We prove the theorem for the values a« = oy — n,n =1,2,3, ...

fixed ay with 0 < a5 < 1. Then
kao—n,BO+n(ya 77/4) = fao—n,ﬁ0+n,l(y) + fao—n,ﬁo—}—n,— l(y)’

and

I'2v)

—,Bo—neﬂy/4
I'(ag — n)

ftxo—n,BO+n,l(y) -~

as y — +oo. We claim

fao-‘n,ﬂo+n,— l(y) = O(J/n)

, for

as y — +oo. We prove this inductively from the recurrence (6.5) which
starts with f, 5 () and f, y14,-1,—1(y) both of which are O(1) as

y — oo.

For y —» —oo we will again use the recurrence starting with keop, and
Koo+ 1.8,—1- Both of these satisfy the prescribed asymptotic relationship; if
By < 1 then use the above argument with «, 8 reversed. Inductively we

show that the dominant term as y — —oo in kao_nﬁoﬂ(y, 7/4) is

(Bo)n T(By) I'(By + n)
6.6 THEOREM. Let ag + By = 2vr = 1 and 0 < ay < 1, then

(‘)’)" F(2V) |yl —-aoew|y|/4 _ F(2V) ly|n—aoe77|y|/4.

kao-n.BO+n(y’ m/4)
has at least one real zeroon = 1,2,3,....

Proof. Let
4(¥) 1= Koy—np,+n(¥s T/4).

By Theorem 6.5, g,(y) = oo as y = —oo forn = 1, 2,.... Further

F'@2v) _p - Rz

q(y) ~ (g — 1) T(ag)

as y — +oo, that is ¢,(y) — —oo. We inductively construct a real

sequence { y, } such that
qn(yn) =0, Yot < Yo and
Y, = inf{y € Riq,(y) = 0}.

Since g, changes sign on R we assert the existence of y,. Also gy(y) > 0
for all y € R. Assuming that y,,..., y, have been constructed the

recurrence 6.3 shows that
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(BO + m)qm+](ym) = (aO - m)qul(ym)’
that is

SB(G +1(V) ) = —580(G—1(3)) (m = 1)
But by hypothesis y,, < y,,_, and g,,_;(y) = +oo as y = —oo thus
4u-1(y,) > 0, and ¢q,,,,(»,,) < 0. Thus g,,,, has a sign change in
(=00, yp)-
6.7 COROLLARY. If N = 1 andy = —N or y Z N then the Dirichlet

problem for L, on the ball B in Hy can not be solved for all L’ boundary
values.

Proof. For these parameter values kop(y, m/4) has real zeros (or — 0 at
*oco when @ = 0 or 8 = 0). Thus the Poisson kernel K,g(o, 0) can not
exist, or else 1/k,p(y, m/4) would be a Fourier transform.

We will leave the problem of zeros of K, g(y, m/4) for complex «a
open. Theorem 6.4 is still valid for y — ==oo, but there are technical dif-
ficulties in bounding 1/k,4(y, m/4) above.

6.8 Convergence properties of £,z for continuous functions. One needs
to find bounds on

L IKaﬁ(a, Tlde in0=1<a/4

one would expect

,/l; ]Ka,B(U’ 7)|do = _[R IKaﬁ(o, 0) |do

in many cases; (guess: 2v = 1). Such bounds should lead to a maximum
principle; technical difficulties comes from the singularity of D,z on
7 = 0, and the unboundedness of the strip.
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